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Abstract

We formulate a new equivariant Main Conjecture in Iwasawa theory of number fields and study
its properties. This is done for arbitrary one-dimensional p-adic Lie extensions L, /K containing
the cyclotomic Zy-extension K, of the base field. As opposed to existing conjectures in the area,
no requirement that L.,/K be abelian or that Lo, be totally real is imposed. We prove the in-
dependence of the Main Conjecture of essentially all of its parameters and explore its functorial
behaviour. It is furthermore shown that, to a large extent, this new conjecture generalises existing
ones of Burns, Kurihara and Sano and Ritter and Weiss, which enables us to deduce its validity in

several cases.

Zusammenfassung

Wir formulieren eine neuartige dquivariante Hauptvermutung der Iwasawa-Theorie iiber Zahlkor-
pern und studieren deren Eigenschaften. Dies wird fiir beliebige eindimensionale p-adische Lie-
Erweiterungen Lo, /K durchgefiihrt, welche die zyklotomische Z,-Erweiterung des Grundkorpers
enthalten. Im Gegensatz zu bereits existierenden Vermutungen auf diesem Gebiet, setzen wir weder
voraus, dass die zugrunde liegende Erweiterung Lo,/ K abelsch ist, noch dass der Korper Lo, total
reell ist. Wir zeigen, dass diese Hauptvermutung im Wesentlichen unabhéngig von all ihren Para-
metern ist, und untersuchen ihr funktorielles Verhalten. Es wird weiterhin gezeigt, dass diese neue
Vermutung weitestgehend bereits bestehende von Burns, Kurihara und Sano sowie Ritter und Weiss
verallgemeinert. Dies erlaubt uns die Verifikation unserer Vermutung in etlichen Féllen.
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Introduction

The study of class numbers occupies a central place in modern number theory. In this regard,
much credit is due to Lamé’s 1847 incorrect proof of Fermat’s last theorem for prime exponent p,
which failed to account for the failure of unique factorisation in what we recognise today as rings
of integers of cyclotomic fields. Kummer realised that the argument could be salvaged by replacing
the complex numbers with what he referred to as ideal numbers under the assumption that p does
not divide the class number of Q((p,). This and many other examples showcase the usefulness of
this invariant for solving Diophantine equations and, more broadly, understanding the arithmetic
of more general rings than the integers.

In many instances, the problem of determining the class number hx of an arbitrary number field K
is intractable in isolation. One of the most successful approaches is to instead consider its behaviour
along a tower of such fields. The inception of this area of research can be traced back to the work of
Iwasawa in the early 1960s, which resulted in an asymptotic law for the p-part of the class number
of a number field K along its cyclotomic Z,-extension K = Ko C K1 C --- C K. This behaviour
turned out to be governed by a certain module X, over the so-called Iwasawa algebra A(T"), a
completed group ring isomorphic to the power series ring Z,[[T]]. This sparked interest in the study
of this and other related modules, which were eminently algebraic in nature, and in the question
of whether they could be constructed using analytic methods as well. Iwasawa postulated, in what
came to be known as his Main Conjecture, that the characteristic polynomial of X, for the base
field K = Q coincides, up to a unit of A(I"), with a particular power series arising from the p-adic
L-function defined by Kubota and Leopoldt - an analytic object interpolating values of the Riemann
zeta function.

Given the depth and richness of both disciplines, the idea of relating algebraic and analytic invariants
seems, with the benefit of hindsight, extremely natural. The quintessential example of such a
connection is the analytic class number formula

2" (2m)"2h
lm(s — 1) (s) = 2o Rl
5—

wi/|dx]|

The left-hand side is the residue at 1 of the Dedekind zeta function of the number field K, which
coincides with Riemann’s celebrated function when K = @Q. On the right-hand side are a number
of algebraic invariants describing the arithmetic of K - most conspicuously, its class number hg,
which is often the most challenging magnitude to determine directly. The class number formula

therefore offers an alternative, often effective method to compute it.
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A vast generalisation of said formula comes in the form of the equivariant Tamagawa Number
Conjecture (€TNC) proposed by Burns and Flach in [BFO1]. Much research has been devoted to
this conjecture, originally formulated for arbitrary motives. However, it is only Tate motives that
concern this discussion, as they amount to certain extensions of number fields. In their case, the
eTNC can intuitively be thought of as a global, finite-level version of a Main Conjecture - and yet
making this connection precise is the subject of active research. On one hand, the limit of the
p-part of the eTNC along an infinite tower should imply the validity of a Main Conjecture for that
tower. On the other, the Main Conjecture for a given tower should yield a particular instance of
the eTNC when passing to finite level. In practice, the latter is a more difficult problem due to
descent issues. The article [BKS17| of Burns, Kurihara and Sano, one of the main inspirations for
this work, explores precisely this question. More specifically, it is shown in it that the eTNC can
indeed be recovered from a specific Main Conjecture under the additional assumption of the Mazur-
Rubin-Sano conjecture and a classical conjecture of Gross. Another example of the significance of
the eTNC is the fact that the Birch and Swinnerton-Dyer conjecture also arises as a particular case

of it, namely when the motive in question arises from an elliptic curve.

Although it would be futile to try and list all existing Main Conjectures in Iwasawa theory of
number fields, we point out a few milestones which may help put this text into perspective. For
a much more authoritative survey on the topic, we refer to [PRS11]. Iwasawa’s original conjecture
described above was quickly extended to the case of the cyclotomic Z,-extension L« of a totally real
finite Galois extension L of K. The Kubota-Leopoldt p-adic L-function still serves as the analytic
object when L is an abelian extension of K = Q, but in the general case it must be replaced by
a new type of p-adic L-function constructed, independently, by Pierrette Cassou-Nogués (|Cas79]),
Deligne and Ribet (|[DR80]) and Barsky (|Bar78|). The earliest conjectures in this context were
character-wise. In other words, they claimed a relation between a quotient of power series coming
from the L-function associated to a single irreducible character x of Gal(L/K), and one arising
from the x-part of some Iwasawa module. The first major breakthrough in this direction came in
1984, when Mazur and Wiles settled the abelian case with K = Q in [MW84]. Wiles then extended
these techniques and gave a proof of the general totally real case six years later (cf. [Wil90]). A
completely different approach would later be put forward by Rubin, who gave a proof of the Main
Conjecture with base field Q making use of the notion of an Euler system introduced by Kolyvagin
and ideas of Thaine. This tool also allowed him to prove a Main Conjecture for abelian extensions

of imaginary quadratic fields in [Rub91].

In the early 2000s, the first examples of equivariant Main Conjectures made an appearance - due
in large part to the interest in the eTNC. In this context, the term “equivariant” alludes to the
fact that information about all characters of some Galois group is considered simultaneously, by
contrast to character-wise conjectures. One of the first examples of this is Burns and Greither’s
equivariant conjecture from [BGO3|, which they proved for abelian extensions of Q and used to
deduce the corresponding case of the eTNC. Shortly after, Ritter and Weiss formulated a Main
Conjecture for arbitrary totally real number fields in [RW04]| - with no abelianity requirement. A
series of follow-up papers would culminate with a proof of their conjecture in the so-called p = 0
case (cf. [RW11]). Independently, Kakde formulated and proved in [Kak13] a Main Conjecture in
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the totally real, i = 0 case, which additionally allowed for Z,-extensions of higher rank. Nickel (cf.
[Nic13|) and Venjakob (cf. [Venl3]) independently proved Kakde’s conjecture to be equivalent to
that of Ritter and Weiss. The case of imaginary quadratic base field initiated by Rubin did not stay
isolated from this equivariant trend, with some cases of such conjectures being settled by Bley in
[Ble06] and, more recently, Bullach and Hofer in [BH21|, as an intermediate step towards proving
new instances of the eTNC.

Research in this field remains very active. In 2017, Burns, Kurihara and Sano proposed the afore-
mentioned Main Conjecture for abelian extensions of arbitrary number fields which, as a distinctive
feature, is formulated in the language of determinant functors. We single out recent work of Das-
gupta and Kakde essentially settling the the Brumer-Stark conjecture and hence of Hilbert’s twelfth
problem (see [DK20| and [DK21]); and the subsequent proof of an abelian Main Conjecture in re-
markable generality by Johnston and Nickel in [JN20].

The aim of this work is to formulate a Main Conjecture which generalises, and in doing so also
unifies, some of the above. Namely, our two conjectures of reference are those of Ritter and Weiss,
and of Burns, Kurihara and Sano. There are essentially two aspects in favour this new conjecture’s
generality. Firstly, unlike in the conjecture of Ritter and Weiss, the field Lo, is not required to be
totally real. As an immediate consequence, the existence of p-adic L-functions is not guaranteed,
and must therefore be stated as part of the conjecture and its implications studied. A more subtle
effect of this departure from the totally real case is that some of the relevant arithmetic modules are
no longer torsion over the relevant Iwasawa algebra, which complicates the definition of an algebraic
object in the conjecture. This is resolved through the use of refined Euler characteristics. Secondly,
unlike in the conjecture of Burns, Kurihara, and Sano, we do not assume G = Gal(L/K) to be
abelian. This has a profound impact on the algebraic machinery and representation theory involved.
Furthermore, it prevents the conjecture from being stated in the language of classical determinant
functors.

As far as generality is concerned, a special mention is due to Fukaya and Kato’s article [FKO06],
which outlines a very general - and hence necessarily non-explicit - framework for the formulation of
Main Conjectures for motives. However, the discussion below does not seem to be fully covered by
the proposed broad motivic umbrella: the article in question concerns critical motives only, which
in the number field case corresponds to the non-vanishing of the relevant L-value - but the analytic

objects in our conjecture interpolate leading coefficients.

This work is structured as follows: In the preparatory chapter 0, we establish some notation and lay
out the basic tools needed throughout the text in four different areas: Iwasawa algebras and their
modules, representation theory of finite groups, Artin L-series and algebraic K-theory of rings. The
last of these is especially useful for illustrating the general outline of the conjecture, since it is in the
so-called localisation sequence of K-theory that the statement of the conjecture takes place. More
specifically, two fundamental rings in our endeavours will be a certain Iwasawa algebra A(G) and
its total ring of fractions Q(G), which is Artinian semisimple. Then, letting Z(Q(G)) denote the



centre of the latter, K-theory provides homomorphisms of abelian groups

2(Q(9))* & K1(Q(9)) 2 Ko(A(G), Q(9))

known as the reduced norm and the boundary (or connecting) homomorphism. The strategy is to
define an analytic and an algebraic element in the first and last terms, respectively, and conjecture
that they both arise as images of the same zeta element in K;(Q(G)).

The aim of chapter 1 is to construct the main complex of A(G)-modules Cgp, which constitutes
the central algebraic object of the Main Conjecture. It arises as the cone of a morphism from local
to global complexes, both of which are instances of the translation functor developed by Ritter
and Weiss in [RW96]. As proved in section 1.5, the resulting complex is isomorphic in the derived
category of A(G)-modules to that employed by Burns, Kurihara and Sano in [BKS17] - so this
chapter gives a new, arguably more explicit description of the previously known object. In the
process of defining Cgp, we will also become acquainted with a multitude of Iwasawa modules
relevant to the sequel.

Chapter 2 is devoted to the formulation of the Main Conjecture and therefore occupies a distin-
guished place in the discussion. The first section recalls the definition of refined Euler characteristics
and explains how one can be defined for our main complex by means of a certain map «a. It is through
the use of this machinery that ngT, together with a trivialisation constructed from that map, can
be regarded as an element of the relative Ky group Ko(A(G), Q(G)). Sections 2.2 and 2.3 delve into
the definition of regulators, complex p-adic numbers that the special L-values need to be divided by
before they can stand a chance of being interpolated. These regulators, based on the work of Tate
on Stark’s conjectures |Tat84], measure the difference between a finite-level map induced by o and
the classical Dirichlet regulator map. The next section continues this analytic trend by studying
how Z(Q(G)) decomposes as a direct product of quotient fields of power series rings by virtue of
structural results of Ritter and Weiss. Only in the last section is the Main Conjecture finally stated,
which takes place in two steps: first an Interpolation Conjecture asserting the existence of power
series quotients in Z(Q(G)) which interpolate regulated special L-values; and then an equivariant
Main Conjecture, which claims the existence of a zeta element in K1 (Q(G)) which is mapped to these
analytic objects as well as to the refined Euler characteristic of C§p. A version of this conjecture
with uniqueness is also formulated, in line with existing conjectures

The properties of the Main Conjecture are the subject of chapter 3, the longest by a substantial
margin. The conjecture is shown to be unconditionally independent of all of its parameters - where
we do not include the extension L, /K itself - with the possible exception of an arbitrarily chosen
isomorphism 3: C, = C. Independence of the latter is only proved assuming Stark’s conjecture as
formulated by Tate. Nonetheless, we also prove a weaker, yet unconditional, form of independence of
(. The remainder of the chapter explores functoriality properties. We first show that the conjecture
for Loo/K implies those for L /K and Lo, /K' with L C Lo, and K’ O K. Then the converse
problem is studied, resulting in a characterisation of the conjecture for Lo, /K in terms of those for
two different families of subextensions. Many particular features of the formulation of the Main

Conjecture find their justification in the proofs in this chapter.
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The final chapter draws a rigorous connection to the aforementioned conjectures of Ritter and Weiss
and of Burns, Kurihara and Sano. In the first section, we show that our conjecture is equivalent to
a modified version of that in [BKS17| in the cases when both can be formulated - that is, Lo /K
abelian and K, /K cyclotomic. This modification amounts to the replacement of a claim “for all
characters” by the same one “for almost all characters” (meaning all but finitely many), a feature of
our conjecture which is necessary for some of the results in chapter 3. Section 4.2 focuses instead
on the conjecture of Ritter and Weiss. We show that, when L is a CM field containing a primitive
p-th root of unity, the minus part of our Main Conjecture for Lo, /K holds if and only if that of
Ritter and Weiss does for LT /K. It follows from these equivalence results that our conjecture
holds whenever L, /K is abelian if the base field is either Q or, under some additional restrictions,
imaginary quadratic; and its minus part also does for the aforementioned type of CM extensions

under some assumptions.

Two small appendices are included at the end in order not to interrupt the flow of the exposition.
The first one contains a proof that refined Euler characteristics behave well under extension and
restriction of scalars, a fact which is crucial for the functoriality proofs of section 3.3. The second
one recalls some basic properties of determinant functors and shows two simple results which are

used in the comparison to the conjecture of Burns, Kurihara and Sano.

Several directions for further research present themselves as natural continuations of this work.
Ideally, the cyclotomic assumption should be done away with completely. For the vast majority
of our discussion, it is enough for K,/K to satisfy the weak Leopoldt conjecture and for no finite
places of K to split completely in Lo, - two properties which notably hold in the cyclotomic case.
Removing these two assumptions would, however, require substantial changes. If, in addition, the
rank-one p-adic Lie group G = Gal(Ls/K) could be replaced by one of arbitrary higher rank, the
resulting conjecture would in fact rank among the most general in the Iwasawa theory of number
fields. Another, perhaps more relevant question, is that of the specific relation to the eTNC -
as already mentioned, this is the motivation behind several of the most recent Main Conjectures.
However, this problem would also necessitate some new ideas beyond what is contained below.
Lastly, we would be remiss not to point out the most evident of challenges: that of a general proof
of the conjecture. Although hardly within reach at the moment, that is indeed the ultimate goal.

For every Main Conjecture dreams of being proved, after all.

vii



Chapter 0

Notation, conventions and

preliminaries

This preparatory chapter summarises some properties of certain classical objects which will be

featured repeatedly in the sequel: Iwasawa algebras, representations of finite groups, K-theory and

Artin L-functions. The notation for many of these is also established here. We will be less detailed

than in subsequent chapters and defer some of the explanations to other sources. None of the results

in this chapter are original.

Some conventions and notation in place throughout the entire text are the following:

0eN.

Rings have a unit element different from 0 but are not necessarily commutative. Given a ring

R, we denote its centre by Z(R). Analogously, we denote the centre of a group G by Z(G).

The left ideal generated by an element r of a ring R is denoted by (r)gr = {sr : s € R}, or
simply (r) if the ring is clear from context.

Given a ring R and a positive n € N, we denote the ring of n-by-n matrices over R by M, (R).

Modules are left modules unless otherwise stated. A finite module is one of finite order, rather

than a finitely generated one.
All topological groups are assumed to be Hausdorff.

Unadorned ® of modules always denotes ®7. However, on basic tensors m®n € M Qg N we

always omit the ring.

If : R — S is a ring homomorphism and f: M — N is a homomorphism of (left) R-modules,
then S ®, f denotes the extension of f to S ®, M — S ®, N by the identity on S. We may
write S ® g — instead of S ®, — if ¢ is clear from context.

If M is a module over a ring R, then M]0] denotes the cochain complex consisting of M in



Chapter 0. Notation, conventions and preliminaries

degree 0 and trivial modules elsewhere; and for i € Z, M|[i] = (M]0])[:] denotes the shift of
M]0] by 4, which consists of M placed in degree —i (not i) and trivial modules elsewhere.

e Given a profinite group G, we denote by G its abelianisation - that is, the quotient of G
by the closure of the subgroup generated by all commutators. We also denote by G®(p) the
maximal abelian pro-p quotient of G.

e If G is a topological group, then H <, G (resp. H <. G) denotes that H is an open (resp.
closed) subgroup of G. The corresponding notation for normal subgroups is <,, <.

e Given a field E of characteristic 0, we denote by E° an algebraic closure of E and set
Ggp = Gal(E°/E).

e An (algebraic) number field is a finite extension of Q, that is, a global field of characteristic 0.
Given a rational prime p, a p-adic field is a finite extension of Q,, that is, a non-archimedean
local field of characteristic 0. If K is a number field or a p-adic field, then Ok denotes its ring

of integers.

e Given a set of places ¥ of a number field K and an algebraic extension L/K, the set of places
of L above places in ¥ is denoted by X(L). If the place w is above v, we may refer to w as a

prolongation of v. In particular, {v}(L) denotes the set of prolongations of v to L.

e Given a set of places ¥ of a number field K and a tower of algebraic extensions L/K’'/K,
we say that L/K’ is unramified at X if it is so at every place of K’ above X (i.e. at X(K”)),
and analogously for the terminology completely split at . The phrase -ramified means

unramified outside X.

e Given a place v of a number field K, we denote the corresponding normalised absolute value
by |—|,. The completion of K with respect to |—|, is denoted by K.

e We denote the residue field of a number field at a non-archimedean place v by x(v) (the
number field being implicit in v). The (absolute) norm 91(v) of v is defined as |k(v)|.

o If K is a number field, L/K is a (not necessarily finite) Galois extension and w is a place of
L, then Gal(L/K),, denotes the decomposition group of L/K at w. If w is non-archimedean,
we denote the corresponding inertia group by I,, (the extension being implicit). Thus, in our
notation, Gal(L/K ). /I, = Gal(k(w)/k(v)) for non-archimedean places (where v is the place
of K below w).

e Given an archimedean place v of a number field K and an algebraic extension L/K, we say
that a prolongation w of v to L is ramified if it is complex and v is real. In other words, if v
does not split completely in L/K. If L/K is Galois, this is in turn equivalent to Gal(L/K),,
having order 2 (as opposed to being trivial).

We write B at the end of proofs and [J at the end of other roman-font environments unless they
consist of a bulleted list.
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0.1 Iwasawa algebras and modules

We shall first recall some basic properties of Iwasawa algebras and their modules. These objects
are at the heart of the algebraic machinery necessary for the construction of our complex of interest
and the formulation of the Main Conjecture. All of the results presented are well known and can
be found in [NSW20], although a more specific reference will be given on several occasions.

Let p be a rational prime, F a p-adic field and G a profinite group. The ring of integers Op is
Noetherian and local with maximal ideal generated by a uniformiser 7. Furthermore, it is compact
and complete with respect to its m-adic topology and Og /7" Op is finite of order a power of p for
all n € N. The Iwasawa algebra of G with coefficients in O is the completed group ring
A92(G) = Op[[6]] = Tim 0[]
U<d,G

with transition maps induced by the projections G/U — G/V for U < V. Note that O embeds
canonically as a subring of A°#(G) and G embeds canonically as a subgroup of the units A9 (G)*.
If G is finite, this Iwasawa algebra coincides with the usual group ring Og[G]. The superscript Z,
is often omitted in A(G) = A%#(G) and related objects such as A(G) = A% (G) (see below).

We endow APZ(G) with the topology determined by the basis of open subgroups
{AW = ker (AOE(G) - 98/ o, [G/UD :neN,U <, G}.

By a A9Z(G)-module we always mean a (Hausdorff left) topological module, which amounts to a
topological Op-module with a continuous G-action. Similarly, by a homomorphism of A®#(G)-
modules we always mean a continuous such homomorphism. It is easy to show that topologically
finitely generated modules and finitely generated modules coincide and they are compact; and that
any abstract finitely generated A% (G)-module can be endowed with a unique topology which makes
it into a compact topological module (cf. [NSW20] section V§II). Compact modules over Iwasawa
algebras are known as Iwasawa modules.

Given H <. G, the augmentation map of A®?(G) with respect to H is the canonical continuous
surjection augy: A9%(G) — A9Z(G/H). Tts kernel A2 (G, H) fits into the short exact sequence
of A(G)-modules

0 — AOE(G, H) N AOE(G) M AOE (G/H> - 0. (0.1)

and is therefore a two-sided closed ideal known as the augmentation ideal. When H = G, we de-
note it simply by A% (G) and we write aug for aug,. One has A2 (G, H) = A9%(H)AC=(G).

With H as above, the module of H-invariants M of a A®#(G)-module M is defined as the
largest submodule with trivial H-action. It consists of all elements of M fixed by H. The module of
H-coinvariants of M is the largest quotient module with trivial H-action, and it is given by

M =Y/ n0n 6y =V a0 (i (0-2)

as the denominator is generated by elements of the form om — m with ¢ € H,m € M. Both
MH and My inherit a natural A9?(G/H)-module structure (cf. equation (0.1)). The notation

3
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for the module of coinvariants only features H, since it is irrelevant whether M is regarded as a
A®%(G)-module or one over A9Z(H) in the first place.

The only modules over Iwasawa algebras which will be of interest to us are compact and discrete
ones. Every compact A9 (G)-module M coincides with the inverse limit of its modules of coinvari-

ants
M = lim My
U<.G
and is also a pro-p group (cf. [NSW20] proposition 5.2.4). Conversely, every discrete A% (G)-module

N coincides with the direct limit of its modules of invariants

N = lim NV
U<,G
and is also a p-torsion group (by which we mean every element has order a power of p). This points to
some manner of duality between the two, which is formalised in the notion of Pontryagin duality.
Given a locally compact (Hausdorff) abelian group A, we define its Pontryagin dual as

AY = Homg(A,R/Z)

where the unit circle R/Z is endowed with the quotient topology of the usual topology on R. The
compact-open topology (cf. [NSW20] section I§1) makes A" into a locally compact abelian group,
and thus — induces a contravariant autoduality on the category of locally compact abelian groups.
It restricts to a contravariant duality between the categories of compact abelian groups and discrete

abelian groups.

If M is a locally compact AYZ(G)-module, then MV inherits a natural A% (G)-module structure
with 0 € Op acting as (of)(m) = f(om) and o € G acting as (of)(m) = f(c~'m). This action is
compatible with Pontryagin duality, which therefore induces a contravariant autoduality on the cat-
egory of locally compact A9E (G)-modules and a contravariant duality between compact and discrete

A®®(G)-modules. In particular, it is exact on short exact sequences of A9% (G)-modules.

It is easy to verify that, for U <, G, one has natural isomorphisms (Mg)Y = (MY)Y for M compact;
and (NY)Y = (NV)y for N discrete. Note that, since compact and discrete A9 (G)-modules are

Vv

pro-p and p-torsion respectively, the functor —" coincides with Homs(—,Qp/Zp) on these two

classes of modules, where Q,/Z,, is the Priifer group.

The usual notion of the tensor product is often not sufficient in the theory of Iwasawa modules.
Suppose, for instance, that M is a compact right A9 (G)-module and N is a compact left one. If
both modules have infinitely many open neighbourhoods of 0 and we choose two countable families of
nested ones M DUy 2 U; 2 --- and N D V5 O V4 D --- and two families of elements {m; € U, };en
and {y; € Vi}ien, then Y 22 2; ® y; will in general not converge to an element in M ®pop @) N
even though the terms become arbitrarily small. This is addressed by introducing the complete

tensor product

uyv
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where M and N are compact as above and U (resp. V') runs over the compact open submodules
of M (resp. N). This is itself a compact Og-module with respect to the inverse limit topology, a
basis of which is given by the images of the subgroups M ® V + U ® N with U and V as above (it
is in fact the completion of M ®,0 B(G) N with respect to that topology). There is also a natural
monomorphism M ® A%E (@) N < M ACE(G) N. These and other properties of the construction
can be found in [NSW20] section V§2. Of particular relevance to us is the fact that, if M or N is
finitely presented, then M ® ACE(G) N is already complete and therefore the natural monomorphism
from before is in fact an equality

M®AOE(G)N:M®AOE(G) N (03)

The complete tensor product allows us to define a compact induction for Iwasawa modules.
Namely, if H <. G is a closed subgroup and M is a compact left A% (H)-module, then we let

IndGM = A9%(G) ® 0 (1) M.

This is itself a compact left AZ(G)-module (the action being on the first term) with the above
topology, and thus compact induction defines an additive functor from the category of compact
left A9 (H)-modules to that of compact left A% (G)-modules (with continuous homomorphisms
in both cases).

Suppose N is already a compact left A9 (G)-module and f: M — N is a A9 (H)-homomorphism
with M as above (where N has restricted scalars). Then f induces a natural homomorphism of
A% (G)-modules

d% f: nd4M — N. (0.4)
This should not be confused with the homomorphism Ind%M — IndgN given by functoriality,
which is usually denoted by Indg f as well. We will clarify what Indg f refers to wherever ambiguity

exists.

The following properties of induction will be used on occasion:

Lemma 0.1.1. Let G be a profinite group, H <. G a closed subgroup and M a compact left
AC=(H)-module. Then

i) IndG M = Hm, GIndgészMHnU as A9 (G)-modules.

i) (IndG M)V = Map,, (G, MV) as A9 (G)-modules, where a continuous map f: G — MV
belongs to Map, y(G, M) if f(ro) = 7f(o) for all 7 € H,o € G. The G-action on
Mapcts,H(G’ Mv) is given by (O‘f)(O'/) = f(O'IO').

Both facts can be found in [NSW20] section XI§3. Since a compact A®Z(H)-module M coincides
with @Uq " My, point i) in the lemma can be worded as: induction commutes with inverse limits.

This will become meaningful in the introduction to chapter 1.

In the rest of this section we consider only the case ' = Q,, although most of the following facts

still hold for any FE as above. Turning our attention briefly to cohomological considerations, let

5
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M be a discrete A(G)-module. One can construct cohomology groups H'(G, M) for i > 0
in several equivalent ways, for instance as the right derived functors of the G-invariants functor
—G Homy () (Zp, —) in the category of discrete A(G)-modules (which has sufficiently many injec-
tives). Various definitions can be found in [NSW20| sections 1§2, I1§5 and V§2. The resulting coho-
mology groups are canonically isomorphic to the direct limit H*(G, M) = lim, e HY(G/U,MY)
of classical cohomology groups and have a natural discrete A(G)-module structure. A short ex-
act sequence M’ < M — M" of discrete A(G)-modules induces the usual long exact cohomology

sequence

0— (MY - M¢ - (M"Y - HY(G,M') - HY(G,M) - H'(G,M") - H*(G,M') — - --
(0.5)
of discrete A(G)-modules.

Cohomology groups find their dual notion in the homology groups H;(G, N) given by the left derived
functors of the G-coinvariants functor —g = 7Z, ® A(G) — on a compact module N. These are again
compact modules and satisfy the following relation:

Lemma 0.1.2. Let G be a profinite group and N a compact left A(G)-module. Then there exist

functorial isomorphisms of A(G)-modules

HYG,NY) = Hy(G,N)"
for all i > 0.
For a proof, see [NSW20| theorem 2.6.9.

When studying Iwasawa modules which are arithmetic in nature, the notion of Tate twists is some-
times relevant. Let L/K be a Galois extension of fields of characteristic 0 such that L contains the
group ppeo of all p-power roots of unity in some algebraic closure of K. Then the p-adic cyclotomic
character of G is defined as the unique group homomorphism

Xeye: Gal(L/K) — Z;

such that, for all ¢ € Gal(L/K), one has o(¢) = (Xv<(?) for all ¢ € ppeo - which makes it automat-
ically continuous. In other words, Xcyc captures the action of Gal(L/K) on the p-power roots of
unity. It is injective if and only if L = K (pp). Surjectivity is equivalent to K N ppeo = {1} if p is
odd, and to K N ppee = {£1} if p = 2.

Suppose now that G = Gal(L/K) is as above and M is a A(G)-module. For i € Z, the i-th Tate
twist of M, denoted by M (i), is defined as the Z,-module M endowed with the G-action

o m = g (o)om,

with Xeye(0)'o € A(G) acting on m € M via the original action. It follows immediately that
M(0) = M and M(3)(j) = M(i+j) = M(j)(i) for all 4, j € Z. If Q,/Z,, and Z,, are given the trivial
G-action, then
Qp/Zp(l) = pipee = lim ppn and Zp(1) = Hm fpn, (0.6)
n n

6
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where pi,n is the p™-torsion of p,~. Pontryagin duality changes the sign of Tate twists: if M is a
locally compact A(G)-module, then M (i)Y is canonically isomorphic to MY (—i). This comes from

inversion of the G-action on duals: (of)(m) = f(o~1m).

We now specialise to the classical case G =I' = Z,,, ' = Q,. There is a fundamental non-canonical
isomorphism of topological Z,-algebras

AT) = Z,[[T]], (0.7)

where Z,[[T]] (the ring of formal power series) is endowed with the (p, T')-adic topology (see [NSW20]
proposition 5.3.5 for a proof). This isomorphism arises from the choice of a topological generator -y

of I' (which we shall always write multiplicatively) by mapping v — 7'+ 1. The diagram

/8 | R R ZP[T]/<wn+1) . Zp[[T]]/<

| | 1
Z,[D/TP"] —= Zp[T]/< ~ Zp[[TH/<wn>

with w; = (T + 1)pi — 1 then commutes and yields an isomorphism on inverse limits. We denote

wn+1>

wn+1>

the successive quotients of the w; for ¢ > 1 by & = w;/w;—1, all of which are irreducible in Z, [T
and hence, although not obvious, in Z,[[T]]. We also set § = wo = T. The &; are known as
cyclotomic polynomials. Both w; and §; are examples of Weierstrass polynomials, which
are defined as monic polynomials whose non-leading coefficients lie in pZ, - that is, they become
a power of T' after projecting to IF,[[T]]. A recurring idea in chapter 2 will be the fact that, under

the isomorphism A(I") = Z,[[T]], the augmentation map aug = augr corresponds to evaluation at
T = 0. In particular, the latter is independent of the non-canonical choice of v, since so is aug.

This isomorphism with the ring of formal powers series allows one to deduce a plethora of properties
of the classical Iwasawa algebra A(T"). It is an integrally closed, Noetherian unique factorisation
domain and a two-dimensional regular local ring whose maximal ideal is (p,y — 1) (the kernel A p
of the projection A(I') — F,) and whose height-one prime ideals are all principal, generated by
either p or an irreducible Weierstrass polynomial. We denote the localisation of A(I") at a prime

ideal p by Ay(I).
The support of a A(T')-module M is
supp(M) = {p a prime ideal of A(T") : M, # 0},

which is finite if M is finitely generated and torsion. M is said to be pseudo-null if supp(M)
contains no height-one prime ideals, which is equivalent to M being finite (cf. [NSW20] remark
after definition 5.1.4). A homomorphism f: M — N of A(I')-modules is said to be a pseudo-
isomorphism if the localisation f, at every height-one prime ideal p is an isomorphism of A, (T)-
modules, i.e. if ker(f) and coker(f) are finite. We often denote this by f: M = N, which defines
a reflexive and transitive relation on A(I')-modules. It is furthermore symmetric (and thus an
equivalence relation) on finitely generated torsion Iwasawa modules. One of the central results of

classical Iwasawa theory is the following classification:

7
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Theorem 0.1.3 (Structure theorem for Iwasawa modules). Let M be a finitely generated A(T')-
module, where I' = Z,,. Then there exists a pseudo-isomorphism of (topological) A(I")-modules

M ZAD) @ @ A(F>/<pm¢> ® @A(F)/<Fla> (0.8)

for some r,s,t € N, my;,l; > 0 and irreducible Weierstrass polynomials F;, and these are all unique
up to order.

This is [NSW20] theorem 5.3.8. Here 7 = rankyr) M and one defines the Iwasawa invari-
ants p(M) = .7 m; and AN(M) = Z;Zl l; deg(Fj), as well as the characteristic polynomial®
char(M) = Hézl FJZJ If M is a torsion module, then the height-one prime ideals in supp(M) are
precisely the (F}), and potentially (p) (if (M) # 0). If the pseudo-isomorphism in (0.8) is an
isomorphism, M is said to be elementary.

Given a short exact sequence M’ < M — M" of A(T")-modules, an easy application of the snake
lemma to the endomorphism of each module given by multiplication by v —1 yields the invariants-

coinvariants exact sequence
0— (MO = MY - (M"Y = M — My — M — 0. (0.9)

Here one may replace I' by I'"" either by considering the endomorphism +?" — 1 instead, or by

noting that T?" 2 Z, and therefore A(I'P") is itself a classical Iwasawa algebra.

'In some sources, the characteristic polynomial is scaled by p“<M ),

8
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0.2 Representations of finite groups

Group representations and group algebras will play a central role in the subsequent discussion.
Both finite and infinite groups will be involved in the formulation of the Main Conjecture, yet much
of the necessary machinery will be concerned with finite groups alone - even for infinite groups,
we shall only consider characters which factor through a finite quotient. The following definitions
and properties can be found in any standard reference on the topic, for instance [CR81| (primarily
subsections §9A and §9B).

Let G be a finite group and E a field. We assume char(E) = 0, although this requirement can be
weakened to char(E) 1 |G| in most instances. A representation (V, p) of G over E is a non-trivial
E-vector space V together with a group homomorphism p: G — GL(V). This is equivalent to
endowing V' with a left E[G]-module structure with G-action via ov = p(o)(v) for 0 € G,v € V,
and both descriptions will be used interchangeably. We often denote the representation simply
by V or p, the other element being implicit. The dimension of V' is d = dimgV, which will
always be finite in this text. After choosing a basis, this representation corresponds uniquely to a
homomorphism p: G — GL4(E). Two representations with chosen bases p,p': G — GL4(FE) are
said to be equivalent if they differ by a change of basis, i.e. if p'(c) = Mp(c)M~! for all o € G
for a fixed M € GL4(E).

The character x of (V,p) is the map

x:G—FE
o > Te(p(0)),

which is well defined regardless of the choice of a basis for V. In particular, x(1) is the dimension of
the representation. We say V affords y. Since the trace is invariant under conjugation, characters
are class functions, i.e. they are invariant under conjugation by elements of the group. If p is
linear (i.e. dimg (V) = 1), then x and p coincide and the character becomes a group homomorphism
x: G — E*. Two representations have the same character if and only if they are equivalent, which

in turn happens if and only if the associated vector spaces are isomorphic as E[G]-modules.

Let p: G — GL4(E) be a representation with character y and choose o € G. Since G is finite, p(o)
has finite (multiplicative) order and thus all of its eigenvalues in an algebraic closure E° of E are
roots of unity. In particular, x(o) € F is a sum of roots of unity in E°. The kernel of x is defined

as the kernel of p as a group homomorphism, and it can be shown that

ker(x) = {0 € G : x(o) = x(1)}.

The trivial representation is the linear representation which takes the constant value 1, i.e. it
makes every element ¢ € G act as the identity on V' = E. We denote its character by 1g, or 1 if

the group is clear from context. In particular, ker(1g) = G.

A representation (V, p) of G over E (or, equivalently, its character x) naturally gives rise to several

other representations:
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e If GG is a subgroup of a finite group A, then the induction of V to A is the E[A]-module
indéV = E[A] ®gia Vs

where E[A] is regarded as a right E[G]-module. Its character ind4x sends o € A to

(indéx)(a):‘é’ 2;1 X(ror . (0.10)
Tor~le@

e [f G is a quotient of a finite group B and we denote the corresponding projection map by
m: B — G, then the inflation of p to B is the representation

infSp=pon: B G — GL(V),
which has character infgx =yxoT.

e [f C is a subgroup of GG, then the restriction of p to C' is the representation
G, _ . P
rescp = p|,: C = G = GL(V),
which has character resgx = X|

e The dual or contragredient representation (p*, V*) is the E-vector space V* = Hompg(V, E)
together with the G-action (o f)(v) = f(o~1v) for 0 € G, f € V*,v € V. If B is an E-basis of
V and B* its dual, then the matrix of ¢ acting on V* with respect to B* is the transpose inverse
of that of ¢ acting on V with respect to B. In other words, p* = (p~!)!: G — GLgimp(v) (E)-
We denote the character of p* by y, which satisfies Y(c) = x(c™!) for all o € G.

In the case E = C, the eigenvalues of p*(c) = (p(c)~!)! are the inverses of those of p(c), i.e.
their complex conjugates (because, as argued above, these are roots of unity). In particular,
X(0) = x(0) € Cforall 0 € G.

e If H is a subgroup of G, we denote the subspace of H-invariants by
VH ={veV:hv=uvforall he H}.

This is an E-vector subspace of V', but it may fail to be closed under the action of G. However,
it is so if H is normal, in which case V! is again a representation of G over E.

e If (V' p') is another representation of G over F and we denote its character by x’, then the sum
of p and p’ is the E-vector space V @& V'’ with G-action given by (p® p')(c) = p(0) @ p/ (o) for
o € G. After choosing bases, this amounts to the matrix block sum of the two representations.
If we denote the character of p @ p’ by x + X/, then one has (x + x)(0) = x(0) + X/(o) for all
o € G. In particular, x + ¥’ = X' + x.

e If V/,p/ and X’/ are as above, then the tensor product of p and p’ is the E-vector space
V ®@p V' with G-action given by (p® p')(0) = p(0) ® p'(0) (the Kronecker product of matrices
after choosing bases) for ¢ € G. If we denote the character of p ® p’ by x ® X/, then one has
(x® X' ) (o) =x(0) - X'(0) for all 0 € G. In particular, y ® ¥’ = X' ® x.

10
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We say a representation (V, p) (or its associated character x) is irreducible if V' is a simple E[G]-
module, and reducible otherwise. In the latter case, V' can be decomposed into a sum of several
non-empty E-vector subspaces which are closed under the action of G. We denote the set of all (resp.
all irreducible) E-valued characters of G by Charg(G) (resp. Irrg(G)). Character addition turns
Charg(G) into a commutative semigroup generated by Irrg(G), since every character decomposes
uniquely as a sum of irreducible ones. This semigroup can be enlarged to an abelian group by
allowing formal integer combinations of characters and identifying them according to character
addition - that is, the relation (x) + (x’) ~ (x + x’). This is the usual process of Grothendieck
completion after a formal identity (which maps every o € G to 0) has been added. The result
coincides in fact with the free abelian group on Irrp(G), many of whose elements - the so-called
virtual characters - no longer arise as traces of representations. If we endow this additive group
with the tensor product of characters, we obtain the ring R(G) of E-valued virtual characters
of GG. A central result in the complex case is the following:

Theorem 0.2.1 (Brauer’s induction theorem). The ring Rc(G) is additively generated by

{ind%’})\: H an elementary subgroup of G, X a linear C-valued character of H}.

Recall that a finite group H is said to be p-elementary (with p a prime) if it decomposes as
H = C,, x H, with (), a cyclic group of order n coprime to p and H, a p-group; and elementary

if it is p-elementary for at least one p.

The set of E-valued class functions on G has a natural E-vector space structure, and it can be
shown that Irrg(G) constitutes a basis. This space admits a scalar product (—, —)¢ (where the

subindex G might be omitted if clear from the context) given by

1 _
X ¥)e = Gl Z x(o)yp(o!) € E.
ceG
This is symmetric, bilinear over F and satisfies Frobenius reciprocity: given a subgroupof H < G
and two characters (not arbitrary class functions) y and 9 of G and H respectively, one has

(x,indG ) e = (resGx, ) u. (0.11)

The following relation is a direct consequence of the definition of the scalar product: for characters
X, % and ¢ of G, one has

XY ®@p)c={(x®@P,p)c- (0.12)

Characters provide a natural framework to understand the Wedderburn-Artin structure the-
orem. Assume for the rest of this section that E is algebraically closed (and still of characteristic
0). Then, a version of the aforementioned theorem states that the semisimple Artinian ring F[G] is
in fact a finite sum of matrix rings over E. With some character theory, one can show

EG)= @ EGle0= @ Mu(E), (0.13)

X€lrrg(G) X€lrrg(G)

11
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where the isomorphism is character-wise. Here the e(x) are (all) the primitive central idempo-
tents? of E[G], meaning that e(x) € Z(E[G]), e(x)? = e(x), and e(x) cannot be expressed as a
sum of two non-zero central idempotents. They are given by the formula

00 =15 X x(e e (0.14)

oceG

In the isomorphism (0.13), E[Gle(x) = M, 1)(£) should be understood as the ring of E-linear
endomorphisms Endg(V,) (with an implicit choice of basis), where V, is an irreducible E[G]-
module which affords x. Given ¢ € G, the element ce(x) € E[Gle(x) C E[G] is sent to the
matrix describing the action of o on V,. In particular, e(x) itself is mapped to the identity matrix.
By the Wedderburn-Artin theorem, E[G]e(x) is a ring with unity e(x), but not a subring of E[G]

in general since the unity does not coincide.

A remarkable property of these primitive central idempotents is their behaviour with respect to
projection: if N is a normal subgroup of G and we let @ = G/N, the canonical ring surjection
e: E[G] - FE|Q)] satisfies the following: for an irreducible character x € Irrg(G),

e(x), C ker
(b)) = O(X) (])\ihirwisiX) (0.15)

where X is the projection of x to ) (which is necessarily irreducible), i.e. it is defined by x = inf%y.

It follows from the arithmetic of the primitive central idempotents that if x and X’ are irreducible,
then
L x=X

<X7 X/>G = .
0, otherwise.

This is known as Schur’s orthogonality relation. In particular, the irreducible characters of G
form an orthonormal basis of the E-vector space of class functions on GG. As mentioned above, any
¢ € Charg(G) admits a unique decomposition

P = Z Ny X

x€lrrg (G)

with n, € N. By the orthogonality relation, we can compute the multiplicities as n, = (x,¥)q. We
say x divides 9 if n, > 0; and 7 is isotypic if only one irreducible character divides it. The above
is simply a restatement of the fact that every module over a semisimple Artinian ring decomposes
uniquely as a direct sum of simple modules: the representations V) for x € Irrg(G) constitute
a system of representatives of simple E[G]-modules up to isomorphism, and therefore any finitely

generated E[G]-module M has a unique expression as

M= g e (0.16)
x€lrrg (G)

2A common notation for these in the literature is e,. In this text, however, the notation e, will be reserved for a
different - although related - object (cf. section 2.4) and the two should not be confused.

12
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with ny p € N. M is then the unique (up to isomorphism) module with character ¢as = 37 x"™M.

Not all hope is lost for fields which are not algebraically closed: given an irreducible FE-valued
representation (V, p) of G with character x (still assuming F = E°), the entries of all matrices in
the image of p after the choice of a basis B only amount to a finite set of elements of . If F'is a
subfield of E' which contains all of those entries, we say x has a realisation (or realises) over F'.
This implies the image of x is also contained in F', and therefore, e(x) € F[G]| C E[G] is a primitive
central idempotent in F[G]. In this case, F[G]e(x) is only a matrix ring over a skew field whose

centre contains F'.

13
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0.3 Artin L-series

Artin L-series generalise classical objects such as the Dedekind zeta function and Dirichlet L-series.
Their special values play a central role in modern number theory, and they will do so in our Main
Conjecture as well. All properties below can be found in [Neu99| section 7§10 and [Tat84] section
I§3. The definitions from section 0.2 will be particularly relevant.

Let L/ K be a Galois extension of number fields with Galois group G = Gal(L/K). Given a prolonga-
tion w to L of a non-archimedean place v of K and a C[G]-module V,, with character x € Charc(G),

there is a well-defined C-linear action of the Frobenius element ¢,, € Gal(k(w)/k(v)) = Gy /1y on
the complex vector space VXI“’. We define the local Euler factors?

Ly(x,s) = det(1 —N(v) oy | VXI“’)_1 (0.17)

and
3u(x,8) = det(1 — N(v)' iy | V) (0.18)

for s € C, where the first 1 is common notation for the identity matrix. The subscript —, is justified:

different prolongations w of v lead to conjugate decomposition and inertia groups, and ¢,, acts on
. . . . I(f w -

VXIw via the same matrix (under a suitable basis) as ¢y, does on Vy ) — V)?Iw" t = J(VXIW).

A similar argument shows that the Euler factors depend on the character y rather than on the

representation V,: two representations with the same character x are equivalent and hence differ

only by matrix conjugation, which does not affect the determinant.

If the action of ¢, on VXIw has (not necessarily distinct) eigenvalues A1, ..., A, € C, then
det(1 — N(v) Py | Vi) = H(1 —N(v) "N (0.19)
i=1

is an entire complex function on s. In particular, its inverse L, (Y, s) is meromorphic. By the same
token, d,(x, s) is entire as well.

Let S and T be two finite sets of places of K such that S O S, (the archimedean places) and
SNT = @. These are sometimes referred to as the depletion and smoothing set, respectively.
The (S, T)-modified* Artin L-series attached to x is defined as

Lisr(xs) = [[ Lo(x.8) - T] 6u(x: 5) (0.20)

véS veT

for s € C,Re(s) > 1. Note that there are infinitely many L-factors but only finitely many J-ones
(see the proposition below for convergence) and that primes in 7" appear in both types. We denote

3L, does not denote the completion of L at v here. There will not be any ambiguity in practice.

4Traditionally, Artin L-series have been defined for a single chosen set S. This is the case in the two references
cited at the beginning of the present section. The (S, T)-modified version is of more recent introduction, and can be
found, for instance, in [Burll]. However, the proofs of the properties in lemma 0.3.1 for the S-version found in the
given references also apply to the (S, T)-version, since the §-factors have the same functorial properties as the L-ones
and do not vanish at s =0

14
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Ls&(x,s) simply by Lgs(x,s). For instance, in the case L = K and S = S, the Artin L-series
Lk,s. (1,s) coincides with the series defining the Dedekind zeta function (x(s).

Before stating some basic properties of these series, we need to introduce a few classical Z[G]-

Vis= P z-w=Pmdg, z,
)

weS(L veS

modules. The first one is

where, in the last term, w is an arbitrarily chosen prolongation of v to L and Indgw— stands for
Z|G] ®za,) —- Note that, if G, is normal in G, then Ind$. Z is simply Z[G/G,). Different choices
of prolongations yield canonically isomorphic modules, since they have conjugate decomposition
groups. The natural G-action is given by permuting the places or, under the isomorphism, by
simple multiplication in G. If we extend scalars from Z to a field of characteristic 0, then y%y g
becomes (canonically isomorphic to) the sum of inductions of the trivial representations 1¢, of
each G, in the language of section 0.2.

The second relevant Galois module is the kernel X LZ, g of the augmentation map

Vig—>17Z (0.21)

which is a Z[G]-homomorphism when Z is endowed with the trivial G-action. This kernel is closely

related to the group of S-units
OL.s ={u € L*: |u|y, = 1 for every place w of L outside S(L)}, (0.22)
which contains the finite-index subgroup of (S, 7T)-units
OLsr={u€ Of gt |u—1|, <1 forallwe S(T)}. (0.23)

In other words, the S-units are the non-zero elements of L which are integral locally at all places
outside S(L), and the (S, T)-units are the S-units which are principal locally at all places in S(T).
Both are equipped with the natural action of G on L*. The connection to X’ %’ g comes in the form
of Dirichlet’s unit theorem, which asserts that the Dirichlet regulator map

R® 0} ¢ >R X g (0.24)
reu— — Z rlog(|uly) ® w
weS(L)

is an isomorphism of R[G]-modules.

We point out that the definition of y%ys and X sz g does not truly require S O S, (but Dirichlet’s
unit theorem does). Furthermore, one can consider all four modules above over a single number

field rather a Galois extension - this simply corresponds to the case L = K, G = 1.

The relevance of these objects in the discussion of Artin L-series is clear in point iv) of the following

result:
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Lemma 0.3.1. In the above notation, one has the following:

i) Li st1(x,s) converges on Re(s) > 1 and has a meromorphic continuation to all of C, which we
denote the same and refer to as the (S,T)-modified Artin L-function attached to x.

1) If M is a finite Galois extension of K containing L, then Ly s1(x,8) = Lix s infGBd(M/K) s).
) f g L, S, TA\X S, G X

iii) If H is a subgroup of G with fived field L' = L* and x = ind%ﬂ) for some 1p € Charc(H), then
Lk s7(x;8) = L syrw) (@, s).
w) If X' is another complex character of G, then Lx sr(x + X',s) = Lr.st(x,$)Lk,s7(X,s).

v) The order of vanishing rs(x) of Lk s1(X,s) at s =0 coincides with

(Z dimg Vfw) — dimc V& = (x, ¢x) = dime(Home(g (Vy, C ® XF g)),

veS
where, in the second term, w denotes an arbitrarily chosen prolongation of v; and, in the third
term, Yy is the character of C® XLZ’S as a C[G])-module. In particular, it is independent of T
and non-negative, i.e. Lg s1(X,s) does not have a pole at s = 0.

In properties ii) - iv), the equality means equality as series and hence equality of Artin L-functions.
These functorial properties constitute a powerful tool when combined with representation-theoretic
results such as Brauer’s induction theorem 0.2.1. For instance, it follows immediately that Artin
L-functions decompose as products of those attached to linear characters - which are easier to
manipulate. Since virtual characters Rc(G) are freely generated by Irre(G), property iv) above
provides a natural way to define L-functions attached to virtual characters. Another observation
is that property ii) justifies why the field L is not featured in the notation Ly g7 (although it is
implicit in y at any rate): enlarging or - when possible - shrinking the top field does not affect the
L-function. In that sense, there is a minimal field over which the function can be defined: L¥er®d),

which is sometimes referred to as the field cut out by y.

The leading coefficient of Lk s7(x,s) at s = 0 is defined as
Licsr(x,0) = lim sV Ly s7(x, 5) € C*. (0.25)

In other words, it is the first non-zero coefficient of the series expansion of L s 7(x,s) around 0.

This is the special value featured in our Main Conjecture.
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0.4 Algebraic K-theory

Algebraic K-theory will provide the right setting for the formulation of our Main Conjecture. The
algebraic and analytic sides of the conjecture come together in a classical so-called localisation
sequence. We will only be concerned with K-groups in low degrees, namely 0 and 1. Our main
reference is [Swa68|.

Let R be a ring and denote by Py(R) the category of finitely generated projective left R-modules
with R-module homomorphisms. We define the following K-groups:

e Ky(R) is the quotient of the free abelian group on the set of isomorphism classes of modules
in Py(R) by the subgroup generated by

(M&N) = (M) - (N),

where M, N € Py(R) and — means isomorphism class. Here and below, (—) denotes the image
of — in the corresponding free abelian group. Given M € Po(R), we denote the class of (M)
in Ko(R) by [M].

For M, N € Py(R), one has [M] = [N] in Ky(R) if and only if there exists a P € Py(R) such
that M @ P = N & P (cf. |Swa68|, theorem 1.10). In that case, M and N are said to be

stably isomorphic, which is in general a weaker condition than isomorphism.

This construction can be formulated naturally in terms of a Grothendieck completion, a notion
which already appeared in section 0.2.

e Given a ring homomorphism R RS , consider the category P§ (R, S) whose objects are triples
(M, f,N) with M, N € Po(R) and f: S®r M = S ®z N an isomorphism of S-modules.
The map f need not arise as the scalar extension of a morphism of R-modules M — N.
A morphism of triples v: (M, f,N) — (M, f’, N') consists of a pair of homomorphisms of
R-modules vp;: M — M’ vy: N — N’ making the diagram

S®RVM

Sop M =M S@p M’

if lf !

S@p N S2EN 6 on N

commute. Note that, since the two vertical arrows are isomorphisms, either horizontal arrow
determines the other uniquely. Composition and identity morphisms in this category are
defined in the obvious way.

The relative K group® of R and S, denoted by K{(R,S), is the quotient of the free abelian
group on the set of isomorphism classes of objects in P§(R,S) (in order to avoid notational
clutter, we do not distinguish between (M, f, N) and its isomorphism class) by the subgroup
generated by all elements of the form

®Some authors define the relative Ky group for R and a two-sided ideal a < R, in which case it is often denoted
by Ko(R,a). This coincides with the above definition of K§ (R, R/a) (cf. [Swa68] p. 214) if one chooses as ¢ the
canonical projection R — R/a. In particular, Swan’s definition is more general (and necessary for our purposes).
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1) ((M7gf7P)) - ((Mava)) - ((N,Q,P))
i) (M, f,N))— (M, f',N")) — ((M", f”,N")) if there exists a short exact sequence

0— (M, f',N)— (M,f,N)— (M",f",N") =0
in P{(R,S) in the obvious sense.

We denote the class of ((M, f,N)) by [M, f, N]. An immediate consequence of i) is that

[M,1d, M] = 0 and [M, f,M] = —[M, f~', M]. As a direct application of ii), we have the
following: if fr: M = N is an isomorphism of (finitely generated projective) R-modules,
then

[M, S ®r fR,N] =0. (0.26)

The notation Ko(R,S) may be used instead of KJ(R,S) if the morphism ¢ is clear from

context.

e Let GL(R) denote the infinite general linear group over R, that is, the direct limit lim GL,(R)
with transition maps GL,(R) — GL,11(R) given by M — M & 1. Then the Whitehead
group of R is the abelianisation

Ki(R) = GL(R)™.

By a classical result, the commutator of GL(R) is precisely the subgroup generated by el-
ementary matrices. We denote the class of a matrix A € GL,(R) C GL(R) in K;(R) by
[A].

We will on occasion need an alternative description of Kj resembling that of the relative Ky
group. Let P3"(R) denote the category whose objects are pairs (M, f) with M € Py(R)
and f € Autg(M); and where a morphism v: (M, f) — (M’, f') is a morphism of R-modules
v: M — M’ making the diagram

M 25 M

|# |

M Y M
commute. Composition and identity morphisms are defined in the obvious way. The group
K iiet (R) is then defined as the quotient of the free abelian group on the set of isomorphism

classes of objects in P5U*(R) (which, as before, we do not distinguish from the objects them-

selves) by the subgroup generated by all elements of the form

i) (M, gf)) = (M, f)) = ((M,g)).
i) (M, f))— (M, ) — ((M", f)) if there exists a short exact sequence

0= (M, f') = (M, f) = (M", f") =0
in P{"(R) in the obvious sense.
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Analogously to the relative Ky, we denote the class of ((M, f)) by [M, f]. It follows from i)
that [M,1d] = 0 and [M, f] = —[M, f~1].

These two descriptions of K give rise to the same group: the map

Ki(R) — K{(R)
[A] = [R", fa]

is a well-defined group isomorphism (cf. [CR87| theorem 40.6 or [Swa68| theorem 13.4). Here
n is any positive integer such that A € GL,(R) C GL(R) and f4 is the R-automorphism of
R"™ induced by multiplication by A. Note that, since R may not be commutative, multiplying
elements of R” by A is only guaranteed to yield a homomorphism of left R-modules if done
on the right. In other words, z € R" is regarded as a row vector and fa(z) = zA.

The inverse of the above isomorphism can be described as follows: let [M, f] € K{(R).
There exists an N € Po(R) and an isomorphism ¢t: M & N = R" for some n € N. Then
to(f@®Idy) o™t is an R-automorphism of R", which in particular has a matrix expression
A; € GL,(R) - once again regarding elements of R" as row vectors. Mapping [M, f] to [Af]
is well defined and yields the inverse K (R) = K;(R) (cf. loc. cit.).

In the sequel, we regard this canonical isomorphism as an identification Ki(R) = K{°(R).

We shall write the groups Ko(R), Ko(R,S) and K{°(R) in additive notation, since their operations
are related to the direct sum of modules; and the group K;(R) in multiplicative notation, since its

operation comes from matrix multiplication. Note that all three groups are abelian.
Let now ¢: R — S be any ring homomorphism. Consider the sequence abelian groups

) Ki(p)

Ki(R Ki(S) & Ko(R, S) % Ko(R) 229 Ko(5) (0.27)

where each arrow is defined as follows:
e Ki(p) sends [A] to [p(A)], where ¢ is applied entry-wise.

e O sends [A] to [R", fa, R"] for A € GL,(S), where f4 is the automorphism of S™ given by
multiplication by A on the right. This map is often called the connecting or boundary
homomorphism?.

e ¢ sends [M, f, N] to [M] — [N].

e Ky(y) is induced by extension of scalars S @p —: Po(R) — Po(S) via . In other words, it
sends [M] to [S ®@r M].

These four maps are well-defined group homomorphisms which make (0.27) into an exact sequence
(cf. [Swa68| theorem 15.5), known as the exact sequence of K-theory - although technically this

5 Another common choice for 9 the inverse of the above, i.e. 9([A]) = [R", f;', R"]. This does not affect the
exactness of the sequence, but it has implications on other conventions. Our choice is consistent with the sources we
will refer to, most notably [Swa68] and [BBO5].
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term refers to an infinite exact sequence continuing to the left with higher K-groups. If R RS
is the embedding of R into some localisation, the sequence is also referred to as the localisation

sequence.

As an addendum to the definition of the boundary homomorphism, we also let 9: Kd¢(S) — Ko(R, S)
denote the map resulting from the identification Ki(S) = K{*(S). Relation ii) in the definition of
Ky(R,S) then implies the following: given M € P(R) and an S-automorphism f of S ®pr M, one
has

O(18 ®r M, ]) = [M, f, M) (0.28)

Ky and K as above define covariant functors from R (rings with unity) to b (abelian groups).
There is a natural way to define contravariant functors on a certain subcategory instead. To do
so, let ¢: R — S be a ring homomorphism such that S is finitely generated and projective as an
R-module via ¢. Then restriction of scalars —| . defines a covariant functor Py(S) — Po(R). This
in turn induces a transfer functor on K-theory (cf. [Weil3] definition 1V.6.3.2), which we can
easily make explicit in low degree. On K, the map is clear:

Ky™(¢): Ko(S) — Ko(R)
[M] = [M]].

In the case of K1, the map has an immediate description in terms of K ldet:

K (p): K{(S) — K{®(R)
(M, f] = [M| s ]| 5l

This then induces a map on the usual K; by imposing commutativity of the diagram
Ky(8) —— K{*(5)

|
K1 () |t

v

Ki(R) —— K{*(R),

The resulting homomorphism KJ}*(¢) does not have a seamless definition in terms of matrices, but
it can be described as follows. For simplicity, assume that S is free as an R-module and hence
there exists an R-isomorphism ¢: R" — 5. Let A = (a;;)i;; € GLn(S). For each i,j, let m;; be
the homomorphism of S-(and R-)modules S — S given by multiplication by a; j on the right. The
composition 1! o m; j ot is an endomorphism of the left R-module R" and hence can be represented
by a matrix M; ; € M, (R). Then K7*(p)([A]) is the class in K7 (R) of the rn-by-rn matrix resulting
from replacing each a; ; by M; ; in A.

Having defined change-of-ring maps for Ky and Kj, it remains to extend these to the relative K-
group Ky(R, S) in a compatible manner. This will be essential to prove the good functorial behaviour
of refined Euler characteristics (appendix A) and hence of the Main Conjecture. The construction
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naturally involves four rings R, S, R’ and S’ and homomorphisms making the diagram

R—*+9

lp l" (0.29)

!

R —*£ g
commute. Extension of scalars is then given by

KO(pa U>: KO(Rv S) — KO(R/7S/)
[M, f,N] — [R' @r M,S" ®@s f, R ®r NJ.

The fact that this is well defined relies crucially on S’®g (S® g —) being the same as S’'Q@ g (R' @ —),
which is ensured by (0.29). The exact K-theory sequences (0.27) induced by ¢ and ¢ are then

connected into a commutative diagram

K 1(90) Ko(p)

Ki(R) —/% Ki(S) —— Ko(R,S) —— Ko(R) — Ko(S)
lKI(P lKl(U) lKO (p,0) lKo(p) lKO(U) (0.30)
K (R) M Ki(S") —— Ko(R',S") —— Ko(R') M Ko(S'

In the case of restriction of scalars, we place the same additional requirement on diagram (0.29) as
before, namely that R’ be a finitely generated projective R-module via p and S’ a finitely generated

projective S-module via ¢. Then the map
K{®(p,0): Ko(R',S") — Ko(R,S)
M, f,N] e (M|, | V|,

is well defined and makes the diagram

KR B K (8) —— Ko(R,S') —— Ko(R') 2 ko (57

le lK“S(" [5G0 570 lK (0.31)
1

R) 9k (8) — 5 Ko(R,S) —— Ko(R) *U“”) Ko(S

commute.

We end this section by briefly introducing the reduced norm nr: K;(R) — Z(R)* for a semisimple
Artinian ring R. This map will be instrumental in formulating the analytic side of the Main
Conjecture, as it connects the localisation sequence above to certain (fraction fields of) rings of power
series where the analogues of p-adic L-series are expected to live. The specifics of the construction
will not play an important role. More details can be found in [Weil3| II1.1.2.4.

Consider first a division algebra D of finite dimension d over its centre F' = Z(D), which is neces-
sarily a field. Choose a splitting field F, that is, an extension of F' such that £ ®r D = M, (F) - in
particular, d = n? (n is called the Schur index of D). Splitting fields always exist - any maximal
field inside D is one. The reduced norm map

det

nr:D— E®pD=M,(FE)—FE
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is known to have image contained in F' and to be independent of the choice of E and the isomorphism
in the middle. It restricts to a group homomorphism D* — F*. The same construction can be used
to define maps M, (D) — F which restrict to homomorphisms GL, (D) — F* for all » > 1. These are
compatible with the embeddings GL, (D) < GL,4+1(D) and hence extend to a homomorphism

nr: Ky(D) — F*.

This is easily generalised to the case where R is a semisimple Artinian ring in the form of
S S H S
nr * *
nr: Ky(R) 2= [[ Ki(Mo, (D)) = [[ Ka(Di) == [[ i = Z(R)",
i=1 i=1 i=1

where each D; is a division ring of finite dimension d; over its centre F;. Here the first isomorphism is
given by the Wedderburn-Artin theorem R = [[ M, (D;) together with the fact that K; sends prod-
ucts to products. The second equality is known as Morita invariance (cf. [Weil3] example I11.1.1.4
and proposition I11.1.6.4) and comes from the natural identifications GL4(Mp(D)) = GLgy(D). As
before, the resulting homomorphism nr is independent of the choice of an isomorphism in the
Wedderburn-Artin theorem.

When R is a commutative semisimple Artinian ring, the same theorem implies it decomposes as a

finite product of fields. In particular, the reduced norm becomes an isomorphism

nr: Ki(R) = R*. (0.32)
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Chapter 1

Construction of the complex

This chapter is devoted to the construction of a certain complex C;}T in explicit Galois-theoretic
and cohomological terms. This complex is the central algebraic object in our Main Conjecture, and
it coincides in the relevant derived category with that employed by Burns, Kurihara and Sano in
their recent conjecture (cf. [BKS17]). Although not strictly necessary for the formulation of the
Main Conjecture, having this explicit description of C:q’T is valuable in itself, and it will simplify
subsequent tasks such as the study of how changes in the parameters (most notably the sets of
places S and T') affect the complex.

The first two sections deal with the definition of some global and local complexes, respectively,
which are based on the translation functor of Ritter and Weiss (cf. [RW96]). In section 1.3, we
define a natural morphism from the local complexes to the global one. The definition of C:S‘,T as the
cone of that morphism, along with some of its key properties, are the object of section 1.4. The

remaining section proves the relation to the complex of Burns, Kurihara and Sano.

The reader who is familiar with the language of Weil-étale cohomology complezes or is otherwise not
interested in the construction may skip this chapter and refer only to proposition 1.4.3 and theorem
1.4.6 for the essential properties of the complex. However, the next few pages (until the beginning
of section 1.1) lay out some important notation for subsequent chapters - alongside that introduced
at the beginning of chapter 0, which we assume now. Specifically, the following setting will apply

to most of our considerations”:

Setting A. Let K be a number field. We consider:
e A rational prime p, different from 2 if K is not totally imaginary.

e A fixed algebraic closure Q¢ of Q. For each place v of K, we choose and fix a distinguished
prolongation v¢ of v to Q°. We denote the place of a number field K’ below v¢ by v(K’),
which is simply K’ N v° if v is non-archimedean. This should not be confused with {v}(K’),

"For the sake of clarity, we will reference this and subsequent settings in the definitions and results where it is in

place.
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the set of prolongations of v to K’ O K in the notation introduced in chapter 0.

o Lo, a one-dimensional p-adic Lie extension of K containing its cyclotomic Zp-extension K
- which simply amounts to H = Gal(Ls/K~) being finite. We denote Gal(K/K) by I'k,
Gal(Lo/K) by G and choose and fix an open central subgroup I' <, G such that I' = Z,, as
topological groups. Then I' " H = {1} and therefore, letting L = LL_, one has Lo, = LK.
In particular, L is itself the cyclotomic Z,-extension of L. Lemma 1.0.2 below shows that
such a I' exists.

K, denotes the n-th layer of Ko /K, and thus Gal(K/Ky) = I";: and Gal(K,/K) is cyclic
of order p™. The same notation applies to L, in Lo, /L. We define N € Nby LN K = Ky,
so the image of the projection I' < G — I'k is precisely I”;(N. Since I' C Z(G), the extension
L, /K is Galois (and finite) for all n € N and we denote the corresponding Galois group by

¢ SO SooUSram(Loo/K), a finite set of places of K containing the archimedean places and the
ramified places in Lo./K. We denote the set of non-archimedean places in S by Sy. Since
the places which ramify in the cyclotomic Zj-extension of any number field are precisely the
p-adic ones, we have Sy O S}, (the set of p-adic places of K).

Non-archimedean places are finitely decomposed in the cyclotomic Z,-extension, and therefore
the subgroup

'n () Gue

wooESf(Loo)

is open in I, i.e. of the form 7" for some n(S) € N. In particular, L, g) is the smallest

layer L, of Lo /L such that every place in S¢(Ly) is non-split in Lo/ Ly,.

e T a finite set of places of K disjoint from S. We let
TP = {v € T: L,, contains a primitive p-th root of unity for some (any) place w € {v}(L)},

where the equivalence between some and any comes from the fact that the elements of
Gal(L/K) induce isomorphisms among the residue fields x(w) of the various prolongations
w | v. By Hensel’s lemma, L,, contains a primitive p-th root of unity if and only if p | 9(w)—1.

We do not assume
e G to be abelian.

e L or K to be totally real or imaginary, with the aforementioned caveat if p = 2. Furthermore,
we do not prescribe the behaviour of archimedean places in Ly, /K.

e |H| (i.e. [Loo : Kxo]) to be prime to p.
Remark 1.0.1. An alternative approach to the above setting is to start with an extension M /K of

number fields and assume that the cyclotomic Z,-extension My, of M is Galois over K - which is
always the case, for instance, if M /K is Galois. It follows that [My : K] is finite (with K the
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cyclotomic Zjy-extension of K') and one is thus in the same situation as above with Lo, = M. In
fact, L can then be chosen to be one of the layers M,, by simply forming the compositum of M and
an arbitrarily chosen L as in the setting. Since our Main Conjecture will not depend on the choice
of L (as shown in subsection 3.2.1), both approaches are equivalent. ]

A simple argument (see for instance [RWO04| section 1) shows that a I' as in setting A exists:

Lemma 1.0.2. Let K be a number field and Lo /K a Galois extension such that G = Gal(Ls/K)
contains a finite (and hence closed) subgroup H with quotient 'y = G/H = Z,,. Then, the short
exact sequence

1-H—>G—Trg—1

of profinite groups splits and G contains an open central subgroup I' = Z,,. For any such I', the field
L = L%, is a finite Galois extension of K and one has TN H = {1} and LXL = L.

Proof. Let m denote the projection G — 'k and choose a topological generator yx of I'x. Choose
a preimage g of yx under 7. If n is the index of a p-Sylow subgroup G, of G (i.e. the prime-to-p
part of |H|), then m(¢g") = 7% is also a topological generator of I'x and g" therefore generates
a procyclic, and hence pro-p, subgroup of G,. The assignment 7% — ¢" uniquely determines a
continuous embedding o: I'x — G which splits the short exact sequence from the proposition.

Let I'g = 0(I'x) = Z,. The splitting o yields a semidirect product decomposition G = H x I'g
via the conjugation homomorphism I'¢ — Aut(H). But Aut(H) is finite and hence there exists an
open subgroup I' = I‘gm <, I'g which is mapped to the identity automorphism, i.e. whose elements
commute with those of H and therefore with all of G. Since H is finite and I" has no elements of
finite order, one has I' N H = {1}, from which the last statement follows. [ |

It should be noted that the choice of I' is far from unique. In fact, if I' is as in the setting, then
I'?" is another valid choice for any n € N. In other words, we can move freely along the cyclotomic
tower Loo/L. This will be addressed in section 3.2.

We now introduce notation for some distinguished fields:

e Mg is defined as the maximal S-ramified (i.e. unramified outside S) extension of Ls, and
analogously for Mgyr.

° MQQSS is defined as the maximal T-ramified extension of L., which is completely split at .S.

o Mg = Mgs g is defined as the maximal unramified extension of Lo, which is completely split

at S.

By maximality, the above fields are all Galois over Lo, and so is Mgur over K (because Lo /K
is unramified outside SUT). We set Hsyr = Gal(Msur/Ls) <. Gsur = Gal(Msur/K). The
following diagram illustrates some of the relevant global fields and Galois groups:
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Hsur

One of the reasons we restrict ourselves to the cyclotomic Z,-extension is the fact that non-
archimedean places of the bottom field are finitely split in it, that is, they split only into finitely
many places in the top field. The other main reason is the weak Leopoldt conjecture, which is
known in the cyclotomic case. It asserts the boundedness of the so-called Leopoldt defect along a
Zy-tower, although we shall make use of a cohomological formulation:

Theorem 1.0.3. Setting A. One has Ho(Hsur, Zy) = 0.

The homology group is defined as in lemma 0.1.2 (or immediately before it) by regarding Z, as a
A(Hgyr)-module, where the Hgyp-action is trivial. A proof can be found in [NSW20| theorems
10.3.22 and 10.3.25.

The Iwasawa algebra at the centre of our construction is A(G). Some general properties of such rings
are discussed in section 0.1. A(G) contains the integral domain A(T") = Z,[[T']], over which it is a free
module of finite rank equal to [G : I'| = [L : K]. In particular, a A(G)-module is finitely generated
if and only if it is so over A(I'). As a consequence, since A(I") is Noetherian, so is A(G). Unlike
A(G), the classical Iwasawa algebra A(I") has many desirable properties, and restriction of scalars

to it will be an essential algebraic tool when studying the A(G)-modules of interest to us.

In setting A, we have fixed a prolongation v¢ to Q° of each place v of K. If K'/K is Galois
with group G, we may denote the decomposition group G, simply by G, - and we will often
do so for K’ = Lo,. This is a slight abuse of notation as the choice of v(K') (that is, of v) is
not canonical. However, the resulting objects will always be canonically isomorphic. The clearest
example is the compact induction Indgwoo M =AG)® A(Guo) M (section 0.1) of a compact A(Guy,, )-
module M, where ws is an arbitrary prolongation of v to L. If wl is a different prolongation
/

s one has G, = o*lgwgo o. Consider
the A(Gyy_)-module oM , which is identical to M as a Zy-module but has G, _-action given by

and ¢ € G is any Galois automorphism sending we, to w
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—1

o 1

7-:% m = (0~ 7o)m. Then the continuous Z,-linear map given by

Indf, M —Indf M
A@me= oo t@m

for A € A(G), m € M is a well-defined isomorphism of A(G)-modules.

We are thus justified in using the notation G, for G, ), and in particular Indgv— for Indgv@m) —.
What does play an important role in some formal arguments is the fact that the chosen set of
prolongations is compatible, that is, v | --+ | v(Loo) | v(Lyp) | v(L) | v. A natural way to think
of compact induction is as the sum of one copy of the local (i.e. A(G,)-)module M for each place
of Lo above v, endowed with a natural A(G)-action by having G permute these local components.

This is especially clear if G, is open in G, which is the case for all non-archimedean v.

A situation we will face repeatedly in this chapter is the following: suppose given an inverse system
(M}, {on: Mpt1 — My}t,n € N), where each M,, is a compact A((Gy)y,)-module and ¢, is a
A((Gn+t1)v)-homomorphism. Formally, one can regard this as an inverse system in the category of
left A(G)-modules via the canonical augmentation maps A(G) — A(G,,). The inductions Ind(ggn)an
then have natural transition maps from level n + 1 to level n, induced by the ¢, and the projection
of the local component at a prime of L, 41 to the prime of L, below it. The crucial idea now is the
fact that the inverse limit of this new system coincides with the outcome of first taking the inverse
limit l£1n M,,, which yields a A(G,)-module, and only then inducing this local module to G. More
rigorously, there is a canonical A(G)-isomorphism
<— (Gn)v

n

lim Ind{g | M, = Indg, lim M,, (1.1)

or in other words, induction commutes with inverse limits. Note that this is essentially part i) of
lemma 0.1.1 together with the fact that a compact module coincides with the inverse limit of its

modules of coinvariants (section 0.1).

This concludes the necessary preparations for the construction of the complex Cg 1.

1.1 The global complex 7¢

Our global complex is given by a four-term exact sequence of A(G)-modules, which shall be regarded
as a complex concentrated in degrees 0 and 1. It is essentially an application of the translation
functor defined by Ritter and Weiss (cf. [RW96]), so the aim of this brief section is to show what

explicit form it takes in our setting.

For the sake of generality, we consider a finite set ¥ of places of K containing Seo U Syam(Loo/K)
- the choice of interest to us is ¥ = SUT. As discussed above, the maximal Y-ramified extension
My, of Ly is Galois over both Lo, and K. We use the same notation Gy = Gal(My/K) and
Hy, = Gal(ME/LOO). In particular, Hy, <. Gx; and G = GE/Hz.

The starting point of the construction is the canonical short exact sequence of A(Gy)-modules

0— A(Gs) = A(Gx) 25 7, — 0 (1.2)
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in the notation of section 0.1. Recall that taking Hy-coinvariants of a A(Gy)-module amounts to
taking its quotient by A(Gy, Hy), which is defined by the short exact sequence

0 — A(Gyx, Hy) = A(Gx) = A(G) — 0 (1.3)
Applying the Hy-coinvariants functor to (1.2) yields a long exact sequence of A(G)-modules
s — Hl(HE, A(Gg)) — Hl(Hz,Zp) — A(GE)HZ — A(GE)HE — (Zp)Hz — O, (14)

the dual of (0.5). Looking at each term more closely, we have:

e Hi(Hx,A(Gyx)) = 0. Note that Hy(Hsx, A(Gx)) = H'(Hs, A(Gx)")" by lemma 0.1.2 and

A(Gs)" = Home, (A(Gz)a@fVZJ
> lim Home, (Z/pnz [GZ/ U} @y Z,,)

neN
US]OGE

=l Map (1, %g)

U<d,Gx
= Map,, <GZ, QZVZP)

is Gy-induced. Therefore, it is also Hy-induced and hence cohomologically trivial by [NSW20)|
propositions 1.3.6 (ii) and 1.3.7.

e Hi(Hs,Z,) = H®(p), the maximal abelian pro-p quotient of Hy, or the Galois group over Lo,
of its maximal Y-ramified abelian pro-p extension. This is the classical Y-ramified Iwasawa
module, which we denote by Xy.

e A middle term A(Gx)p,,, which we denote by Yx.
o A(Gx)n, = A(G) by (1.3).
e (Zp)Hy, = Zy, since the Hy-action on Z,, is trivial.

Thus, (1.4) becomes a four-term exact sequence
0= Xy =Yy = AG) = Z, =0,
which proves the following:

Proposition 1.1.1. Setting A. Let ¥ be a finite set of places of K containing Seo U Sram(Loo/K).
Then there exists a cochain complex of A(G)-modules concentrated in degrees 0 and 1

0 1
Ts = [Ye—=A(9)]

such that HY(T®) = X, and H'(T8) = Z,. It is referred to as the global complex.
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Chapter 1. Construction of the complex

1.2 The local complexes L

We now use a similar process to construct a local complex £, at any place v of K (whether
archimedean or non-archimedean). Several such complexes will be added together and induced
to the global Galois group G in order to define the main local-to-global morphism in the next

section.

Consider first the case of a non-archimedean place v of K. Let us explore the connection between
the global and local settings. By local we mean we consider the tower of fields

(Qc)vc / (LOO)’U(LOO) /LU(L) / Ky,

where (Q)ye denotes the union lim /0 K, (k) of the completions of all number fields K ""at the
compatible set of places determined by v¢. This field identifies naturally with the algebraic clo-
sure K¢ of K, (cf. [NSW20| proposition 8.1.5), which determines an isomorphism (Gg)ye =
Gk,. Analogous notation will be used for other infinite algebraic extensions of K. For instance,
(Loo)u(Lo) is the union of the completions of all number fields contained in Lo, and one has
Gal((Loo)v(Loo)/ Kv) = Gy We regard these isomorphisms, and similar ones below, as identifications.
Their dependence on the choice of v¢ is rendered irrelevant after taking induction, as explained in

the introduction to this chapter.

The extension (Leo)y(Lo.)/ Lo(r) has Galois group 'z, ), which is open in I' and hence has the form
I'?" for some n € N. This means that Ly = (Ln)v( L), that is, localising may cause the first few
(finitely many) layers of the cyclotomic Zy-extension to collapse. Note that the field (Loo)y(r..) 18
still the cyclotomic Zj,-extension of L. In the non-p-adic case v ¢ S}, it must necessarily be the
so-called unramified Z,-extension of Lz, since that is the only Z,-extension of an [-adic field for
l # p. To avoid further notational clutter, we denote the absolute Galois group of (Leo)y(r.) bY

GL.w Jc Gk, instead of G(r.) As before, this coincides with the decomposition group of v©

v(Loo) "
in Gr,_.
As for the extension L/K, it is locally trivial (L) = K,) if v splits completely in it, and the

converse is true if the extension is Galois.

Remark 1.2.1. The field Mgyp, which played a prominent role in the construction of the global
complex, does not make an appearance in the local case. As the maximal (SUT)-ramified extension
of K, one could expect it to locally coincide with the entire algebraic closure of K, for v € SUT.
However, this is a subtle question related to the global realisation of local extensions, and we shall

only briefly touch on it in the next section. The correct top field to consider in the local case is K¢.

O

We now proceed along the same lines as in section 1.1, starting at the short exact sequence of
A(Gk,)-modules
0— A(GKU) — A(GKU) — Zp —0
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and taking G, ,-coinvariants. This yields a long exact sequence of compact A(G,)-modules

= Hi(Gry,,, AGk,)) = H1(GLy ., Zp) = AGk,)G,.., = MGk,)Gr.., = Zp)a,.,, — 0.
(1.5)
By the same argument as for the global sequence (1.4), this reduces to

0— G“l;)’v(p) —Y, = AG,) = Z, =0,

where Y, = A(Gk,)

abelian pro-p extension.

. Note that GaLboo ,(p) is the Galois group over (Lo )y(L,,) Of its maximal

GLoo,w

We now move on to the case of an archimedean place v of K. The completions at places above v
then have the usual interpretation as R or C according on whether those places are real or complex,
but this will not play a part in the construction. Decomposition groups of archimedean places
are very small, either trivial or of order 2 generated by complex conjugation. This simplifies the
argument considerably, with the caveat that inducing from G, to G, as we will do later on, is no

longer a finite process - now decomposition groups are not open.

This time we directly consider the short exact sequence
0— A(Gy) = A(Gy) = Zp, — 0 (1.6)

and distinguish two cases:

i) If v(Loo) is unramified in Lo/ K, then A(G,) is trivial and the above sequence is an equality
Zy, = Zy. This is always the case if p = 2 by assumption.

ii) If v(Leo) is ramified in Lo /K, let 7,y denote the complex conjugation induced by v(Leo)
on L.,. We then have a canonical decomposition

AGy) = (HTQ(LW)) AG) & (1_72%)) AG)

(because 2 # p is invertible in Z,), the two coefficients being precisely the primitive (central)
idempotents of the semisimple algebra Qf[Gy] (cf. section 0.2). The two summands on the right-
hand side are Z,-free of rank 1 (generated by these idempotents), sometimes denoted by Z}‘f and
Z,, . They are the maximal submodules of A(Gy) on which 7,1,y acts as the identity and as -1,
respectively. The augmentation ideal A(G,) coincides with Z,, and mapping 2 € Z, C A(G,)
to z(1 + Ty(L..))/2 makes the diagram

0 — A(Gy,) —— A(Gy) Ly 0
| |k
0 » L, > A(Gy) > L) 0

commute.

Remark 1.2.2. 1) Instead of starting directly at (1.6), we could have considered the analogous

sequence for Gi, and taken G __ ,-coinvariants as we did in the non-archimedean case. Note
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that the term Hy(Gr._ v, Zp) of the analogous sequence to (1.5) would vanish, since Gr__ ., (of
order 2) has no non-trivial pro-p quotient. This approach leads to the very same complexes.

ii) The ramification (or splitting) behaviour of an archimedean place in Lo, /K is already deter-
mined at L/K, since these places are never ramified in Z,-extensions: their decomposition

groups are finite, but Z, has no non-trivial finite subgroups.

In order to uniformise the notation, we set Y, = A(Gg,)q,_ , as before. By the previous remark,
this module is trivial if v is unramified in Lo /K, and Z, otherwise. We can now collect the

constructions from this section:

Proposition 1.2.3. Setting A. For every place v of K there exists a cochain complex of A(Gy)-

modules

0 1
Ly = [Yo—=A(G)]
such that HO(L?) = G%ﬁom(p) and HY (L) = Z,. If v is archimedean, then H°(L%) =0 and

[0 = Zp], v is unramified in Lo/ K
[A(Gy) = A(Gy)], otherwise.

It is referred to as the local complex at v.

Although this construction works for arbitrary v, the definition of our main complex only relies on

the local complexes L3 for places v € S.

1.3 Local-to-global maps

At this point, we have defined a global complex 7§ and local complexes L3. It is time to define
morphisms from the latter to the former, which we shall then induce from G, to G. As mentioned
at the beginning of this chapter, conceptually, induction amounts to adding a copy of L3 for each
prolongation of v to Lo and justifies the notation L for an object which is actually defined at
v(Ls). Before applying induction, the goal is therefore to construct morphisms of complexes of
A(Gy)-modules L3 — Tg p-

We first address degree 0 - that is, the modules Y, and Ygyr. For a place v € S, consider the

continuous group homomorphism f, given by either composition in the commutative diagram

GKU > GK

<

Lo (1.7)

(GsuT)v(mg ) — Gsur

in the notation of the previous sections. Recall here that the injection Gx, — G relies on the
choice of a prolongation v¢ of v to Q¢ made in setting A. The map f, induces a continuous ring
homomorphism A(Gg,) — A(Gsur) which commutes with the augmentation and hence restricts to
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A(Gk,) = A(Gsur). Since fu(GL.,,) € Hsur, the image of A(GL,,,) under this homomorphism
is contained in A(Hgyur), which allows us to define a homomorphism of A(G,)-modules

ab MOV 6y a6k MY A A G

that is, Y, — Ysur (cf. (0.2)). Note that this argument does not depend on whether v is archimedean
or not: as shown in remark 1.2.2, the description of the degree-zero term Y,, of £} as A(Gk,)a,__

applies to both archimedean and non-archimedean v.

Before continuing with the construction, we briefly touch on the natural question: for v non-
archimedean, should we expect f,: Gk, — Ggsur to be injective or surjective? The answer is, in
general, no to both. The injectivity of f, is equivalent to that of the left vertical arrow in (1.7),
i.e. to whether (Msur)y(amg,p) coincides with K. This is known to be the case for very large (of
density 1, in particular infinite) sets S U T (see for instance [NSW20| theorem 9.4.3), but that is
far from our situation. As to the failure of surjectivity in general, [NSW20] theorem 10.8.1 contains
the following example: if K is not totally real and v ¢ S,, then the image of f, is far from all of
Ggsur. Note that the cited theorem refers to the maximal pro-p quotients of these groups, but this
implies f, itself cannot be surjective.

The maps in degree 1 are substantially simpler: we let

azljz A(Gy) — A(G)

0

o, this induces a morphism of complexes of A(G,)-

be the canonical embedding. Together with «
modules a,: L — Tg p, which is to say that the diagram

Y, —— A(Gy)
[ Je
Ysur —— A(g)

commutes. Indeed, all the arrows are homomorphisms of topological Z,-algebras, so it suffices to
verify this for the classes in Y, = A(Gkg,) of the generators {c —1: 0 € Gk, } of A(Gg,).

But on these elements, commutativity is clear.

GLoo,w

Now that we have the desired maps, we induce the local complexes from G, to all of G. The first

important realisation is that, on the exact sequence
0— HYLS) — [V, = A(G,)] — HY (L) — 0

defining L3, the compact induction functor Indgv— = A(9) ®A(9u) — introduced in section 0.1
coincides with A(G) ®(g,) — and is exact:

e If v is non-archimedean, then G, is open in G and therefore A(G) is a free right A(G,)-module

of finite rank - the generators being any set of left coset representatives of G/G,.

e If v is archimedean, all A(G,)-modules in £} and its cohomology (A(Gy), A(G,) and Z,) are
finitely generated, and hence finitely presented. Note here that A(G,) is Noetherian as it is

finitely generated as a Z,-module.
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In both cases, equation (0.3) shows the desired equality of functors. Since A(G) is a flat right
A(Gy)-module (this is even true after replacing G, by any closed subgroup of G by [Ven| lemma
B.1), exactness follows. In other words, the complex

0 1
Ind§ £3 = [Indf Y, —Indg A(Gy)]
has cohomology groups

H'(Indg £3) = Indg H'(L3). (1.8)

TS r has the structure of a complex of A(G)-(and not only A(G,)-)modules, so induction yields a

morphism of complexes of A(G)-modules
Indgv Qy: Indgv Ly — Tsur

as mentioned in (0.4). Some of the resulting maps will be studied more closely when determining

the cohomology of the main complex in the next section.

1.4 The main complex C?

We may now bring together the construction of the local and global complexes, as well as the
morphisms between them, into the definition of our complex of interest. On the local side, the
complexes at all places v € S are combined into

Ly =P ndg L3,
ves

The maps from the last section then produce a morphism asr =, g Indgv ay: LY — T r
Definition 1.4.1. Setting A. The main complex Cg 7 of A(G)-modules is defined as
° o 4ST °
Cor = Cone(Ly — Tsur)[—1]-

O

The fact that this complex is perfect will be essential for the formulation of the Main Conjecture.
We recall that a strictly perfect complex is a bounded complex consisting of finitely generated
projective modules, and a perfect complex is one which is isomorphic to a strictly perfect complex
in the relevant derived category - in this case, D(A(G)). The perfectness of Cg . boils down to the
following technical result from the theory of presentations of Iwasawa modules (cf. [NSW20] section
V§6):

Lemma 1.4.2. Let N — G — Q be a short exact sequence of profinite groups such that G is

topologically finitely generated and has cohomological p-dimension c¢d, G < 2, and Hy(N,Z,) = 0.
Then the A(Q)-module Yo n = A(G)n has projective dimension pdyg) Yo,n < 1.
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In particular, the complex of A(Q)-modules

0 1
C* = [Yon=A(Q)]

18 perfect.
Proof. By proposition [NSW20] 5.6.7, there exists an exact sequence of A(Q)-modules
0 — Ho(N,Zp) — (M®(p))n — AMQ)! = YN — 0, (1.9)
where M9 (p) is the so called p-relation module of G with respect to a presentation
l1>M—->F—->G—1

of G by some free profinite group F' of rank d - which is not unique: larger d simply results in
a larger kernel M. Then M?(p) has a natural A(G)-module structure (with G acting by lifting
and conjugating), which in turn makes (M(p))y into a A(Q)-module. The latter is projective
whenever cd, G < 2 by the same proposition, which together with the triviality of Ha(N,Z,) shows
that (1.9) is a projective resolution of Y n of length at most 1.

The last claim in the lemma follows from the classical fact that a bounded complex consisting of
modules of finite projective dimension is perfect - which can be shown by induction on the length
of the complex using the fact that the cone of a morphism of perfect complexes is perfect. |

The consequence of relevance to us is the following;:

Proposition 1.4.3. Setting A. The global complex Tg ; and the main complex CSr are perfect
complezes of A(G)-modules. For any place v of K, the local complex L9 is a perfect complex of
A(Gy)-modules.

Proof. Both the global and local complexes are of the form considered in lemma 1.4.2. In the global
case T, we apply it to the short exact sequence of profinite groups Hsur < Gsur — G in the
notation of section 1.1. The group Gsur is topologically finitely generated by [NSW20] corollary
10.11.15 and has cd, Gsur = 2 by [NSW20] proposition 10.11.3. The hypothesis Ho(Hsur, Zp) = 0
holds by the validity of the weak Leopoldt conjecture (theorem 1.0.3).

v, we distinguish two cases. If v is archimedean, then L9 is in fact strictly

For the local complex £
perfect as seen directly from proposition 1.2.3. Recall at this point that, in the archimedean ramified

~Y

case (where p # 2 by assumption), A(G,) = Z, is a direct summand of A(G,) and hence projective.

For non-archimedean v, we again apply lemma 1.4.2 to Gr__ , — Gk, — G, in the notation of section
1.2. This time around, theorems 7.4.1 and 7.1.8 from [NSW20] give finite topological generatedness
of Gk, and cd, Gk, = 2, respectively. The vanishing of Ha(Gr, v, Zp) = H*(GL, 0, Qp/Zyp)Y (cf.
lemma 0.1.2) follows from

HQ(GLooﬂ” Qp/Zp) = hﬂHQ(GLn,pr/Zp) =0,
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where G'r,, , denotes the absolute Galois group of (Ly),(z,) and the equalities are [NSW20] propo-
sitions 1.5.1 and 7.3.10.

In order to conclude that the main complex is perfect, we first note that Indgv[,; is perfect over
A(G) for any v: both modules in [Y, — A(G,)] have projective dimension < 1 by the previous
proposition, and compact induction sends projective resolutions to projective resolutions. Hence,
as (a shift of) the cone of a morphism between perfect complexes, Cg 7 = Cone(LY SN Sur)[—1]
is itself perfect. |

We now turn our attention to the cohomology® of the main complex. Its determination involves the
following A(G)-modules, all of which arise by taking classical Galois modules, extending scalars to
Zy and passing to the inverse limit over the cyclotomic tower Lo, /L:

o Egp=lim (Z,® O}, gr), where O} ¢ is the group of (S, T)-units of Ly (cf. (0.23)) and
the inverse limit is taken with respect to the norm maps.

° By =Egg =lim (Z, ® O}, g), where O] ¢ is the group of S-units of Ly, (cf. (0.22)).

o Vg = @ve g InngZp, where Z, is endowed with the trivial G,-action. This is an instance
of the situation described by equation (1.1) with M, = Z, for all n and transition maps
M,,+1 — M, equal to the identity. Therefore, Vg can be identified with the inverse limit of

Vins = @Ind(ggn)v(Ln)Zp = EB L - w, (1.10)
veS wn€S(Ln)

where the last term is a free Z,-module with G,-action given by Galois conjugation of places.
By (1.8), Vs coincides with H?(LY)

o Xg = ker()Ys — Zj) is the kernel the of canonical projection (which is essentially an augmen-
tation map). For the same reason as above, it can be identified with the inverse limit of the
kernels X7, ¢ = ker(Yr,, s = Zp). Note that X7, g is simply Z, ® X%ms in the notation of
section 0.3, and analogously for Yy, s.

The module Xg should not be confused with Xg, the Galois group over L, of its maximal
S-ramified abelian pro-p extension; and neither should Vg with the Yg = A(Gg) g defined in
section 1.1.

In subsequent chapters, we will use analogous notation Eg 77, Eg/, Vs, Xg for sets of places S’
and T” other than S and 7. These modules will be instrumental in the formulation of the Main
Conjecture (see the beginning of chapter 2, in particular the homomorphism a: Vs — Egr). All
of them are finitely generated over A(G) (for Eg, this follows from its structure as a A(I')-module

8The structure of these cohomology groups will also follow from the isomorphism (in the derived category D(A(G)))
between C§  and a certain RI'-complex proved in section 1.5. We compute them explicitly here mainly for two reasons:
first, this involves the study of some classical objects and sequences which will be used in later chapters. Second,
doing so provides a self-contained argument which does not rely on known results for the RI’-complex. As a minor
additional justification, section 1.5 requires G to be abelian for compatibility with [BKS17], although this is only
formal - the same isomorphism holds in the general case.

35



Chapter 1. Construction of the complex

given in [NSW20] theorem 11.3.11; and for Egr C Eg, this is a consequence of the Noetherianity
of A(G)).

In preparation for the computation of the cohomology of Cg 1, we determine the kernel and cokernel
of
H(asr): H(LY) = HO(TSur)-

By section 1.2, H(L%) = @
A(Gy)-modules

ves; Indgv G%bomv(p). Local class field theory yields an isomorphism of

GP () = Tm ((Ln)ip,)"
where

(En)is,y) = lim (Ln)Z(Ln)/((Ln)*

? v(Ln))pm

denotes the p-completion of the group of units of the local field (Ly),(z,,). Thus, H%(LY) identifies
with the Iwasawa module Ag in the notation of [NSW20| section XI§3 (note that, for archimedean
places v € Sy, there is nothing to add as cohomology vanishes in degree 0). It should be pointed
out that the definitions of Eg7 and Eg (and also Js and Xg) boil down to a limit of p-completions
as well, but in those instances p-completion amounts to Z, ® — because the abelian groups involved

are finitely generated.

Proposition 1.4.4. Setting A. There exists a short exact sequence of A(G)-modules

HO (o
0= By — HO(LY) 5T HO(T8 1) — X556 — 0,

where X'g = Gal(M:%fS/Loo)“b(p) is the Galois group over Loo of its maximal T-ramified abelian

pro-p extension which is completely split at S.

Proof. The case T = @, i.e. H(agg): HO(LY) — HO(T$) = Xg, is settled in [NSW20] theorem®
11.3.10: the kernel and cokernel are isomorphic to Eg and 2.5 respectively, where the latter is
usually simply denoted by X¢&. In applying the cited theorem, we note that Hy(Hg,Zy) = 0 by the
weak Leopoldt conjecture (theorem 1.0.3). The fact that H%(agy) coincides with the Ag — Xg
therein under H O(Efg) > Ag is a consequence of our definition of the local-to-global-maps, which

are induced by natural inclusions and projections of Galois groups.

We therefore need to measure the change caused by the introduction of T'. Consider the commutative

diagram with exact rows

0 0 HO(LY) =—— HY(LY) —— 0
l lHO(OéS,T) lHo(as,g)
0 —— ker(7r) E— XSUT ul XS 0

9Because of the hypothesis p 1 [L : K] in p. 739 of the reference, the cited theorem does not directly refer to the
A(G)-module structure of the objects. However, it can still be used to determine the kernel and cokernel of H°(as,»)
as a A(T')-homomorphism (i.e. choosing L rather than K as the base field), after which we simply point out that the
maps Es — As = H%(as,») and Xs — X&° are G-equivariant.
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where 7 is the natural projection - that is, restriction of Galois automorphisms. The snake lemma
then yields an exact sequence

0 — ker(H"(as 7)) — Eg — ker(m) — coker(H"(asr)) — X& — 0. (1.11)

In order to determine the unknown terms, we construct the same sequence in a different manner,

starting at the exact sequence of Z[G,]-modules

1— OL,S,T — (’)zms — @ k(wp)* = Clp, s7 — Clp, 5 — 1, (1.12)
wn €T (Ly)

where Clr,, ¢ and Cly,, g7 denote the S-class group and (5, T)-ray class group at the layer L,,
respectively. These are the quotients of the class group and ray class group mod mp = HwnGT( L) Wn
by the subgroup generated by classes of ideals in Sy (see [Nicl3| subsection 1.4 for the precise
definition and the above sequence). Applying Z, ® — is exact and yields a new sequence whose last
three terms (not counting 1) are the p-parts of those above, since they are finite abelian groups. In
particular, Z, ® k(wy,)* = k(wy)*(p) is isomorphic to the group of p-power roots of unity of (Ly, ),

(by definition, places above T' cannot be p-adic).

All terms resulting from tensoring (1.12) with Z,, are compact A(G,)-modules, as they are finitely
generated over Z,, (for the first two, this follows from Dirichlet’s unit theorem: see (0.24)). Therefore,
taking inverse limits along the cyclotomic tower with respect to the norm maps produces a sequence
of A(G)-modules

0= Egr — Es — @ Indf, Z,(1) —» Xs — X§ — 0 (1.13)

veTP

which is exact by [NSW20| proposition 5.2.4. In the middle term, we have used the fact that
induction commutes with inverse limits (recall (1.1)). Note that the group of p-power roots of unity
in the cyclotomic Zpy-extension of L) is trivial if L,y itself contains no primitive p-th root of
unity, and g, (i.e. all possible) otherwise. Hence the only terms that survive in the limit are those
corresponding to places v € T? as defined in setting A, which yield precisely Z,(1) (see equation
(0.6)). Finally, the fact that the limits of Clr, s and Clf, s are precisely X{%g and X§ is a
well-known consequence of global class field theory.

The last step is to connect sequences (1.11) and (1.13). The middle terms €, o7 InngZp(l)
and ker(w) are isomorphic by [NSW20] theorem 11.3.5 (the isomorphism of the summands with
Indgv Zp(1) is addressed only in the proof) - this follows from applying it to SUT and S separately,
then using the snake lemma. For the fourth terms, we use the fact that the canonical projection
Xsur — X7g is trivial on the image of H O(EQ), as the latter is generated precisely by the projections
to Xgur of the decomposition groups G‘il;,v(p) = (G1.)%(p) for v € S. Tt therefore factors as
e: coker(H%(asr)) — X{7g. This yields a diagram with exact rows

0 — ker(H’(agr)) — Eg —— ker(n) ——— coker(H’(agr)) — X& — 0

I ; k |

0 Est Es — @ Indg Z,(1) —— X{fg —— X§ — 0
veTP
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where the first vertical arrow is defined by commutativity of the corresponding square, and all other
squares commute by the aforementioned naturality of the maps. Now a simple diagram chase shows
the first and fourth vertical arrows are isomorphisms as well. [

Remark 1.4.5. The argument used to define e: coker(H%(agr)) —» X{°g above is not far from
showing directly that it is an isomorphism. The bulk of the proof is aimed at determining the
cohomology in degree 0, which is subtler as it relies on class field theory. The proof also showcases
some objects and techniques which will be relevant later on - for instance, in subsection 3.2.3. [

We can now determine the cohomology of the main complex:

Theorem 1.4.6. Setting A. The perfect complex ng’T 18 acyclic outside degrees 0 and 1 and satisfies:
° HO(C&T) = Egsr.

o Hl(C§7T) fits into the short exact sequence of A(G)-modules
0— X{fg — H'(C& 1) = Xs — 0,
with X%S,S and Xs as defined in and before proposition 1.4.4, respectively.

Proof. In the derived category D(A(G)), the complex fits in an exact triangle

Cor = L% =5 Tiur =
by definition. The cohomology of L% and Tg , is given by propositions 1.1.1 and 1.2.3, and it
is trivial outside degrees 0 and 1 in both cases. Therefore, the long exact cohomology sequence
becomes

H'(as,T)

0 —— H(CSr) — H(LY) H*(Tsur)

H'(as,T)

H'(CSp) —— H'(LY) HY(Tsur) —— H*(C8p) — 0

and Cg - is acyclic outside degrees 0, 1 and 2. It follows that H 0 (C& 1) is isomorphic to the kernel
of H(asr) and H 1(C§7T) fits into the short exact sequence

0— coker(HO(a&T)) — Hl(ngT) — ker(Hl(a&T)) — 0.

As already discussed, H'(L£%) = Vs and the map H'(agr): H'(LY) — HY(T3 ) = Z, identifies
with the canonical projection Vs — Z,, whose kernel is Xs by definition. Since it is surjective,
H? (C§ ) is trivial. The kernel and cokernel of H 9(ag,r) were computed in proposition 1.4.4, which
concludes the proof. |
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1.5 Description in terms of RI'-complexes

This section is devoted to showing that the complex constructed in this chapter is isomorphic to
that employed by Burns, Kurihara and Sano in [BKS17] (pp. 1534 and 1539-1540) in the cases
where the settings coincide. This is a necessary step for section 4.1, where we prove that the Main
Conjectures formulated here (section 2.5) and in said article (conjecture 3.1) are essentially the

same whenever they can be compared.
The differences between the settings are as follows:

e Here Lo /K is only assumed to be Galois, whereas it is required to be abelian in [BKS17].
The definition of the complex therein does not truly require commutativity (see for instance
[BF98|, first paragraph of section 3.2), but the formulation of the Main Conjecture (conjecture
3.1) does.

e Here K, is the cyclotomic Z,-extension of K, whereas it is an arbitrary Z,-extension in the
article. Only at times do they specialise to the cyclotomic case - namely in subsections 3D
and 4B and, to some extent, section 5. We note that the cyclotomic Z,-extension is the only
one if K is totally real and Leopoldt’s conjecture holds for K and p.

e Our condition p # 2 if K is not totally imaginary does not appear in the earlier part of the cited
article - neither in the definition of the complex nor in the formulation of the Main Conjecture.
The condition p # 2 is indeed required in their reformulation of the same conjecture (|[BKS17|

conjecture 3.14).

The present section, slightly more technical in its use of derived categories, RI'-complexes and
duality properties, may be skipped without significant effect on the comprehension of the sequel -
the fundamental takeaway is theorem 1.5.4, i.e. the isomorphism between the complexes outlined

above.

We start by introducing the complex used in [BKS17|, which is essentially given by an inverse limit

of finite-level complexes from [BF9S|:

Definition 1.5.1. i) Let p be a prime number, F/K a Galois extension of number fields and S
and T two disjoint finite sets of places of K such that S O Soo U Spam (F/K). We set

B;?,S,z =R HomZp (RFC(HF,Sa ZP)? ZP) [_2]a

where Hp g denotes the Galois group over F' of its maximal S-ramified extension and RI'.
denotes the compactly supported cohomology complex (cf. [BF98| equation (3)). We then
define B, g 1 by the exact triangle

Bhsr = Bhse = D Zp @ s(w)*[0] =, (1.14)
weT (F)

where the second arrow is as in [BKS17].
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ii) Setting A. We define
Bsr = @Bin,sza

where the limit is taken with respect to the natural transition maps induced by restriction (note
that Hy,, ., s < Hr, 5). This is the complex featured in [BKS17| conjecture 3.1.

Let us examine in which category one may naturally consider these complexes. In part i), B;;’ S.o
has a canonical structure as a complex of A(Gal(F/K))-modules in the usual way (cf. [NSW20]
proposition 1.6.3) because the maximal S-ramified extensions of F' and K coincide, and hence Hp g
is normal in the Galois group of this extension over K. The term B,,cr(r) Zp ® £(w)" also has a
natural G = Gal(F/K)-action, which in particular allows us to regard it as @, . Indgv Zp @ k(w)*
(as usual, here G, denotes G, for any chosen prolongation wg of v). This endows 8;77 ST itself
with the structure of a complex of A(Gal(F/K))-modules. As for part ii), the transition maps in
@n Br,.sr are Galois-equivariant, and hence Bg 7 is a complex of A(G)-modules.

We recall at this point that RT'(G, M) is notation for the complex which computes the cohomology
of G with coefficients in M (in some suitable category, which in our case was described in section
0.1) - either the one resulting from the standard resolution, or any isomorphic one in the relevant
derived category. We must first relate some fashion of RI'-complexes to complexes of the form
considered in previous sections. This is achieved by the following proposition, the idea of whose

proof is largely taken from [Nicl3| (see theorem 2.4 therein):

Proposition 1.5.2. Let G be a profinite group and N <. G a closed normal subgroup such that
H,(N,Zy) =0 for alln > 2, and set Q = G/N. Then there exists an isomorphism of complexes
-1, 0
RHom(RI'(N,Qp/Zy),Qp/Zy) = [Yon—A(Q)]
in the derived category D(A(Q)), where Yo N = A(G)nv = A(G)/A(N)A(G) and v is the natural
composition of the lift to A(G) with the projection to A(Q).

Proof. Cohomology H'(N,—) is by definition the right derived functor of — = Homy (ny(Zyp, —)-
Therefore, RI'(N,Qp/Z;) can be identified with R Hom(ny)(Zp, Qp/Zp) in D(A(Q)) (here and be-
low, the A(Q)-module structure is given by [NSW20| proposition 1.6.3 as before).

The contravariant functor R Hom(—,Q,/Z,) coincides with R Homgz, (—,Q,/Z,) on complexes of
discrete modules, and it amounts to applying Homgz, (—,Q,/Z,) = (—)" at each degree as Q,/Z,, is
Zy-injective. Noting that M ®A(N) Zp = Homy () (M, Qp/Zy)" for any compact right A(N)-module
M (see the proof of [NSW20] corollary 5.2.9), we conclude that

~ L
RHom(RI'(N,Qp/Zp), Qp/Zp) = Zy ANy Lp (1.15)

in D(A(Q)) (where — @%( N) Zyp denotes the left derived functor of — ® A(N) Zp) by dualising a pro-

jective resolution of Z, into an injective one of Q,/Z,.
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Now we consider the canonical short exact sequence A(G) — A(G) — Zj, of compact A(N)-modules,
which induces an exact triangle

~L ~L =L
A(G) @n(ny Zp — MG) @n Ny Lp = Zp @p(ny Lp —

in D(A(Q)) and hence an isomorphism

L
AN) Zp). (1.16)

Z, @) Zp = Cone(A(G) 5w Zp = AG) &
The groups H;(N,A(G)) vanish for all ¢ > 1, since A(G)Y = Map,(G,Qp,/Z,) is G-induced and
therefore cohomologically trivial (see also the first point after (1.4)). In particular, there are iso-
morphisms H;1(N,Z,) = H;(N,A(G)) for all ¢ > 1. This implies H;(N,A(N)) =0 for all i > 1
by hypothesis, and hence the complexes A(G) @%( N) Zp and A(G) (/X\)H&( ~) Zyp are both acyclic outside
degree 0. But a complex with a single non-trivial cohomology group is isomorphic in the derived

category to the complex consisting of that group concentrated in the corresponding degree, i.e.

~

(A(G) @) Zp)[0] = Yi,n[0]

12

~L
A(G) @n(wy Zp
and
~L -~ ~
A(G) @x(n) Zp = (A(G) @) Zp)[0] = AQ)[0].
This concludes the proof by (1.15) and (1.16), since by definition of the cone we have

Cone(Ye n[0] — A(Q)[0]) = [Y;,INgA(OQ)]

and the morphisms defining both cones are compatible. |

Remark 1.5.3. It follows that, as a complex of abelian groups, [Yo ny — A(Q)] is actually independent
of G and () up to isomorphism in the derived category - as long as they fit into a short exact sequence
N — G — Q. This should not be too surprising, as the cohomology groups of complexes of that
form were shown to be N%(p), Z, and {1} in sections 1.1 and 1.2. Naturally, the A(Q)-structure

does depend on the choice of groups, and it will be fundamental in our discussion. O

The above proposition can now be applied to the global and local complexes to obtain isomor-

phisms

Tsor = RHom(RI'(Hs,Qp/Zy), Qp/Zp)[—1] (1.17)
and

L3 = RHom(RT(G Lo 0, Qp/Zp), Qp/Zp)[-1],
where G o denotes G(r),, | = (Gr..)ve as in section 1.2. The hypothesis on the vanishing of

H, (N, Zy,) is satisfied in these cases by the same reasons described at the beginning of the proof
of proposition 1.4.3. The only case not covered there is that of an archimedean place v, which is
even simpler by classical homology of finite groups: if G, , is trivial, then its homology in degree
> 1 vanishes for any module; and otherwise, |G | = 2 (so p is odd by setting A) and hence the

groups H, (G v, Zy) are 2-torsion Zy-modules, i.e. trivial, for all n > 1.
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Chapter 1. Construction of the complex

In combination with some duality properties, this new description of the global and local complexes
allows us to prove the main result of this section. As mentioned before, nothing in the construction
of BY  requires G to be abelian and we can therefore state the following theorem in the generality
of setting A.

Theorem 1.5.4. Setting A. There is an isomorphism of complexes Cgp = BY p in the derived
category D(A(G)).

Proof. As in some of the previous proofs, it is convenient to initially disregard the set T altogether
and consider
€8 = Cone(Ly 2 73)[-1].

Let us consider the local side first, letting Gz, ., = G(Ln)U(Ln) = (G, )ve by analogy with Gr,__ ,.
We also set Gpv = (Gn)u(L,)- Then there are isomorphisms

LY = @Indgvﬁz = @ IndngHom(Rr(GLm,v, Qp/Zy), Qp/Zy)[1]

ves ves
= @ Indng Hom(li_ng RU(G L, 0, Qp/Zp), Qp/Zp)[-1]
veS n
~ i Gn —
= @ @ IndgwR Hom(RI(GL, v, Qp/Zp), Qp/Zp)[-1]
n veS
> lim R Hom (P Indg" RT(Gr, 0, Qp/Zyp), Qp/Zp) [-1],

veS
in D(A(G)), where

e the first isomorphism is essentially proposition 1.5.2, which we can apply as explained after
remark 1.5.3. On the left-hand side, Indgv — denotes the functor A(G) ® A(G.) — applied to the
local complex degree-wise. The isomorphism £$ = RHom(RI'(Gr v, Qp/Zp), Qp/Zy)[—1],
however, takes place in the derived category D(A(G,)), where induction is really derived in-
duction, i.e. the derived completed tensor product A(G) @’%(Qv) — applied to complexes. The
reason these two notions of induction coincide in this case is that, as discussed at the end of
section 1.3, A(G) ®A(9u) — is exact on the sequence defining L3, for all v.

e the second isomorphism is [NSW20| proposition 1.5.1. Note that G, =(),, GL,» and this
intersection is simply an inverse limit with respect to the canonical embeddings. Even though
the cited result only refers to cohomology groups, its proof shows the isomorphism exists on

the level of RI'-complexes.

e the last two isomorphisms are formal: R Hom takes colimits (in particular direct limits and
sums) in the first component to limits (in particular inverse limits and products) and, in the
cases above, Indgz,v— commutes with mn in the derived category. To see this, note that if
v is a non-archimedean place, then Indg“f applied to a complex amounts to a finite sum of
complexes isomorphic to it; and if v is archimedean, then the inverse limit coincides with the

complex at the layer Ly = L (such places do not split in the cyclotomic tower).
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By the same token, the global complex is isomorphic to

Ts = RHom(RI'(Hs,Qp/Zyp), Qp/Zyp)[—1] = @RHom(RF(HLn,Sva/Zp)aQp/Zp)[_1]7

where Hg = Gal(Mg/Ls) and Hp, s = Gal(Mgs/Ly). Recall that Mg was defined as the the
maximal S-ramified extension of L., - and hence of L,, for all n.

It follows that Cg ,[2] is isomorphic to the cone of some morphism

(1@ RHom (D dg" RT(GL, ., Qp/Zy), Qy /Zp)> Rt (@ RHom(RT'(Hy, 5,Q,/Z,), Q,,/Zp))

veES

and therefore to the inverse limit of the cones of the finite-level morphisms

RHom (P Indg:’vRF(GLmv, Qp/Zy), Qp/Zp) ** RHom(RT(Hy, 5,Qp/Zp), Qp/Zy)

vES

because cones are defined in terms of direct sums and shifts, both of which commute with inverse
limits. The map « is induced by the map agr from section 1.4 (with T = @) by definition
and hence comes from the inflation and restriction associated to G, — Hg and G, — G,
respectively, as these are (after changing base field from L, to K) the homomorphisms used in
the definition of the local-to-global maps (equation (1.7)). Note that RHom(—,Q,/Z,) causes a
reversal in the direction of the resulting arrows between RI'-complexes. It follows that o, is induced

from GLn —» HLn,S and GLn,v — GLn~

The definition of compact-support cohomology as the shifted cone of global-to-local restriction will
yield the desired isomorphism by virtue of local and global Tate duality in their derived-categorical
form. Namely, [Lim12| theorem 4.2.6 (right column of the diagram therein) shows that the cone
of o, above is isomorphic in D(A(G,)) to RHom(RI'.(Hy,, s,Qp/Zy), Qp/Zy). We therefore have

isomorphisms

<_

n

Cé,@ = @RHom(ch(HLn,SvQp/Zp)y@p/Zp)[_Q} = lim RF(HLn,&Zp(l))[l],

the last one being global Tate duality (bottom row of the diagram in the cited theorem). Lastly, we
apply Nekovar duality. Although introduced in [Nek06], a closer formulation to our setting is given
by Lim and Sharifi in [LS13] (theorem in p. 623). We choose R = Z,,, dualising complex wr = Z[0]
and complex T' = Z,(1)[0]. Here the Tate twist refers to the Hy, g-action, which is not relevant in
the category D(Z,) where we shall apply the cited theorem, but it is inherited by the cohomology
groups of complexes in that category. It is then easy to see that R Homg, (T, wr) is represented by
T* = Z,(—1)[0], and thus the aforementioned theorem states that

RU(Hy, 5,Z,(1) = RHomg, (RTu(Hy, s,Zp) Zy)3) (1.18)
and hence

€%, = lim RT(Hy,, 5. Z,(1)[1] = lim RHomg, (RTo(Hy, 5,2,).Z,) -2 = BS o (119)
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It remains to bring 7" into the discussion. The difference between Cg, and Cg, is given by the

following exact triangle in D(A(G)):

Cor — Cso — @D Indg Z,(1)[0] — .
veTP
This is not difficult to show using sequence (1.13), and we shall give a formal proof much later on,

namely in proposition 3.2.5. We stress that said proof does not use any result from this section.

As to the complex of Burns, Kurihara and Sano, the limit of (1.14) along the cyclotomic tower

yields an exact triangle

Byr — Byp = lim P 7z, rw)o .
" weT(Lyn)
In the last term, the limit is taken with respect to the norm maps (cf. [BKS17] p. 1540) and it
was already determined in the proof of proposition 1.4.4: it is precisely @, cp» Indgv Zp(1)[0]. The
result now follows by comparing the last two exact triangles and noting that the isomorphisms
between their second and third terms are compatible because they come from the natural dualities

and transition maps. [}
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Formulation of the Main Conjecture

At the core of our discussion lies the Main Conjecture, where a multitude of objects and techniques
come together: number theory, homological algebra, representation theory, some p-adic analysis and,
gluing it all, the localisation sequence of K-theory. This chapter develops the necessary tools in
those areas and culminates in the formulation of the conjecture in section 2.5. Whereas the preceding
chapter delved into an explicit construction of the arithmetic complex C§7T7 and subsequent ones
will study some fundamental properties of the Main Conjecture, it is this chapter that plays the

central role in our pursuits.

On its most essential level, the conjecture is an existence claim in a certain group K;(Q(G)). As
is often the case in Iwasawa theory, the predicted zeta element Cg‘h@ should have some analytic
properties, in terms of interpolation of special L-values; and some arithmetic-algebraic properties,
in the form of a specific relation to C:%T. These two conditions are captured by the vertical and

horizontal arrows in the key diagram

K1(Q(G)) —2 Ko(A(G). Q(9))

[

Q°(Ty)”

lev'yx®p

Qp U {oo}

respectively. Some of these objects have been introduced in a general setting in the preliminary chap-
ter: Artin L-series (section 0.3), the connecting homomorphism 0: K1(Q(G)) — Ko(A(G), Q(G))
(section 0.4) and, although concealed behind the map 1), reduced norms (ibid).

In the first section, we address the concept of trivialised complexes and refined Euler character-
istics. This homological tool will allow us to regard C:G,T as an element in the relative K-group
Ko(A(G), Q(G)) after a suitable homomorphism a: Vg — Egr has been chosen, paving the way
for the arithmetic side of the conjecture. It is here that we will first become acquainted with some

algebraic properties of Q(G), the total ring of fractions of A(G). Much of the necessary machinery
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was developed in [RWO04].

Section 2.2 is devoted to showing that certain maps ¢¢ induced by « on the layer L,, have desirable
properties - namely, we prove they are isomorphisms on y-parts for almost all Artin characters x of
G. This allows us to define regulators (for the special L-values featured in the Main Conjecture) in
section 2.3. Regulators are a common occurrence at the intersection between algebraic and analytic
number theory, and some of the rationale behind them in our context is explained at the beginning
of the corresponding section. Our definition of the regulator is based on the work of Stark and Tate,
especially [Tat84].

We then move on to study certain evaluation maps in section 2.4. The term Q¢(I'y)* in the above
diagram is the group of units of the fraction field of a power series ring with p-adic coefficients. The
analytic side of the conjecture claims that, when evaluated at 0, the series quotient wX(Cg’?) takes the
(regulated) special L-value for the character y. However, series associated to so-called W -equivalent
characters turn out to have closely related evaluation-at-0 maps, which leads us to define twisted
evaluation maps ev,, .. These correspond to evaluation at (infinitely many) points in the open unit
ball of Qf, centred at 0. Requiring interpolation of L-values at almost all of these points determines
a unique conjectural element F g{ ’ﬁx € Q¢(I'y)*, which plays the role of p-adic L-functions. This
Interpolation Conjecture, formulated in the final section of the chapter, constitutes the first half
of the Main Conjecture. The second half is the equivariant Main Conjecture, which combines the
analytic and algebraic sides by requiring that the zeta element be mapped to the interpolating series
quotient Fg ’ﬁx via 9y for all x, and to the inverse of the refined Euler characteristic of Cg via

0.

The division of the Main Conjecture into these two halves is only conceptual: one may instead
postulate the existence of a {gﬁ € K;1(Q(I')) which is sent to the regulated special L-value directly
by ev,, 1y for almost all x (and with the same arithmetic property regarding C§,T) - which yields a
completely equivalent conjecture. This latter approach is used, for instance, in the Main Conjecture
in [BKS17| (although in the rather different language of determinant functors). In our setting,
however, the definition of twisted evaluation maps and a separate Interpolation Conjecture will
facilitate the study of its properties, as will become apparent in the next chapter. As already
mentioned, the consideration of F g ’1@»( € Q4I'y)* also brings about a direct connection to the
p-adic L-functions featured in Main Conjectures for totally real fields.

Now that the path has been outlined, we proceed to incorporate two new elements into the setting
of the previous chapter which will be necessary for the formulation of the conjecture:
Setting B. All objects and assumptions from setting A carry over to this one. Additionally, we fix

the following:

e A homomorphism of A(G)-modules a: Vs, . — Eg 7 such that ker(a) and coker(a) are A(I')-
torsion, where Vg and Eg7 are as in section 1.4. Proposition 2.0.1 below shows that such

an « exists and is necessarily injective.

e An isomorphism of abstract fields 3: C, = C, where C,, denotes the field of p-adic complex
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numbers. See for instance the remark after [NSW20| proposition 10.3.2 for existence.

Neither o nor 3 is uniquely determined by the properties above. In the next chapter, we will study
how the choice of these parameters affects the validity of the Main Conjecture. Note that setting
A (sometimes with the addition of « as above) still suffices for a few of the results in this chapter -
which shall be made clear each time.

The local structure of Fgr determined by Nickel allows us to prove the existence of a:

Proposition 2.0.1. Setting A. There exists a homomorphism of A(G)-modules a: Vs, — Esr

such that ker(a) and coker(a) are A(T')-torsion. Furthermore, any such « is injective.

Proof. Recall that Ap(I') denotes the localisation of the integral domain A(I") at a prime ideal p.
Since A(I) is central in A(G), the localisation Ay (G) = Ay(I') @4 ) A(G) has a natural ring structure.
In particular, any A(G)-module M can be localised to a Ap(G)-module

M, = Ap(G) @ng) M = Ap(T') @ary M.

By [Nic20]| theorem 5.5, there exists an isomorphism of A,(G)-modules

p: T, ® A(G)" T & () (Indg Z,), = (Es)p
veS,

for almost any (and conjecturally any) height-one prime ideal p of A(T"), where T is either the trivial
module or Zy(1) (the inverse limit of p-power roots of unity), S, is the set of archimedean places of
K which ramify in Lo, and 71, 7] and ro are the number of real, real ramified (in L) and complex

places of K, respectively.

Fix a prime ideal p for which such ¢ exists and set

yl = T @ A(g)"'l—'f’ll‘f""? @ @ Indgvzp,

veESL,

so that ¢: (Y'), = (Eg)p. There is a canonical embedding of

= P mdgz,= P A6 P mz,

V€S0 vES\Sh, veSL,

into )’ with cokernel T'. Let Q(T") denote the field of fractions of A(T"). Consider the composition
¢’ given by

Q1) @pr) Vso. — QT) @ary V' = Q(T) @a, 1) (V)p

|omee

Q(T) ®p, ) (Bs)y = Q) @xr) Es — Q(I') ®aqr) Esrs
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where the last map is the inverse of the isomorphism induced by the embedding Egr < Eg (which
has A(T")-torsion cokernel, as can be deduced from sequence (1.13) and the structure theorem 0.1.3).
Since T is torsion as well, ¢’ is a Q(T") @,y A(G)-isomorphism. We can now clear denominators
by observing that the natural map

Q(I") ®a(ry Homp gy (M, N) — Homg(r)g, 1 a6) (L) ®aq) M, QL) ®@pqy V) (2.1)

is an isomorphism whenever M is finitely generated over A(G) (cf. [CR81] corollary 8.18). Since
Vs, is so (by |Ss| elements), there exist a non-zero d € A(I") and a homomorphism of A(G)-modules
a: Vs, — Egr such that ¢ = d~'o. In particular,

Q(T) @py a: Q') ®@py Vs — Q) @y Esr

is an isomorphism (because multiplication by d is itself an isomorphism after localising), which
implies that ker(a) and coker(«) are A(I")-torsion.

We now show that Vg is A(I')-torsion free and consequently ker(«) is trivial. As shown after
(1.6), Zy, is a projective A(G,)-module for all v € S, and hence Indngp is projective over A(G).
But A(G) is itself free as a A(I')-module, so Indgv Zy is also projective over A(I"). Since projective

modules over integral domains are torsion-free, the claim follows. |

Remark 2.0.2. 1) It follows from the last part of the proof that Vs__ is in fact free as A(I")-module,
as the classical Iwasawa algebra is a local ring. This can be seen from the definition too: as
a A(I')-module, Vs, is simply D,ecs._ (1) IndeDo Zy (use lemma 0.1.1 1)), where wo, is any
chosen prolongation of w to Lso. Since archimedean places do not split in Lo, /L, this sum of

inductions amounts to A (")),

ii) Once we understand the structure of A(G) in some detail, it will become clear that whether a
A(G)-module is A(T")-torsion or not is in fact independent of the choice of I' (with the conditions
from setting A). This is unnecessary for the moment and will be explained at the beginning of

subsection 3.2.1.

2.1 An integral trivialisation

The aim of this section is to construct a trivialisation for the complex C% and define the corre-
sponding refined Euler characteristic'® xx(g).0(q) (Cgr,t*) in the relative K-group Ko(A(9), Q(9)),
which plays a major role in the formulation of the Main Conjecture. After introducing refined Euler
characteristics in an abstract setting, we specialise to our objects of interest, present the fundamental
ring Q(G) and use the homomorphism « from setting B to obtain x4 (gy,o(g) (Cg}T, ).

Let R be a ring. Recall the notion of perfect complexes introduced in section 1.4: a (cochain)
complex of (left) R-modules is called strictly perfect if it is bounded and consists of finitely gen-
erated projective modules, and perfect if it isomorphic to a strictly perfect complex in the derived

%Tn our treatment of refined Euler characteristics, we follow [BB05] sections 5 and 6. Our conventions match those

old

of the object x°“ therein, which is related to an alternative definition via theorem 6.2 from the article.
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category D(R). Given a complex C*® of R-modules, we denote its modules of i-th cocycles and i-th
coboundaries by Z¢(C*) and B(C*®) respectively, both inside C*. We set

Heven(CO) _ @HQZ(C.) and HOdd(C.) _ @H2i+1(co)
i€Z i€z
and define Ceven| ¢codd | zeven(Ce) zodd(Ge) peven(C*) and B°44(C*) analogously. If C* is bounded

(for instance, strictly perfect), all of these are finite sums. If C*® is perfect, at least H*V**(C*®) and
Hedd(C*) are.

Let ¢: R — S be a homomorphism of rings such that S is flat as a right R-module via ¢ and
semisimple Artinian as a ring. Given an R-module M, we denote (in this section only) the S-
module S ®g M by Mg. Analogously, C'§ denotes the result of applying S ® — to the complex C'*

degree-wise.

A trivialisation (over S) for a perfect complex C'® of R-modules is an isomorphism of S-modules
t: Ho4(C) = HE*(C).

Note that ¢ need not come from extension of scalars of an R-homomorphism H°I4(C*®) — Hever(C*®).
One may then refer to the pair (C*,t) as a trivialised complex. Such a trivialisation gives rise to
a well-defined refined Euler characteristic xr 5(C*,t) € Ko(R, S) as follows (cf. section 0.4 for
the definition and properties of the relative Ky). Choose a strictly perfect representative P*® of C'*
(i.e. P* = C® in D(R)). The flatness of S implies H(P$) = H'(P*)g for all i, and analogously for
B? and Z*. Therefore, the sequences

0 — BY(P8) — Z'(P%) — H'(PS) — 0
are exact for all 4 and the same is true of
0 — ZY(P%) — Pi — B™H(PS) — 0.

Furthermore, by semisimplicity of .S, both kinds of sequences are split. A choice of splittings then

gives rise to an isomorphism

(2.2)

) )

Pg) ® B°Y(P§) @ HoY(P3)
) Ps) ® H(Ps)
) )

of S-modules, where the third isomorphism is induced by ¢. This trivialisation was defined on the
cohomology of C'®, but isomorphic complexes in D(R) have isomorphic cohomology and therefore ¢
induces a trivialisation for P® as well. The refined Euler characteristic of the trivialised complex
(C*,t) is defined as

XRr,s(C®,t) = [POdd,got,Pe"en] € Ko(R,95). (2.3)

49



Chapter 2. Formulation of the Main Conjecture

Crucially, xr,s(C*®, 1) is independent of the choices of a strictly perfect representative P* of C* and
splittings for the short exact sequences - only the complex and the trivialisation matter. See [BB05],
sections 5 and 6 for a proof of this''. As an immediate consequence, if D*® is another complex and
q: C* = D* is an isomorphism in D(R) under which ¢ becomes tp: H°4(D2) = H(DY),
then

Xrs(C*,t) = xr,s(D% tp). (2.4)

In order to apply this construction to our context, we introduce the rings Q(I') and Q(G), which
will in fact be essential for most of the sequel. While both were already present in the proof of
proposition 2.0.1 (one explicitly and one implicitly), a closer look is in order now. In general,
given a profinite group G, we denote by Q(G) the total ring of fractions of the Iwasawa algebra
A(G) = Z,[[G]] (section 0.1) obtained by inverting all regular elements. For an p-adic field E (i.e.
a finite extension of Q,), we set QF(G) = E ®g, Q(G). We also let

Q°(G) = Q ®q, Q(G) = lim Q7(@), (2.5)
E

with F running over all p-adic fields and transition maps given by the natural inclusions.

In the notation from setting A, A(T") is an integral domain which lies in the centre of A(G) and
such that [A(G) : A(T')] = [L : K] is finite. Therefore, for a A(G)-module, being finitely generated is
equivalent to being so over A(T"). An essential property of Q(G) is that it can in fact be obtained
by adding inverses of all non-zero elements of A(T') to A(G). In other words, there is a canonical
isomorphism

Q(G9) = Q) @xm) A(9) (2.6)

(see [RW04] p. 551 for a proof'?). In particular a A(G)-module is torsion if and only if it is A(T)-
torsion (which we may even take as a definition). It also follows that Q(G) is a finite-dimensional
Q(T")-algebra and A(G) is a A(I')-order in it. Given the desirable properties of the ring A(T") = Z[[T]]
(Noetherian integral domain, regular local ring, easily characterised prime ideals, etc.), some ques-
tions concerning A(G)-modules will be tackled by restricting scalars to A(T"). As explained in section

0.1, the non-canonical isomorphism A(I") = Z,[[T"] is the continuous Z,-linear map induced by
y—=T+1

for any topological generator v of I'; which in our case was fixed in setting A. We sometimes refer
to the elements of Q(I') = Frac(Z,[[T]]) as series quotients. It is worth noting that Q(I") does
not contain something like Q,[[T]] - we say the elements in Q(I') have bounded denominators. It
also follows from definition (2.5) that every series quotient in Q¢(I") has coefficients contained in a

1 As mentioned above, the Euler characteristic defined here corresponds to the x°'¢ in section 6 of the cited paper.
Independence is really shown for a different construction in a more general setting in section 5. However, theorem
6.2 therein shows the difference between both constructions is measured by a certain 53 5 (B°?!(Ps), —Id) which is

indeed independent of the above choices.
12We will resort to this article for multiple algebraic results. The setting of the article differs from ours in that

Lo is assumed to be totally real there, and p odd. However, the algebraic results we cite are not affected by this
difference.
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finite extension of @, (in both the numerator and the denominator): it cannot, for instance, be of
the form > o0 2,7 with Q,(z;: i € N) of infinite degree over Q.

In order to construct a refined Euler characteristic for the perfect complex C3 . of A(G)-modules
from chapter 1, we consider the embedding A(G) — Q(G). The semisimplicity of Q(G) is shown
in the proof of [RW04| proposition 5. The flatness of Q(G) as a right A(G)-module is clear: on
A(G)-modules, Q(G) ®(g) — coincides with Q(I") ® ) — by (2.6), and fields of fractions of integral
domains are flat.

The cohomology of Cg ;- was established in theorem 1.4.6: one has H*""(Cg ) = H 0 (Csr) = Esr,
and HOdd(C:q’T) = Hl(C:g’T) fits in a short exact sequence X7’ < H! (Cr) - Xs. Therefore, a

trivialisation amounts to an isomorphism
t: Q(G) @ag) H'(Cyr) = Q(G) @a(g) Bs.r-

Note here that, even though H even(C:g’T) is not technically Eg7 but rather isomorphic to it, we
can indeed identify them by (2.4). Our chosen trivialisation is given by extension of scalars
t* = Q(G) ®p(g) t of a map 7 Hl(C§7T) — Egr on integral level. This A(G)-homomorphism
is defined as the composition

t® = apr: HH(Cqr) & Xs 5 Vs, % Esr, (2.7)

which we shall refer to as the integral trivialisation. The notation ¢ reflects the dependence
on the choice of a, which will be studied in subsection 3.2.2. Let us consider each of the arrows

separately:

e 7 is surjective with kernel X£’s, which is torsion: by sequence (1.13), it is enough to show that
Doerr Indgv Zp(1) and Xg are. The former has finite Z,-rank, which implies torsionness by
the structure theorem 0.1.3; and the latter admits a surjection from the unramified Iwasawa
module X, (the limit of the p-Hilbert class groups), which is torsion by [NSW20| proposition
11.1.4.

e ¢ is the inverse limit of the canonical projections X, ¢ — YV, s.. - which simply discard the
components at finite places - along the cyclotomic tower (cf. (1.10)). By the right-exactness
of I'Lnn, 1t is surjective. Its kernel is Xg,, which has finite Z,-rank (because so does Vg f) and
is therefore torsion.

e « as in setting B is injective and has torsion cokernel by definition.

Since all maps have torsion kernels and cokernels, ¢ becomes indeed an isomorphism after ten-
soring with Q(G): our desired trivialisation % = Q(G) ®,(g) t{'- This induces a refined Euler

characteristic
XA(9),09)(Csr:t*) € Ko(A(G), Q(9)) (2.8)

as explained above.

We conclude on the brief mention that Vs and Egr are known to be isomorphic in some cases.

The classical example comes from Jannsen’s work [Jan89|, although the exact formulation that suits
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our setting appears in [NSW20] theorem 11.3.11 ii): if pt [L : K] and L contains no primitive p-th
root of unity, then Vs = Eg 4 as A(G)-modules. In particular, the « in setting B can be chosen to
be this isomorphism. Note that t* will rarely be an isomorphism itself, since 7 is always surjective
and ¢ is never injective unless S = S, U Sy and |S,| = 1.

The same result provides an example where Vs and Eg 1 are certainly not isomorphic: if we instead
require L to contain a primitive p-th root of unity, then Eg o has Zy(1) as a direct summand (the
inverse limit of all p-power roots of unity), which could never occur in the torsion-free module YVs__ .
In practice, one often imposes light conditions on the set T" precisely to do away with this torsion
part.

2.2 Morphisms on finite level

As mentioned in the introduction to the present chapter, special L-values need to be regulated
before they can stand a chance of being interpolated by quotients of p-adic power series. This regu-
lation comes in the form of division by certain regulators, (p-adic) complex numbers constructed as
determinants of morphisms ¢¢ on finite level. While the definition of regulators is addressed in the
next section, this one paves the way by defining the finite-level maps and proving the essential fact
that they are isomorphisms on x-parts for almost all Artin characters y - which will guarantee the
resulting regulators to be non-zero. These maps should contain information about the homomor-
phism «a from setting B, and choosing them in a suitable way will in fact ensure the independence of
the Main Conjecture from the choice of a (subsection 3.2.2). The passage to finite level is achieved
by taking coinvariants of some of the A(G)-modules we have already encountered. However, some
care has to be put into accounting for the difference between those coinvariants and their natural

finite-level counterparts.

We start by introducing Artin characters and proving some technical properties of modules of
coinvariants. This is followed by a careful study of the kernel and cokernel of ¢, leading to the
proof that they have the desired behaviour on y-parts (proposition 2.2.8).

By a (p-adic) Artin character x of a profinite group G we always mean the trace of a representation
py: G — GLn(@g) with open kernel, where n > 1. Such a p, factors through the finite quotient
G/ ker(py) and takes values in GL,,(F) for some p-adic field E, over which we say it realises. We
denote the set of irreducible Artin characters of G by Irr,(G). The usual operations on characters of
finite groups (inflation, induction, restriction, sum, product, dual, etc.) can be performed on Artin
characters as well in a natural way (conceptually, one can factor the characters through a common
finite group first, then inflate the result of the operation back to G).

Our main interest lies in the Artin characters of G. In this case, since any open subgroup of
G contains I'?" for some n (because Lo =J,, Ln), py and x are, respectively, a representation
and a character of G, = G/T?" = Gal(L,/K) in the sense of section 0.2. We will in general not
distinguish y from its projection to G, in the notation, but it will always be clear which layer L,, we
are projecting onto. The notation ker(x) = ker(p,) and terminology such as irreducible and linear
carry over from the finite-group case.
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An Artin character of G is said to be of type W if it is linear and its kernel contains H = Gal(Lso/Ko)-

These characters identify bijectively with the group homomorphisms
p: T = (Q)°

with open kernel. Any character'? p of type W factors through a finite layer K, /K and its image
is the group of p™-th roots of unity in Qf for some m. Indeed, there is a group isomorphism

{Characters of G of type W} — i (2.9)
p = p(x)

where fip00 denotes the group of p-power roots of unity of @ and the operation on the domain is
character product. We point out that the multiplicative inverse p~! of any linear character p is its

dual p.

Given two Artin characters x and x’' of G, we write x ~yw X’ and say they are W-equivalent if
X' = x ® p for some character p of type W. This can easily be verified to be an equivalence relation.
Note that y is irreducible if and only x ® p is, as @ distributes over ® and linear characters are

invertible.

The first necessary result concerning Artin characters is the following lemma. Here and in the
sequel, expressions of the form e(x)S ®@g — denote e(x)(S @ —) rather than (e(x)S) ®gr —.
Lemma 2.2.1. Let A(T") be the Iwasawa algebra of a profinite group I = Z,,.

i) Choose a topological generatory of I', which in particular induces an isomorphism A(I") = Z,[[T1]
as in section 0.1. Given a finitely generated torsion A(T')-module M, set

no = max{n € N such that (£,) € supp(M)}

with &, as defined in the same section, or ng = 0 if that set is empty. Then ng € N and, for all

n > ng, one has
rankz, MY = rankz, Mpyn = rankz, Mp,no. (2.10)

ii) Let G be a profinite group which has I' as an open central subgroup, and m < n two natural
numbers. Furthermore, let x be an irreducible Artin character of G such that ker(x) contains
" but not TP". If rankyz,, Mpy» = rankz, Mpym and E is any extension of Q, over which x

has a realisation, then
e(X)E ®z, Mpym = e(x)E @z, M o,

where e(x) € E[G/TP"] is the primitive central idempotent given by (0.14).

13We reserve the notation p for type-W characters, which will in practice not cause any confusion with the repre-
sentation py: G — GLH(Q;) associated to an arbitrary Artin character y of G.
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Proof. We start with part i). Finitely generated torsion A(I')-modules have finite support (which
shows ng € N) and finite Z,-rank by the structure theorem 0.1.3, and hence the exact sequence

0= M™ M2 M My — 0

shows that rankz, M e _ rankz,, Mp,» for all n € N. We therefore only need to show (2.10) for

one these, and we do so for coinvariants. Let

F M = By = @A gy e DM

i=1 j=1

be a pseudo-isomorphism as in the structure theorem for some m;,l; > 0 and irreducible Weierstrass
polynomials F} - all of which are unique up to order. Note that the height-one prime ideals in
supp(M) are precisely the (F;) and, if s > 0, (p) as well.

We now show that it suffices to prove (2.10) for E); rather than M. Indeed, decomposing the exact

sequence

0 — ker(f) — M S AN En — coker(f) — 0

\ / (2.11)

into two short ones and taking invariants-coinvariants (cf. (0.9)) on each of them yields new exact
sequences

- — ker(f)rpn — MFP" — lm(f)rpn — 0

and
- — coker(f)T" — im(f)ppr — (Eng)ppn — coker(f)pm — 0

for all n € N. Since ker(f) and coker(f) are finite, so are their invariants and coinvariants,
which in particular have Z,-rank equal to 0. It therefore follows from the last two sequences
that rankz, Mpy» = rankgz, (Enr)ppe. The right-hand side is easily determined, since taking re"-
coinvariants amounts to forming the quotient by the submodule generated by w, = (T + 1)?" — 1,

and hence
t

= T " — AT
(EM)FP”—ie?z/pmiz[l,T,...,Tp 1]@@ ( )/<F;j,wn)’

j=1
In writing the first sum (the p-part), we are tacitly using [NSW20]| corollary 5.3.3. All terms
of that sum are finite and therefore do not contribute to the Z,-rank. For those in the second
sum (the A-part), we resort to the fact that, given any two non-zero elements x,y € A(T'), the
quotients A(T")/(x,y) and A(T")/(gcd(z,y)) are pseudo-isomorphic (recall here that A(T") is a unique
factorisation domain) and in particular have the same Z,-rank.

The polynomial w,, decomposes into irreducibles as w, =&, - ... - &, with & # & whenever i # 7'
The F} are irreducible by definition. Furthermore, by the Weierstrass preparation theorem [NSW20]
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theorem 5.3.4, two Weierstrass polynomials which differ by a unit in A(I') must in fact coincide. It
follows that gcd(F;j,wn) is & if Fj = &; for some 0 < ¢ < n, and 1 otherwise. Therefore,

0, F; #¢& foralli
AT _ :
rankz,, ( )/<F;j7wn> =40, Fy=¢andn <i
deg(Fj), F; =& and n > .

After fixing F}, this rank is either identically 0 (first case) or independent of n for n > i (second
and third cases). This shows i).

Let us now prove part ii). The canonical surjection Mpyn — Mppm (m < n) induces an epimorphism
q: E ®z, My — E ®z, Mppm
of E[G/T?"]-modules, where the codomain is regarded as such via the projection
e: E[G/T?"] — E[G/TP"].

But ¢ is in fact an isomorphism (even after tensoring with Q, only) as both modules of coinvariants
have the same Z,-rank. Since x does not factor through G/T?" by hypothesis, e(e(x)) = 0 by
(0.15) (together with the argument in the last paragraph of that section) and hence

e(X)E ®Zp Ml“p" = €(€(X))E ®Zp MFPm =0.

As for the invariants, we have
Fp’fl Fpm
ranky,, M = ranky, Mpp» = ranky, Mppm = rankz, M

by the assumptions in ii) and the same argument as at the beginning of part i). Therefore, the
canonical injection MT” < M™ induces an embedding

¢ Eog, M™ < By M™

of E[G/TP"]-modules, which turns out to be an isomorphism because of the above equality of Z,-
ranks. This again implies

0 = c(e()E @z, M™" = e(\)E &z, M™".
|
Remark 2.2.2. i) For a finitely generated A(I')-module, not only does the condition that it is
torsion imply that its modules of I'P"-coinvariants and I'?"-invariants have bounded Zy-rank as

n — oo (as stated in part i) of the lemma), but the two are in fact equivalent. The converse

can easily be proved by contradiction using the structure theorem for Iwasawa modules.

ii) The proof shows that the ng in part i) is in fact minimal with property (2.10). This invariant
is the d(M) in [NSW20| definition 5.3.12 in disguise, except for our convention that ng =0 (as
opposed to -1) when the support of M contains no (;).
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The previous lemma will be useful when studying the vanishing of the kernel and cokernel of the
finite-level maps ¢%, which we shall construct by essentially taking coinvariants of the integral
trivialisation t* = apm defined in (2.7). Our aim is to compare these morphisms to the Dirichlet
regulator map R ® (’)zms - R® XLZMS (0.24), so only the last two arrows ag: Xg — Egr play a
role. The difference between the coinvariants of Xs and its finite-level counterpart X7y, g (defined
after (1.10)) is given by the following result:

Proposition 2.2.3. Setting A. Let S’ O Sy be a finite set of places of K containing all archimedean
places and at least one non-archimedean place, and denote by S} # & the set of non-archimedean
places in S’. Then, for all n € N, there exists a canonical isomorphism of A(G,)-modules

(Vs )pon = Vi,.5

and a canonical epimorphism of A(Gy)-modules

(Xs)ppn — Xp,.57

with finite kernel of order

min{[[?" : T?" NG,]:v € S%}.

In particular, the above epimorphism is an isomorphism if and only if I'"" C G, for some v € S},

or in other words, if and only if some w, € S}(Ln) is non-split in Lo/ Ly,.
Proof. As usual, we set G,y = (Gn)y(L,)- The first isomorphism is:

(yS’)FP" = @ (InngZp)Fpn

veSs’

= P A(Gn) @u(6) (AG) Da(6,) Zo)

ves’

=~ (P A(Gn) ®nig.) Zp

veSs’

veSs’

= @ Indgn,vzp
veS’

=YL,

In the second isomorphism, we have used (0.3) - the conditions to apply it are met as explained
several times in the previous chapter (cf. for instance section 1.3).

Consider now the I'P"-invariants-coinvariants exact sequence (0.9) induced by Xg/ < Vg —» Zy:

n

0— szrpn — yS/Fp 5 Zp — (XS/)Fpn — (ys/)rpn — Zp — 0.
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Since I' is central in G, all arrows are A(G,,)-homomorphisms. By exactness, there exists a canonical

surjection

(XS’)FP” - ker((y5’>1“v" - Zp) =X, s,

where the isomorphism follows from (Vg )ppn = Vi, s. In order to determine its kernel, which is
isomorphic to coker(ysfrp 5 Zp), we study the action of I'"" on Mg more closely. This module
decomposes as Vs = Vs @ ys}. We have already seen that Vg is free as a A(I')-module (cf.

remark 2.0.2 i)), so yséor” is trivial. For each non-archimedean v € S}, we treat the direct
summand Indgv Ly of ys} separately.

As explained in (1.10), there is an isomorphism

InngZp = 1.glj\(gﬂl) ®A(g7n,’u) Zp = l'&n @ Zp " W
m ™ wme{v}(Lm)
This map is G-equivariant, with G acting on the right-hand side by permuting the places w.,.
Consider an arbitrary element z = @m Tm € Indgv Ly, where

T = Zzwmwm € @Zp-wm

Wm Wm

for all m € N. Suppose z is invariant under I'"", and therefore so is z,, for all m. Let v, be any
prolongation of v to L,. The group I'"" acts transitively on the set of places of Lo, above v, and
thus, for any fixed m > n, the coefficient z,,, must coincide for all w,, | v,. Since v, splits into
p™ =" places in L,, (because it is archimedean), the p-adic integer z,,, is infinitely divisible bynp and
hence 0. This holds for any v, | v, so  must in fact be trivial itself. This shows (Indngp)Fp =0.

Let now v € S}. Then G, is open in G and

mdg 7, = P Zp we
woo €{vH(Loo)

has finitely many summands. Suppose x = Zwoo Zaay Woo € Indgv Ly is I'P"-invariant. By the same
transitivity argument as in the archimedean case, zy,, coincides with z,, whenever ws, and w/,

lie above the same place v,, of L,. That is, x is of the form

Conversely, any element of that form is I'""-invariant. Such an element has augmentation (i.e. sum
of coefficients) given by
e(r) = Z 2, [[P" :TP" NG, € Z,.
v
Here [[?" : TP" N G,] is the number of places of Ly, above v(L,), and therefore above v, (because

Lo /K is Galois). It is necessarily a power of p.

All in all, the image of
Vo' =ye " Sz,
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is generated (as an ideal in Z,) by {[[*" : TP" NG,] : v € S’%}. Since these are all p-powers, the
same ideal is generated by their minimum, and it has index equal to that minimum. The result
follows. |

In our case of interest, S’ will be the set S from setting A. The proposition shows that a sufficient
condition for (Xg)pym — X1, s is n > n(S).

Example 2.2.4. It can indeed happen that the map (Xg)p,» — XL, s fails to be injective. Let
fo(z) = 2® =30z — 1

and
fi(z) = 2% — 32 — 2727 + 9025 + 872° — 33621 — 7323 + 28822 — 272 — 27.

For i € {0,1}, let L; be the number field formed by adjoining a root of f; to Q. These are
[LMFDB, Number field 3.3.107973.1] and [LMFDB, Number field 9.9.1258767452176317.1|, respec-
tively. As can be seen in the LMFDB, L; contains Lo (for a suitable choice of roots) as well as
Q&)™ =Q(C +¢5t). The field Q(¢o)* is the only subfield of Q((g) of relative degree 2, and
therefore necessarily the first layer of the cyclotomic Zs-extension of Q. Since L; is an extension of
Lo of degree 3 containing Q({9)™ (and Lo # Q((o)™), it is precisely the first layer of the cyclotomic
Zsz-extension of L.

Set L = K = Lo and let Ly, be the cyclotomic Zs-extension of L. Let G =T = Gal(Lo /L) = Zs.
Consider the finite set of places S = S, U S3 of K consisting of the archimedean places and the
3-adic ones, and set T" = &. This is an example of setting A for p = 3.

The referenced LMFDB pages show that the prime 3 is totally ramified in L but splits into three
primes in Lj. Therefore, the only prime v in S3(L) splits in in L;/L, which implies

|ker((Xs)r — Xp,5)| = [ : T ] >3

by the previous proposition (with ws, denoting any prolongation of v to L ). The next layer Lo
can be verified to contain exactly three places above 3, which means all 3-adic places of Ly are
non-split in Lo/L; (and hence in Lo, /L1 by the structure of T'). It follows that Iy, = I'* and the
above inequality is in fact an equality.

As an informal remark, random sampling using SageMath seems to hint at this situation being
rather infrequent. Specifically, the prime p € {3,5} was already non-split in the first layer of the
cyclotomic Z,-extension of most tested number fields (all of low degree). This would imply that
(Xs)ppn — XL, 5 is often an isomorphism for all n. However, the testing was not systematic enough
to make anything other than a passing comment out of it. O

Now that a relation between (Xg)p,» and X7, s has been established, we address the same descent

question for Eg7. The key concept now is that of universal norms:
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Definition 2.2.5. Let F' be an algebraic extension of a number field £. Consider two disjoint finite
sets of places S’ O Sy and T” of E. The group of p-adic universal norms of (S’,7”)-units in E is
defined as

F *
Ep.5m = ﬂ Npp(Zp ® O g110) € Zp ® O 1 77
E/

where E’ runs over the finite extensions of E contained in F. Given a finite extension E’ of E

contained in F', gF',S',T’ denotes gg',S'(E'),T'(E’)' U
If EC Fy C Fy C--- is a family of finite extensions of E such that F' = Un F,,, then one has
F
R ﬂ Ng,/5(Zy @ OF, s .17)
neN

by the transitivity of the norm maps. More generally, this works for any cofinal family in the set of
all finite extensions of F inside F. Also relevant to our purposes is the fact that 55 g coincides

with the image of the canonical projection
(mZp ® O*E’,S’,T’) — Zp ® O*E,S’,T’
El

where E’ is as before and the inverse limit is taken with respect to the norm maps. This is not
difficult to show using the classical result that the inverse limit of non-empty compact Hausdorff

spaces is non-empty.

Let us now specialise to our Iwasawa-theoretic setting A. We omit the superscript F' from the
notation of the universal norms whenever it is L. Since taking I'P"-coinvariants yields the maximal

quotient with trivial I'*"-action, there is a canonical epimorphism of A(G,)-modules

(Est)ppn = EL,.8T-

by the previous displayed equation. This map can be shown to be injective, and therefore an isomor-

1—~P"
phism, using work of Fukaya and Kato. Namely, the short exact sequence A(G) S AG ) — A(Gn)
induces an exact triangle
Csr — Csr — AGn) ®k(g) Csr—

in the derived category D(A(G)), and therefore a long exact sequence
. H—l A g L c® HO ce 1*’an HO c® HO A g L c® .
— (A(Gn) ®x(g) Csr) = H (Cr) —— H (C§ ) = H (A(Gn) ®(g) CSr) = -+ -

In order to determine the last term, we resort to a result whose proof we defer to chapter 3 for the
sake of exposition: by lemma 3.3.5, there exist A(G,,)-isomorphisms

H'(A(Gn) ®H&(g) Cir) = H'(BL, s7)

for all 4, where BimS,T is the complex of Burns, Kurihara and Sano on finite level (see defini-
tion 1.5.1). Its cohomology is trivial outside degrees 0 and 1, and Z, ® (’)zmS,T in degree 0
by [BKS17] p. 1535. The exactness of the above sequence in cohomology yields an embedding
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(Es,r)ppn = coker(H” (Csr) 17, HO (C&r)) = Zp ® OF, g7, which proves our injectivity claim.
We point out that essentially the same question is treated using more direct methods in existing lit-
erature (see for instance theorem 7.3 from [Kuz72| or section 1 of [MN15]), from which an alternative
proof is likely to follow.

We denote by ¢, the composition
tn: (Esm)ppn = ELps1 = Lp @ OF, s

This concludes the preparations for the following definition:
Definition 2.2.6. Setting A, « as in setting B. For n > n(S), the finite-level map ¢2 is the
A(G,,)-homomorphism given by the composition

(ap) ppn
(X8)pom ——— (Bs1)ppn

where the left vertical arrow is the inverse of the canonical isomorphism from proposition 2.2.3,

(o) ppr is the map induced by ap: Xs — Eg 7 (cf. (2.7)) on coinvariants and ¢, is as above. [

Note that ¢ can be defined for lower n than n(S): it is enough that one (as opposed to each)
place above Sy is non-split in Lo, /Ly by proposition 2.2.3. However, restricting to n > n(S) will be
necessary soon (cf. (KC) and proposition 2.2.8) and causes no harm here. A feature of this critical
layer n(S) is that, for all n > n(S), one has a natural bijection between Sy(Ly) and Sy(Lys)), and
hence canonical A(Gy,)-(and even A(G,,(g))-)isomorphisms

yL"7Sf = yLn(S)VSf and XL'me = XLH(S),Sfa (212)

which we regard as identifications.

The property of the finite-level maps which will ensure the regulators defined in the next section
are non-zero is that they are isomorphisms on y-parts for almost all Artin characters y. The proof

hinges on the following lemma, which allows us to control their kernels and cokernels:

Lemma 2.2.7. Setting A, a as in setting B. For n > n(S), the kernel and cokernel of ¢ fit into
the short exact sequences of A(Gy)-modules

0— XLn(S),Sf — ker(¢%) — Coker(a)rp -0 (2.13)

and
0 — coker(a)ppn — coker(yp;, ) — coker(t,) — 0 (2.14)

respectively. In particular,

rankz, ker(y;) = rankgz, coker(y},) = rankz, coker(a)'” + 1Sy (Lnesy)| — 1.
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Proof. The homomorphism ¢¢ is given by a composition of three maps, the first of which is an iso-
morphism and therefore plays no role: ker(yf) = ker (i, (ap)ppn ) and coker(pf) = coker(tp (o) ppn ).
Using the injectivity of ¢,, an easy application of the snake lemma yields a six-term exact sequence

ker((ap)ppn ) = ker(tn (@) ppn ) = 0 — coker((awp)ppn ) — coker(y, (@) ppn ) — coker(sy,).  (2.15)

Let us consider (ap)pp» first. Since ay is neither injective nor surjective in general, it is convenient

to define the two short exact sequences

ker(agp) «— Xg ———— Egp — coker(ayp)

\/

The map ¢ is surjective with kernel Xs,, so in particular im(ay) = im(a) and coker(ay) = coker(a).
Since « is injective, we have im(a) = Vs, and ker(ay) = ker(¢) = Xs,. We now take invariants-

coinvariants of both short exact sequences above, the first of which yields

s, o ™ im(@)™ S (X)) — (Ks)pr — (@), (2.16)

The T'P"-coinvariants of Xs, and Xg coincide with X7, s,and X7, s, respectively, by proposition
2.2.3. The map between them is the canonical inclusion, which is injective and has cokernel

im(a)ppr = (Vs ) e = Yin.S.. by the same proposition.
The second sequence induces

)

im(a — ES,TFpn — coker(a)rpn — im(a)ppn — (Es1)ppn — coker(a)ppn. (2.17)

The second term admits the description

n re” . "
Esr"” ) = fm Z), ® (OLm,S,T)Fp

m

= (IlmZ, ® O, 57 =limZ, © (O, 570 Ly),
m m

where the inverse limit is taken with respect to the norm maps (for the second equality, use the left

n

re"” * 7P -1 *
= 01,57 — O, s7)-

exactness of @m, then apply the exact functor Z, ® — to C’)zm ST

—n

But for m > n, a unit z € @Em,s,T N L% is sent to aP" " € (’)zmS’T via the norm map N1,

which means that the n-th-layer component of any element of EsyTFp must be infinitely p-divisible

in L*

v, i.e. trivial. The same argument applies to the component at any layer above L,,, and hence

E&T I is trivial and sequence (2.17) amounts to a four-term exact sequence.

In order to recover some information about (cw)p,», we note that this map is the composition

(a@)ppn  (Xg)ppr — (im)ppn = (Es1)pp

and apply the snake lemma incorporating the information from sequences (2.16) and (2.17):
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re"

n r -
-
-
_-
~ >

0 —— XLme e XLn,S ﬁ‘)’ifﬁ(a)rw — 0

l (O‘@)Fp"/,/”/’//

P d g

0 > 0 ——= (ES,T)[‘p” = (E&T)rp” —0

_-
-
-
-
P
P i ¥ ¥

== 0 —— coker((ap)ppn ) —» coker(a)ppn

Together with (2.15), this shows both short exact sequences in the proposition (recall also (2.12)).
The equality rankz, ker(¢f;) = rankz, coker(iy,) follows from the exact sequence

0 — ker(y¢n) — Xr,..s RAIN Zy ® OF,, s — coker(py) — 0,

where the two middle terms have the same Z,-rank |S(Ly,)| — 1. The last equality in the proposition
is then an immediate consequence of (2.13). |

Part ii) of lemma 2.2.1 hints at the importance of the Z,-rank of the I'*"-coinvariants of a torsion
Iwasawa module becoming stable as n grows. Let n(«) € N be minimal with the property:

rankz,, coker(a)Fpn = rankgz, coker ()" for all n > n(a). (2.18)

Since coker(«) is A(T')-torsion by definition, part i) of the same lemma shows n(«) is well defined.
The other stability condition we need is satisfied by all layers starting at n(S), which motivates the
definition of

n(S,a) = max(n(S),n(a)) € N

and the following kernel condition:

Condition (KC). Setting A, o as in setting B. We say an irreducible Artin character x € Irrp(G)
of G satisfies condition (KC) if TP"* Z ker(x). O

The fundamental property of the finite-level maps now follows immediately from lemmas 2.2.1 and
2.2.7:

Proposition 2.2.8. Setting A, « as in setting B. Let x € Irr,(G) satisfy (KC) and choose n € N
such that T?" C ker(x) (in particular, n > n(S,a)). Then @< induces an isomorphism

e(x)Q; @z, ¥ e(x)Qp ®z, X1,.5 — e(x)Q; ® OF g

of Qp[Gn]-modules on x-parts.

Proof. We start by noting that Qj is flat as a (right) Z,-module, so Q ®z, — takes exact sequences
of (left) A(Gn) = Zyp[Gn]-modules into ones of Qg[G,]-modules. Furthermore, since e(x) € Q5[Gn] is a
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central idempotent, multiplication by it is an exact endofunctor on the category of Q [Gp]-modules.
Sequence (2.13) therefore induces a short exact sequence

0= e(X)Q @z, XL, — (0)QS @z, ker(pg) = e(x)Q @z, coker(a)™ — 0.

n n(S,a)

By definition of n(S, «), we have rankgz, coker(a)'" = rankz, coker(a)"" (and hence the same

equality on ranks of coinvariants) and
rankz,, (ng)rpn = rankz, (Xsf)rpn(S,a) =S¢ (Ln(s)) — 1

(recall here proposition 2.2.3). In conjunction with lemma 2.2.1 ii), this shows

e(x)QG ®z, X1,.5, = e(x)Q @z, coker(a)' =0,
which in turn yields e(x)Qj, ®z, ker(py) = 0 by the above exact sequence.

In order to conclude the triviality of the cokernel, we use the fact that the two middle terms of the

exact sequence

e(x)Qp®z, vn
—

e(X)Q, @z, ker(py) = e(X\)Q) @z, XL,.5 e(x)Q, ® OL,, s — e(X)Q, ®z, coker(gy)

have the same Qp-dimension by virtue of the classical Dirichlet regulator map (0.24) (extending

scalars to C, in both cases). [

The non-vanishing of the regulator at a character y, to be defined in the next section, will only
be guaranteed if ¢ is an isomorphism on x parts. The previous proposition therefore highlights
the importance of kernel condition (KC) for the analytic side of the Main Conjecture. Fortunately,
almost all x € Irry(G) satisfy it: the ones which do not are in bijection with the finitely many
irreducible characters of G,,(g,q). Since Irr,(G) is infinite, this leaves an ample supply of characters

to consider.

2.3 Regulators

One of the few missing pieces for the formulation of the Interpolation Conjecture is the Stark-Tate
requlator. Although definition 2.3.4 below is tailored to our specific needs, namely to include the
map « from setting B, it is largely influenced by (and indeed a particular case of) Tate’s work
on Stark’s conjectures (cf. [Tat84]) - which justifies the above terminology. Before delving into
the technicalities, we point out several factors which motivate the introduction of these objects.
On its analytic side, the Main Conjecture will assert the existence of certain series quotients in
Q¢(Ty) = Qf ®q, Frac(Zy[[Ty]]) which interpolate leading coefficients at 0 of Artin L-functions
(cf. (0.25)). The latter we shall regard as p-adic complex via the (inverse of the) isomorphism
B: C, = C chosen in setting B. The regulated special value is simply the quotient

B~ (L 578X, 0))
Ré(a,x)

by a non-zero Rg(oz, X) € C,: the regulator. Some reasons for its necessity are as follows:
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e Series quotients in Q°(T'y), when evaluated at the points we will, converge to values in Qp-
However, the leading coefficients 371( %.57(B(X),0)) are not known to be p-adic algebraic

in general - only p-adic complex.

e Leading coefficients are not independent of the choice of 8, which would be a desirable feature
for the Main Conjecture to have. Stark’s conjecture claims (essentially) that the above quotient
is indeed so. This also has implications for the field where the regulated special L-value should

be expected to live. These topics are the subject of section 3.1.

e The Main Conjecture postulates a relation between the interpolating series quotients and
the refined Euler characteristic x(g),0(g) (Ck’q?T, t*) of the main complex. However, the latter
depends fundamentally on the map «, whereas the former are characterised by an interpolation
property which is oblivious to it. The introduction of regulators, which contain information
about «, corrects this disparity. This will become apparent when we prove the Main Conjecture

is independent of the choice of « in subsection 3.2.2.
As discussed a few lines ago, the kernel condition is essential for the definition of non-zero regulators.

To that end, we introduce the following set:

Definition 2.3.1. Setting A, a as in setting B. For an irreducible Artin character x of G, we define

KS(x) = {p € Irrp(G) of type W such that y ® p satisfies (KC)}.

Lemma 2.3.2. Setting A, a as in setting B. Let x € Irrp(G). Then:
i) K$(x) contains almost all characters of G of type W. In particular, it is infinite.

ii) For any character p of G of type W one has K&(x ® p) = p~1 ® K&(x), where the right-hand
side denotes {p™' @ p': p' € K&(x)}.

iti) One has K&(x) = K&(x)~!, where the right-hand side denotes {p~' : p € K&(x)}.

Proof. The only subtle point in i) is that multiplication of x by type-W characters is not an injective
operation. In other words, it may happen that x ® p = x with p # 1 (cf. remark 2.4.6 i)). However,
we claim that every fibre of the map

ty: {Characters of G of type W} — Irr,(G)
P X®p
is finite. To see this, let X' € Irrp(G). If X' #%w x, the fibre of X’ is empty and we are done.

Otherwise, choose n € N such that I'"" C ker(x) Nker(x’). Then, for every p in the fibre of x’, one
has

X(Dp(y") = x(#")p(y"") = X' (F") = X' (1) = x(1).
Since (1) # 0, this implies p is trivial on I'”". But only finitely many linear characters of G have
that property.
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Having shown the claim, part i) is trivial: as mentioned at the end of the preceding section, the set
of irreducible Artin characters of G which do not satisfy (KC) is finite. Therefore, so is its preimage
under ¢, which consists precisely of the type-W characters which do not belong to Kg(x).

Parts ii) and iii) are immediate by
PEKI(x®p) < (x®p)®p satisfies (KC) <= x® (p®p) satisfies (KC) <= p®p € KS(x)
and

pE€KEX) <= x®p satisfies (KC) <= y®@p ' satisfies (KC) <= p~! € K&(x),

where in the next-to-last equality we have used the fact that the kernel of a character coincides with
that of its dual. |

The aim of the Stark-Tate regulator is to capture the difference between the finite-level maps ¢
and the Dirichlet regulator map. In order to compare the two, we bring them together to a common

scalar field:

Definition 2.3.3. Setting A, 8 as in setting B. For n € N, we define the p-adic Dirichlet regu-

lator map )\ﬁ g via the commutative diagram

Cp®5-1 CORR® O} ¢ —— Cp®5-1 CORR® AL
where the bottom arrow is the scalar extension of the classical regulator map (0.24). U

Since the classical regulator map is Galois-equivariant, )\ﬁ g is an isomorphism of C,[G,]-modules.
Let x € Irr,(G) be an irreducible Artin character and choose n > n(S) such that x factors through
Gn. We consider the Cp[Gy]-endomorphism

/\Z,s 0 (Cp ®z, ¥n): Cp®z, XL,.5 = Cp ®z, XL, s

Note that, although the codomain of o7 is Zy ® O ¢, the index [(’)zms : Ozn,S,T] is finite and
thus (Cp®(9’£m ST coincides with C,® O = 5. If V) is the simple C, [Gn]-module with character y, the
above map induces a Cp-linear endomorphism ()\ﬁ 50 (Cp®z, py))« of Home (g,1(Vy, Cp®z, XL, 5)
by post-composition. By analogy with existing literature, we denote the determinant of this last

endomorphism by
det(\) g0 (Cp ®z, ¢3) | Home,g,1(Vy. Cp @z, X1,.5)) € Cp. (2.19)
Suppose now that x satisfies (KC). Then )\g g0 (Cp @z, @yy) restricts to an isomorphism

e(x)Cp ®z, X1,.5 = e(x)Cp ®z, XL, 5
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on x-parts by proposition 2.2.8 (after extending scalars from Qj to C,). Since
Hom(cp[gn](VX, M) = Hom(cp[gn}(VX, e(x)M) (2.20)

for any C,[Gp]-module M (because e(x) acts trivially on V), the map ()\g 50 (Cp®z, ¢f))« is in
fact an automorphism. This justifies the non-vanishing of the regulator:

Definition 2.3.4. Setting B. Let x € Irr,(G) and choose n > n(S) such that x factors through G,.
The Stark-Tate regulator of o on y-parts'? is defined as

R(r,x) = det(X] g0 (C, ®z, ¢3) | Home,g,1(Vy. Cp @z, X1,.5)) € Cp,

which is non-zero if x satisfies (KC). O

This object behaves well with respect to character inflation:
Lemma 2.3.5. In definition 2.3.4, Rg(a, X) is independent of the choice of n.

Proof. Let n be as in the definition and choose m > n. Denote the projections of x to G, and G,
by xn and X, respectively As usual, we write G, , for the decomposition group of v(Ly,) in L, /K
and analogously for G, ,. We first compare the C,-dimension of Hom(cp[gn](VXn, Cp ®z, XL,,s) and
Homge,(g,.)(Vym, Cp®z, XL, 5). One could apply lemma 0.3.1 i) and v), but we give a self-contained
proof. The basic fact at play here is that, for an irreducible character ¢ € Irrc,(Gy), one has

1, %= xn,

dimc, (Home,g,1(Vyn: Vi) = .
0, otherwise,

the first case being a consequence of Wedderburn’s theorem (0.13) (regarding Vy, as a column vector).
It follows that, if ¢, is the character of C, ®z, AL, s in the sense of (0.16), the Cp-dimension of
Homg,(g,](Vx,., Cp @z, XL, s) is (Xn,¥n). The short exact sequence

0— Cp ®Zp XLTL,S — Cp ®Zp yng — Cp — 0,

together with the fact that C,®z, Yz, s = P, cg Indg: . Cp, implies 1y, = (3,5 indg: Ag,.,)—1g,.
Therefore,

<XTL7 wn)Qn = <Z<Xn7 lndgz’v ]]‘gn,z))gn) - <X’I’L7 1gn>gn = (Z<resg:7vxn7 ]]‘gn,'u')gn,v) - <X”7 :H‘gn>gn
ves veS
by Frobenius reciprocity (0.11). An analogous argument yields

dimc, (Homg,g,,) (Vi Cp ®z, XL,,,5)) = <Z<resgz,u><m7 ]lgm,v>gm,v> — {Xm> LG ) G
veS

Some authors, most notably Tate, denote by R(x,...) a similar regulator constructed by looking at x-parts
instead (cf. [Tat84], p. 26). The reader should be aware of the different notational choice in this text, where R (c, x)
really refers to the regulator on x-parts.
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after which a simple computation (for instance, directly using the definition of the scalar product
of characters) shows that the two coincide.

We may regard the canonical projection C, ®z, X1,, s = C, ®z, XL, s as a Cp[G,,]-homomorphism
via Cp,[Gy,] = C,[Gy]. By the same token, Vi, and V), are isomorphic C,[Gy,]-modules (observe
here that x,, = infg: Xn). We therefore have a Cp-linear surjection

Homcp[gm](VXm, Cp Xz, XLm,S) —» Home[gm](me(Cp Xz, XLn,S) = Home[gn](VXm (Cp Xz, XLn,S)

by the semisimplicity of C,[Gy,]. But we have shown the first and last terms have the same C,-
dimensions, and hence this surjection is an isomorphism. The lemma now follows from the commu-

tativity of the diagram

Homc,(g,,](Vxm» Cp ®z, XL,,.5) —— Home,g,1(Vy... Cp @z, XL, .5)
|0 so(Crmz, ). | se(Crmz, ).

Homc,(g,,](Vym» Cp ®z, XL,,.5) —— Homc,g,1(Vx... Cp @z, XL, 5)
m

As mentioned in (2.20), applying Homc,g,](Vy, —) to a Cp[G,]-module is simply a way of taking
x-parts. A more immediate method we have also encountered is to multiply the module by e(y).
Since )‘275 o (Cp ®z, ¢y) is a Cp[G,]-endomorphism of e(x)C, ®z, XL, s (and hence Cp-linear),
one could define the regulator as the determinant of this transformation instead. This approach is

closely related to the above, but it yields a coarser magnitude: it can be shown that
det (X, 5 (Cp ©z, ¢3) | €(X)Cp @z, A, 5) = Rgla, )X,

Subsequent sections (most notably 3.2) will illustrate why Rg(a,x) is the right choice for our
purposes.

2.4 Evaluation maps

As explained in the introduction to the present chapter, the Interpolation Conjecture will assert
the existence of certain quotients of power series which interpolate regulated special L-values. More
specifically, the series quotient associated to a character x € Irr,(G) is expected to interpolate the
special values corresponding to almost all of its p-twists. By a p-twist of y we mean its product with
a character of type W - in other words, any character which is W-equivalent to x in the terminology
of section 2.2.

In this section, we present the relation between evaluation at 0 of series quotients associated to W-
equivalent characters. This is motivated by the structure of the centre of Q¢(G) studied by Ritter
and Weiss in [RWO04] and leads us to define twisted evaluation maps, which amount to evaluation at
certain p-adic algebraic points in the open unit ball. Requiring a single series quotient to interpolate
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L-values under infinitely many twisted evaluation maps therefore ensures its uniqueness - if it exists

- which is important for the Main Conjecture.

For the first definition, let I' 2 Zy be a profinite group and fix a topological generator ¥ (the
notation here has been chosen to avoid confusion with the specific I' and 7 from setting A). The
crucial isomorphism (0.7) holds for more general rings of coefficients than Z,: given a p-adic field
E, the homomorphism of topological Og-algebras

A9E(T) — Op([T]]
A T+1
is an isomorphism, where Og[[T]] is equipped with the (x, T)-adic topology for any uniformiser

of E. Under this identification, the augmentation map from section 0.1 corresponds to evaluation

at 0, i.e. the diagram

AOs () 22T o)

laugf lrj—v:(]

OE:OE

commutes. Recall that its kernel, the augmentation ideal A2 (T') = ker(augy), is a height-one
prime ideal of A9 (f) generated by ¥ — 1. The map augy has a natural extension to the field of
fractions QF (T') = Frac(A9#(I')) = E ®qQ, Q(I):

Definition 2.4.1. Let E be a p-adic field and 7 a topological generator of a profinite group I 2 L.
We define the evaluation-at-0 map with respect to 4 as

evy: QF(T) — E U {00}

augr (f) Op (T ~
o= Jmel 1A Daen
g 00, otherwise

where the subscript in A9 (f‘) ACE (D) denotes localisation and, in the first case, g is chosen outside
A®2(T). Furthermore, we define

m@:Q%fp:@;®@pQ@vzzgggEdv—+qu{u@
E
as the direct limit of the above maps. O

Remark 2.4.2. i) The map evs: QF(T') — EU{oc} is well defined, i.e. independent of the choice of
an expression ¢ = f/g for ¢ € A9£(T) AOE () because augy is a ring homomorphism on ACE(T).
The well-definedness of evs: Q°(T) — QU {oc} follows immediately from the compatibility of

augg with extension of scalars - which also shows that, if E'/E is an extension of p-adic fields,
then A% (T') = Op ®p, AP (T).
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ii) E'U {oo} has no natural ring or E-vector-space structure, so evy is not a ring homomorphism
and it is not E-linear. However, its restriction to the A9 (I ACE (T is indeed a homomorphism
of E-algebras for the same reasons as above. In other words, evy is compatible with sums,

products and scaling as long as none of the involved series quotients evaluate to oc.

The definition of evy as the evaluation-at-0 map with respect to 7y may appear superfluous, since it
is independent of the choice of a topological generator 4 of T (because so is augp by definition).
Its relevance will become clear in a few lines, where 4 will be replaced not by another topological
generator of the same group, but by a scaled version of itself. The inclusion of 4 in the notation

will essentially allow us to track changes of variables in power series rings later on.

The next two results are taken from [RW04] (see the footnote!? on page 50) and stated here without
proof. More specifically, they are a rearrangement of proposition 5 and the corollary to proposition
6 in the article. They concern structural properties of Q¢(G) (cf. (2.5) and (2.6)) which will
be essential in the sequel. The first one characterises the primitive central idempotents of the
ring:
Proposition 2.4.3. Setting A. The following hold:

i) The ring Q°(G) is semisimple Artinian.

ii) Let x € Irrp(G). Then

Ex = Z e(n)

’OEII‘I"Q;% (H)
77|res%x

is a primitive central idempotent of Q°(G).
iii) Every primitive central idempotent of Q°(G) is of the form ey as above for some x € Irry(G).

i) Let x,x" € Irrp(G). Then the following are equivalent:

o res%x = res%x’ :
Consider x and 7 as in part ii). For o € G, let ° be the conjugated character given by
0’ (r) = n(oro™)

on 7 € H. This is again an irreducible character of H which divides res%x, as x? = x. Thus, the
elements of G permute the irreducible constituents of res%x, and this action is in fact transitive by
Clifford theory. We define the stabiliser of ) as the group

St(n) = {o € G such that n° =n} <G,

so that when 7 runs over a set of coset representatives of St(n)\G, the character ™ runs over

the irreducible constituents of res%x exactly once. St(n) is an open subgroup (as can be seen by
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projecting x to a finite quotient G,, of G) containing H, and hence of the form Gal(L/K,;,) for
some n. This shows that

wy =[G : 5t(n)] (2.21)
is a power of p. Since all such subgroups are normal, Clifford theory shows that St(n) does not
depend of the choice of 7 | res%x and the notation of w, is thus justified. This index plays an
important role in the next result, again taken from [RW04|:

Proposition 2.4.4. Setting A. Let x € Irr,(G). Then the following hold:
i) There exists a unique vy, € Z(Q(G)ey) satisfying:

® v, = gc for some g € G with projection 7}?‘ € ' (where vk s the topological generator
chosen in the setting) and some ¢ € (Qg[H}eX)*.

® vy acts trivially on the Qf-vector space Vy which affords x.
This vy also satisfies v, = cg, and it topologically generates a subgroup T'y = Z, of (Q°(G)ey)".

i) Let E be a p-adic field such that x has a realisation over E. Then the group I'y from i) is
contained in Z(QF(G)ey)*, which induces an equality of fields QF (T) = Z(QF(G)ey).

iii) With E as in i), the ring homomorphism
dy : Z(Q%(G)) » Z(Q%(G)ey) = QF(I'y) — Q¥(T'k),
where the last arrow is induced by v, 7}?‘, is independent of the choice of Vi .
w) If p is a type-W character of G, then vygp = p(7K) ™" XYy -
Proposition 2.4.3 implies that Q°(G) decomposes as a finite product of simple rings
°(G) = [] 2°9)ey. (2.22)
X/~w

where x runs over any set of representatives of Irr,,(G) modulo W-equivalence. The reduced norm on
K introduced in section 0.4 then factors over these y-parts by definition, i.e. there is a commutative
diagram

Ki(Q(9) —— ] Ki(Q(G)ex)

X/ ~w
nr lﬂ o (2.23)
2(Q°9) —— I 2(2°©)ey)
of abelian groups. By part ii) of the last proposition, each term in the bottom-right corner is in fact
the group of units of a field Q°(I'y) of series quotients in the variable T, = ~, — 1. It is precisely

there that the interpolating elements of the Main Conjecture are expected to live. However, to
conjecture the existence of an element therein which evaluates at 0 to the special L-value associated
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to x would be an empty statement in isolation - and also entail an evident lack of uniqueness. Both
issues can be resolved through the fundamental relation iv) above, which hints at the notion that
one should consider interpolation for all p-twists of x simultaneously. The following lemma lays the
foundations for that approach:

Lemma 2.4.5. Setting A. Let x, p € Irr,(G) with p of type W and choose a p-adic field E such that
x and p (and in particular x ® p) have a realisation over it. Then QF(T'y) = QF(I'yg,) C QF(G)
and, for a series quotient ¢ € QF(T'y) = Frac(Og|[[Ty]]), one has

ev'YX@P(q) = q’TXZP('YK)wxfl €eEU {00}7

where the right-hand side denotes evaluation at T\, = p(yx)"x — 1 € E and we set k/0 = oo for
ke E*.

Proof. We first show QF(T,) = QF(T'yg,). This follows immediately from propositions 2.4.3 iv)
and 2.4.4 ii), but we present here a more explicit proof different from that in the reference. The

Iwasawa algebras A9% (T, ) and A9%(T',g,) are defined as

ACE(T L m Op { X/Fp”} and AP Txop) = I'&HOE [ X0/ "
X n

X®p

} . (2.24)

Let us apply the relation v, = p(vk)"“XYyep from proposition 2.4.4, denoting p(vK)"x by C € Og.

Since ¢ is a p-power root of unity (potentially 1), one has 7X = 7X®p (and hence F’i =17, ) for

X®p
all n larger than some fixed ng satisfying ¢(P"° = 1. This yields an equality

pr—1 —1

> 0T = X 0 o

1=0

in Og[l'y /Ff(n] for all such n, where the left-hand term is a generic element and the right-hand
one clearly lies in Og[I'yg,/ Fi% o). This equality commutes with the transition maps in (2.24) and
therefore implies A9 (T, ) = A9E(I'yg,), which extends to an equality of their fields of fractions
oF(Ty) = QF(I'yg,) inside the common ring QF(G).

The induced isomorphism

TXD—)’YX—l AOE( ) A E( ® p) MOE[[ X®p]]

Y = P(VE) X Vxep

Op([T\]]

gives the relation T\ = p(yx)"“*(Tyep + 1) — 1, which identifies evaluation at Tyg, = 0 with
evaluation at T\ = p(yx)"x — 1.

Passing now to the field of fractions, let ¢ = f/g € Q¥(I'yg,) be in reduced form (recall that
Op[[Tyepl] = A92(T'yg,) is a unique factorisation domain) with fg # 0. If g € A9%(T',g,), then
the above argument shows

=0 and f|T

g|TX =p(yr)¥X— 1 |Tx®p—0 x=p(7K )X — 1 ‘Tx@)p—o?é
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(otherwise they would share the factor Tyg),) and hence g| . = 00, which matches the
X

definition of ev,, . (q). If y & A2 (T'yg,), one has

=p(yK)"x—1

) = f’Tx@m:O _ f|Tx:P(7K)wX—1

ev'Yx@p(q - q|Tx:P(7K)wX_1

g|Tx®p:0 g|Tx:P(7K)wX_1

as well. [ |

Remark 2.4.6. i) The map ev,, depends on x alone, rather than on its specific expression in terms
of p-twists. As a sanity check, suppose that x = x ® p for some p of type W. The lemma then
says that

= ev’}’x

- = ev =— .
T =pncyox—1 T S 7, =0

This can only happen if p(vx)“x = 1, but by proposition 2.4.4 iv), this is precisely the case.

For an example of ¥ = x ® p with non-trivial p, let p be the inflation to G of the linear
character of I which sends v to a primitive p-th root of unity. Denote by G = Gal(Lq /K1)
the preimage of Ffi( in G under the canonical projection, which is open and normal. Let ¢ be
an Artin character of G whose induction y = indgw is irreducible - such characters can be
easily shown to exist in some cases. Then, for any g € G, one has either g € GG, in which case
p(g) =1; or g € G, in which case x(g) = 0. Therefore, y = x ® p.

ii) It follows from the lemma that a series z € Og[[T\]] evaluated at T\, = { — 1, where ¢ is a
p-power root of unity, yields an element in Op - in other words, it converges. This agrees with
basic p-adic analysis: since the element ( — 1 is in the maximal ideal of Z[(] and hence of O,

any series
oo

> ai¢ -1y
=0

in O has terms tending to 0 and is therefore convergent by the completeness of F.
iii) Taking direct limits on the first statement of the lemma yields Q%(I'y) = Q°(I'yxp)-

It stands to reason to refer to ev,, . as a twist of ev,, , and thus as a twisted evaluation map.
Since type-W characters can map g to roots of unity of order an arbitrary power of p, fixing a
series quotient ¢ € Q°(I'y) and applying evy, for all p corresponds to evaluating it at infinitely
many points of Q. These points lie in the open unit ball centred at 0 and become arbitrarily close
to its boundary, as the p-adic valuation of (,» — 1 (with (,n of order p) is 1/(p"~1(p — 1)) for
n > 1.

The twisted evaluation maps are closely related to the p! in the cited article (cf. [RWO04], definition
on page 557). This automorphism of Q¢(I'k ) is induced by the continuous Og-linear automorphism
of A92(T'g) determined by pf(vx) = p(7k)yx. The connection to our maps is given by the fact
that the composition

w
A

Q°(Iy) 27 Qo) £y @o(Pge) <55 @8 U {oo), (2.25)
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is precisely ev,, o . Indeed,

vy (P (VX)) = et (p(1i) ™ VRY) = p(1K )™ = Vs, (Tx)-

The arrows in (2.25) play an important role in the Hom-formulation of Ritter and Weiss, but we
shall bypass them using the twisted evaluation maps. This will allow us to conjecture the existence
of interpolating series quotients in Q°(Ty), rather than in the larger Q°(I'k).

We now address the dependence of ev,, on the choice of vk:

Lemma 2.4.7. Setting A. Let x € Irr,(G) and choose a finite extension E of Q, over which x has
a realisation. Fiz a topological generator ¥ of I'c in addition to the i in the setting, and let 7
and 7y, be the corresponding elements of Z(QE(Q)eX) constructed in proposition 2.4.4. Denote by
I'y and fx the groups topologically generated by v, and 7y, respectively. Then QF(T'y) = QE(fX) =
Z(QE(g)eX) and the maps

€V, ; EVyg QF(Iy) = QE(fx) — E U {oo}
coincide.
Proof. By proposition 2.4.4 ii), we have equalities QF(T"y) = Z(QF(G)ey) = QE(fX) (not mere

isomorphisms), where the middle term - most notably, e, - does not depend on the choice of yg.

Consider the diagram

Yyl

Q » EU{oco}
’Yx’_WK\ v
Z(Q%(G)ey) (226)
\ x m/ XKM
» EU {00}

The diamond commutes by proposition 2.4.4 iii), as do clearly the three triangles. This shows the

commutativity of the entire diagram, whose two horizontal arrows are precisely ev,, and ev,.. W

Remark 2.4.8. The topological generators of Z, are precisely the units Z;, and therefore any yx
and Yk as in the lemma satisfy Yx = v} for some v € Z;. It can then be shown (cf. [RW04]| proof
of proposition 6 (4)) that the resulting v, and 7, are related by the equation 7, = 7y, as well, which
implies I'y, = I'y. Note the difference between this situation and that of W-equivalent characters
(proposition 2.4.4, lemma 2.4.5), where I'y and I',g, may not in coincide even though QF(I'y) and
OF(Tyg,) always do. O

Our last aim in this section is to show that series quotients are uniquely determined by their values
at any infinite set of integral points where they converge and therefore, in our particular setting, by
their values under the twisted evaluation maps ev,, , .. An important comment regarding evaluation
of series quotients at points of Q) and C, is in order. We phrase it as a remark for subsequent

reference:
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Remark 2.4.9. Consider a finite extension E/Q, and a series f € Og[[T]]. Let us denote the open
unit ball in Qf by B?z(O) = {z € Q%: |z|, < 1} with |—|, normalised to |p[, = p~, i.e. vy(p) = 1.
Any z € B?g (0) lies in some finite extension F/Q,, which we can choose to contain E. In fact,
belongs to the maximal ideal of Op and hence the series f converges at x to a value f(x) € Op

by completeness. The result is independent of the choice of F', and we can thus evaluate series in
Ogl[T]] at points of B?”(O).

In the case of a series quotient ¢ € Frac(Ogl[T]]), evaluation is well defined by expressing ¢ = f/g
with f, g € Og[[T]] coprime and fg # 0 (if f = 0, the discussion is obvious). Namely, for x € B;Qg(()),
x € F as above, we set ¢(x) = f(x)/g(x) € F'U{oco} with the usual convention that k/0 = oo for
k # 0. In order to prove that this is well defined, we only need to show one cannot simultaneously
have f(z) = g(x) = 0. This is clear when F' = E but requires an argument otherwise. We resort
to the Weierstrass preparation theorem (cf. [NSW20| theorem 5.3.4), by which f has a (unique)
decomposition
f=mngLuP

with 7g a chosen uniformiser of E, s € N, v € Og[[T]]* a unit and P € Og[T]| a Weierstrass
polynomial (cf. section 0.1). Note that u(z) cannot vanish, since crucially both « and u~! converge
at « (because |z|, < 1). Hence f(x) = 0 implies P(z) = 0, and therefore the minimal polynomial
ming(z) € E[T] of x over E divides P. An easy computation with the ultrametric inequality then
shows that ming(z) € Og[T]. It follows that the decomposition P = ming(z)P’ in E[T] takes
place entirely over Og[T], as can be seen by multiplying P’ by a suitable power of 7 passing
to Og/mpg[T]. This shows that ming(z) divides the series f in Og[[T]]. By the same argument,
g(x) = 0 implies ming(x) | g. Since we chose ¢ = f/g in reduced form, it cannot happen that
f(z) =g(x) =0, as desired.

The key takeaway from this, which will be essential for the next two results, is that one can evaluate
an element h € Qf ®q, Frac(Zy[[T]]) = lim - Frac(Og[[T]]) at all points of B?p (0) by choosing a
fized representative h = f/g independent of the point.

Although it will not be relevant in the sequel, there is a natural way to extend the above discussion
to BiCp(O) = {z € Cp: |z][, < 1}: for h = f/g as above (with fg # 0) and z € BiCP(O) \ B;Q’C’(O),
simply set h(x) = f(z)/g(x). Note that, in this case, neither f(x) nor g(x) can be zero, as x would
then be a root of the polynomial appearing in the corresponding Weierstrass decomposition, and
hence algebraic over Q,. If we approximate = by a Cauchy sequence {z, }neny C B?; (0), then

S _ S )
Mg T gl e ) e

where the second and third equalities use the continuity of power series and that of a quotient of
continuous functions. The last equality is immediate by definition if f and g are chosen coprime
to begin with, but it holds in fact without this restriction as well: since the sequence {z,} does
not converge in Qp, any p-adic field - and in particular the splitting fields of the polynomials in
the Weierstrass decompositions of f and g - contains only finitely many of its terms. Therefore,
f(zy) # 0 # g(zy,) for large enough n. O
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The following lemma extends a classical application of the Weierstrass preparation theorem to the

case of series quotients:

Lemma 2.4.10. Let S be an infinite subset of B?E(O). If q,q' € Q) ®q, Frac(Zy[[T]]) satisfy
q(z) = ¢ (x) for all x € S (including possibly q(x) = ¢'(x) = 00), then g =¢'.

Proof. There exists a p-adic field E such that

with f, g, f', 9" € Og[[T]], g¢’ # 0 and both fractions irreducible in Og[[T]]. By remark 2.4.9, ¢ and
¢’ can be evaluated (potentially to oo) at all z € B;QP(O) as q(z) = f(z)/g(z) (i.e. 0/0 does not

occur) and analogously for ¢’. Therefore, one has

(f9' —9f)(@) =0 (2.27)

for all z € S. This illustrates why ¢(x) = ¢(z) = oo is admitted: it is tantamount to g(x) = ¢'(x) = 0,
which makes the above equation hold all the same (it can only happen at finitely many x at any
rate). By a consequence of the Weierstrass preparation theorem (see for instance [Was| corollary
7.4), the series f¢' — gf" € Op[[T]] must be identically 0, as it vanishes at infinitely many points of

c

B?”(O). In other words, ¢ = f/g=f"/¢' =¢'. m

The following immediate consequence, which hints at the sets g(x) from definition 2.3.1, will be
relevant to the formulation of the Main Conjecture:

Corollary 2.4.11. Setting A. Let x € Irr,(G) be an irreducible Artin character of G, K an infinite
set of type-W characters, and q,q" € Q°(I'y) two series quotients. If evy, ,,(q) = evy,q,(q") for all
pEK, then q=¢'.

Proof. We regard ¢ and ¢’ as elements of Qf ®q, Frac(Zy[[T\]]) via the usual identification of v, — 1
with 7). A character p of type W corresponds uniquely to the choice p(vx) = ¢ of a p-power root
of unity ¢ € pp~ C Qp (cf. (2.9)). In particular, the set S = {p(yx) —1: p € K} C B?”(O)

(with w, as in (2.21)) is infinite because the homomorphism —*

X ppee —+ fpeo has finite kernel.
Since ev,,,, corresponds to evaluation at T\ = p(yx)"“x — 1 by lemma 2.4.5, ¢ and q coincide at

all points of S by assumption. The result now follows from lemma 2.4.10. |

2.5 The Main Conjecture

We are now in a position to formulate the equivariant Main Conjecture. As explained at the
beginning of the chapter, this conjecture consists of two parts: interpolation and algebraicity. The
former is of analytic nature and claims the existence of certain series quotients which interpolate
regulated special values of Artin L-series. The latter postulates a K-theoretic relation between

these series quotients and the refined Euler characteristic of the main complex Cg . After stating
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both conjectures, we shall discuss some immediate consequences of their formulation and introduce

a refined version which incorporates a uniqueness claim.

The Interpolation Conjecture concerns the irreducible Artin characters of G, which we have defined
as p-adic in nature. Since Artin L-functions are constructed from complex characters a priori, we
must relate the two spaces via the 8: C, — C fixed in setting B. Namely, given x € Irry(G), the
composition By is a complex character of G which factors through some finite Galois extension K’
of K. This gives rise to an Artin L-function Lx g7(BX,s) for K'/K as explained in section 0.3,
and one is free to enlarge K’ without altering the function by lemma 0.3.1 ii) - in practice, we will
always take K = L, for some large enough n. The special value of interest to us is the leading
coefficient L ¢ 7(B8x,0) of the power series expansion of this function at s = 0 (cf. (0.25)), which
we bring back to the p-adic setting by considering 5~( }‘{ ST(Bx, 0)) € C,- The resulting p-adic
complex value is not independent of the choice of 3, but it should be so when regulated - this is
precisely the content of Stark’s conjecture, which we explore in section 3.1. The Interpolation

Conjecture is the following assertion about the leading coefficients:

Conjecture (IC(Lw/K,x, L, S,T,a, 3)). Setting B. Let x € Irrp(G).
There exists a series quotient FgTﬁx € Q%I'y)* such that

BN Ly sr(B(X®p1),0))

2.28
R(a,x ® p) (22%)

EUv@p (Fg,b@,x) =
for almost all p € KZ(x). O

Remark 2.5.1. i) x ® p~!is the dual character (xy ® p) of x ® p.

ii) If the Interpolation Conjecture holds, the predicted element Fg‘ f,x € Q¢(TI'y)* is unique by
corollary 2.4.11. Note that p € Kg(x) contains infinitely many characters by lemma 2.3.2.

iii) The regulator Rg(a, X ® p) is non-zero for p € K¢(x) (cf. definitions 2.3.1 and 2.3.4). Recall
that, even though it relies on the implicit choice of an n > n(S) to define the finite level maps
@S over, it is independent of that choice by lemma 2.3.5.

iv) If Stark’s conjecture holds, the field where the coefficients of F’ g b@,x € Q°(I'y)* lie can be nar-
rowed down to Qp, = Q,(x(h): h € H) with some principal unit adjoined to it, and the same
is true if one assumes the equivariant Main Conjecture formulated below instead. Both facts
are explained at the end of section 3.1.

v) The topological generator v of I'k is not listed as a parameter of the conjecture, since both
Q¢(I'y) and the twisted evaluation maps ev,, ., are independent of its choice by lemma 2.4.7.

vi) The specific nature of I'y does not play a role in the Interpolation Conjecture: one could have
considered Q°(T)* for any abstract T' = (3) = Z,, and replaced the twisted evaluation maps by
evaluation at some specific values of T =4 — 1 as in lemma 2.4.5. It is however convenient to
expressly consider Q°(I'y)* with a view towards the second part of the Main Conjecture, where
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a zeta element is expected to be mapped to the Fgﬁx under certain maps K1(Q(G)) = Q°(I'y)*
where the meaning of the latter becomes relevant.

vii) The left-hand side of (2.28) always lies in QU {oo} (see for instance remark 2.4.9). Therefore,
if the Interpolation Conjecture holds, the regulated special values (which are p-adic complex

by definition) must be in fact algebraic over Q,.

The interpolation property (2.28) of the predicted series quotient F' g ﬁx is limited to p-twists of x
which do not factor through too low a layer, namely n(S, ) - and even then, only to almost all.
The aim of this part of the conjecture is not to interpolate values of all L-functions of intermediate
extensions of Lo, /K, but rather enough values that the interpolating element is uniquely determined
by them, since the essence of the Main Conjecture is the fact that these elements should be algebraic
in nature. Whereas the restriction to p € Kg(x) is necessary for the non-vanishing of the regulator,
the reason interpolation is conjectured at almost all such p, rather than all, is that this will enable
us to prove functoriality (that is, good behaviour under change of K or Ly,) in section 3.3.

By virtue of our definition of the twisted evaluation maps, the Interpolation Conjecture does not

refer to a single x € Irr,(G), but rather to its entire W-equivalence class:

Proposition 2.5.2. Setting B. Let p be a type-W character of G and x € Irrp(G). Set X = x ® p.
Then IC(Loo /K, x,L,S,T, o, 3) holds if and only if IC(Lo/K,X,L,S,T,a, ) does, in which case
the predicted elements FST@X and Fgﬁi coincide.

Proof. We first point out that the parameters L,S,T,a and § are independent of x, so one can
indeed formulate the two Interpolation Conjectures by changing the character alone. Recall that
Q4I'y) = Z(Q%(G)ey) = Q°(I'y) by propositions 2.4.3 iv) and 2.4.4 ii) - this was also shown
explicitly in the proof of lemma 2.4.5.

Let p € K%(x). The characters y® p and Y ® (p~! ® p) coincide, and therefore any Fg‘ﬁx € Q4T'y)*

satisfying the interpolation property (2.28) for x ® p will also do so for Y ® (p~! ® p):

C\{,B J— a,ﬁ
ev’ym(ﬁ—l@p)( 5 To) = € (Fgiry)

_ BN Lk sr(B(x®p),0))
RG(a, X ® p)
B Ly sr(BX) @ (P @ p)7),0)

Ry(o, X @ (571 @ p))
(cf. remark 2.4.6 1) for the first equality).

Since the map p~t ® —: K&(x) — K%(X) is a bijection by lemma 2.3.2 ii), interpolation for almost
all characters in the former implies that for almost all characters in the latter. This shows one im-
plication in the statement, with the converse following from an analogous argument or by regarding

x as Y @ p L. |
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This proposition aligns perfectly with diagram (2.23), which shows that our algebraic objects of
interest decompose into y-parts up to W-equivalence. Indeed, the last step before the formulation
of the equivariant Main Conjecture is to define maps from K;(Q(G)) to the Q¢(T'y)*:

Definition 2.5.3. Setting A. For x € Irry(G), we define the group homomorphism 1, as the

composition
Uy Ki(Q(G)) = Z(Q(9))" = Z(Q4(G))" — Z(Q°(G)ex)” = Q°(I'y)".

where the first arrow is the reduced norm introduced in section 0.4 and the equality is proposition
2.4.4 ii). O

It should be noted that, even though ring homomorphisms have poor behaviour with respect to
taking centres in general, the second and third arrow defining v, are well defined because they
come from extension of scalars (from one field to another) and multiplication by a central element,
respectively. An immediate consequence of the above definition is that v, and v,/ coincide whenever
ty ~w ¥y. These maps are closely related to the j, of Ritter and Weiss (cf. proposition 2.4.4
iii)), which plays a prominent role in their paper [RW04]|. Namely, let us extend scalars by setting
Jy =Q, ®E jf. Then j§ and ¢ fit into the commutative diagram

K1(Q(9)) i Q°(T,)"
Z(Q(9)) Z(Q%(G)ey)” X (2.29)
Z(Q%(9))" m Q°(Tk)*

Note that the map ~, 'y}?‘ is injective and commutes with the evaluation maps (see for instance

the proof of lemma 2.4.7).
We now state the equivariant Main Conjecture, which relates the refined Euler characteristic
(2.8) to the series quotients predicted in the Interpolation Conjecture by means of the localisation
sequence of K-theory (0.27):
Conjecture (eMC(Ly /K, L,S,T,c,3)). Setting B.
Conjecture IC(Lo /K, x, L, S,T,, 3) holds for all x € Irr,(G) and there exists a Cgﬁ € K1(Q(9))
such that 8(@?5) = —XA(9),09)(C 1 tY) € Ko(A(G), Q(G)) and
7/8 JR— 76

¢X(C§,T) = F;,T,X
for all x as above, where Fg’ﬁx € Q°(I'y)* is the unique series quotient satisfying the Interpolation
Congecture at x.

A natural refinement is the equivariant Main Conjecture with uniqueness:
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Conjecture (eMC" (Lo /K, L, S, T,,3)). Setting B.

Conjecture IC(Los /K, x, L, S, T, , 3) holds for all x € Irrp(G) and there exists a unique element
Car € K1(Q(G)) such that

U (C5T) = F§7y
for all x as above, where Fg’ﬁx € Q°(I'y)* is the unique series quotient satisfying the Interpolation
Conjecture at x. Furthermore, one has 8((;’?) = —XA(G),0(G) (CéT,to‘) € Ko(A(G),Q(G)).

Remark 2.5.4. i) eMC"(L/K,L,S,T,,3) can be reformulated as: eMC(Lo /K, L, S, T,a,f3)
holds and the reduced norm nr: K;(Q(G)) — Z(Q(G))* is injective.

The object SK;(R) = ker(nr: Ki(R) — Z(R)*) for a general semisimple Artinian ring R has
considerable algebraic interest in itself and has been the subject of research for the last few
decades. In our case of interest, Merkurjev reports (cf. [Mer94| p. 250) that Suslin conjectured
the vanishing of SK;(R) for a class of rings which Q(G) is an instance of (see [RW04| p. 565 for
more details). If this is the case, the equivariant Main Conjectures with and without uniqueness

are equivalent.

ii) The connecting homomorphism 0 is known to be surjective in our setting by work of Witte (cf.

[Wit13] corollary 3.8), and thus —xx(g),0(¢) (C§7T, t*) always has a preimage under 0.
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The construction presented in chapter 2, culminating in the formulation of the Interpolation Con-
jecture and equivariant Main Conjecture, gives rise to some natural questions. Arguably the most
immediate one is that of the dependence on the many parameters which have made an appearance
so far. In one form or another, that is the subject of most results in this chapter, which has three

main aims distributed across its three sections.

The first one is to study the dependence of the conjectures on the choice of 8: C, = C. As already
mentioned, this question is closely linked to Stark’s conjecture on leading coefficients of Artin
L-functions. This conjecture and its various refinements have been extensively studied by many
authors - among them Tate in [Tat84], who shaped its modern formulation. It will be necessary for
us to incorporate the set T into the conjecture, which a priori only features one set of places S. After
showing the two variants to be equivalent, we shall prove that our Main Conjecture is independent
of B if Stark’s one holds, and unconditionally independent of 3 as long as its restriction to Q, is
fixed. Another consequence of Stark’s conjecture will be explored, namely where the coefficients
of the series quotients predicted by the Interpolation Conjecture should be expected to lie. This
provides some measure of support for, and is also implied by, the Main Conjecture.

The second aim is to establish that, once Lo, /K has been fixed, the Main Conjecture is uncon-
ditionally independent of the choices of all parameters other than 3. Section 3.2 (as well as 3.3)
has been exceptionally divided into subsections for the convenience of the reader. The following
theorem encapsulates the main results in the former:

Theorem 3.0.1. Setting B. Let L, S, T and & be another valid set of choices of the corresponding

parameters in the setting. Then:

i) For any x € Irrp(G), IC(Loo /K, x, L, S, T, o, 3) holds if and only if IC(Loo/K,x,L,S,T,é,0)

does.
ii) eMC(Loo/K,L,S,T,a,f) holds if and only if eMC(Lo /K, L,S,T &,B) does.
ii) eMC"(Loo/K,L,S,T, e, 3) holds if and only if eMC"(Loo/K,L,S,T,&,3) does.
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As a consequence, one is justified in writing IC(L /K, x, 8), eMC(Ls /K, 5) and eMC" (Lo /K, B) -
which we nonetheless avoid in almost all formal mathematical claims. The proof of the independence
of L will be completely straightforward, unlike that of «, S and T'. By remark 2.5.4 i), it will suffice
to prove i) and ii): once the equivariant Main Conjectures are shown to be equivalent, uniqueness
is a purely K-theoretic question. Note that we can only argue this way because Lo, /K, and hence
A(G) and Q(G), are the same for all conjectures in the theorem.

The third and last goal of this chapter is to study the functoriality of the conjectures, that is, how
modifying L, and K affects their validity. In the case of a finite extension L. /L such that L. /K
is Galois, we will prove that all three conjectures for L. /K imply their counterparts for Lo, /K.
If one instead replaces K by a finite extension K’ contained in L, it is necessary to assume the
Interpolation Conjecture for several characters of Gal(Ly,/K) in order to conclude that for one of
Gal(Loo/K'). As for the equivariant Main Conjecture, only the version without uniqueness will be
treated. As an immediate consequence, we deduce that the general case of those two conjectures
for p odd follows from the case K = Q. We end the chapter by addressing the converse problem:
whether one can deduce the conjectures for Lo,/K from their counterparts for a suitable family
of subextensions. Two families S and &, will be described where this is the case, consisting of the
subextensions determined by certain elementary subgroups and certain p-elementary subquotients of
G, respectively. In both instances, the discussion will be limited to the Interpolation Conjecture and
the equivariant Main Conjecture without uniqueness. For the latter, we essentially use the argument
from [JN20] section 10 together with some additional verifications which are not necessary in the
totally real case.

The justification for many specific features of the formulation of the Main Conjecture will become
apparent in the following sections, such as the duality between the characters in the numerator
and denominator of the regulated L-value (2.28), the almost all quantifier in the Interpolation
Conjecture, and the element (gg being mapped to the inverse of the refined Euler characteristic

XA(G6),2(0)(Ce 1, ).

3.1 Stark’s conjecture and the choice of

Stark’s conjecture, as formulated by Tate in [Tat84], asserts a certain Galois-invariance property
of the quotient of the leading coefficient of an Artin L-series by a regulator constructed using the
classical Dirichlet map. The Stark-Tate regulator from section 2.3 is a particular instance of such
objects. The classical formulation only considers S-depleted Artin L-functions, so the purpose of
this section is to introduce a T-smoothed version of it - that is, a conjecture for (S,T")-modified
Artin L-functions - which will be equivalent to the original S-version; and to study its implications
for the Main Conjecture.

We work in the generality in which Artin L-functions were introduced in section 0.3, which is
essentially the same as in our applications save for the fact that S is not required to contain all
ramified places here. Tate defines the following regulators: suppose given a Galois extension of
number fields L/K with Galois group G and two finite sets of places S and T of K such that

81



Chapter 3. Basic properties

S D Sy and SNT = @. Consider an embedding!® 8: C, < C and a Z[G]-homomorphism
f: X[Z/,S — CP & 0275
in the notation of section 0.3. These maps induce a C[G] homomorphism
ffiCoals>C0; g (3.1)
. z [ « Peld X : c . * Z
be the extension of scalars of the Dirichlet regulator map (0.24) from R to C.

We are interested in the character-wise determinant of )\% g© fP. Specifically, if x € Charc, (G) and
Vy is a Cp[G]-module which affords x, then V3, = C®4 V, is a C[G]-module which affords By and

one may therefore define!'®
Rs(Bx, ?) = det(A\f g o f” | Homgyg)(Vay, C® AL g)) € C (3.2)

in the notation of (2.19). In other words, Rs(8, f?) is the determinant of the C-linear endomor-
phism (A% 5O ), of Homg(g)(Vay, C® XLZ%g) given by postcomposition with )\%S o fP.

Our T-smoothed version of Stark’s conjecture is the following assertion:

Conjecture (Stark™(L/K, x, f,S,T)). Consider:
o A Galois extension of number fields L/ K.
e A character x € Charc,(Gal(L/K)).
o Two finite sets of places S and T of K such that S O Sso and SNT = @.
e A homomorphism of Z[G]-modules f: st = Cp 0 5.

There exists an Ls (X, f) € C, such that, for any ring homomorphism : C, — C, one has

v B
B(Lsr(x. f)) = 5P

_ s 3.3
T 47(5x.0) (3.3)

The original conjecture is the above claim for 7' = &. However, our T-smoothed version is a

reformulation, rather than a strengthening:

Proposition 3.1.1. Stark” (L/K,x, f,S,T) holds if and only if Stark’s conjecture as formulated'”
in [Tat84] 5.4 does for the same set of parameters minus T

51t is well known that C, = C as abstract fields by a transcendence-degree argument. However, this isomorphism
is far from unique.

5Tate uses the notation R(x?, f?) for the determinant on ¥-parts instead (cf. [Tat84] p.28).

"1t should be pointed out that Tate formulates this conjecture for any field E which can be embedded into C,
whereas we specialise to the case E = C,. However, the choice of E is irrelevant (cf. section I§6 in the reference).
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Proof. Conjecture [Tat84] 5.4 asserts the existence of some Lg(x, f) € C, such that

RS(BX: fﬁ)
L;(,S,z(ﬁx: 0)

for any g: C, — C. The S-depleted and (S, T)-modified L-functions differ by the J-factors (cf.
(0.18)) at T

BLs(x, [)) = (3-4)

Li.sr(Bx.5) = Liso(Bx.5) - [ [ 6u(8x. 5) (3.5)
veT

in the half-plane Re(s) > 1. This relation extends to all of C, since Artin L-functions are by
definition the meromorphic continuation of their Euler-product expression and two meromorphic
functions which coincide on an open subset of C (where they are analytic) are identical. Recall that
d-factors are entire functions by (0.19).

We now show that d-factors do not vanish at s = 0. They obey the same formalism as L-factors (cf.
lemma 0.3.1), since 6,(Bx, s) = Ly(Bx, 1 —s)~!. Thus, Brauer’s induction theorem 0.2.1 allows one
to express d,(B, s) as a (finite) product of factors of the form d,,(A, s), where A is a linear complex
character of some U < Gal(L/K) and w is a prolongation of v to LY. In the expression

Sw(A, 8) = det(1 — N(w)' S, | Vi), (3.6)

V)\Iw is either trivial (if A is not trivial on I,,), in which case the above determinant takes the value
1 at all s by definition; or a 1-dimensional C-vector space (if A is trivial on I,,) upon which ¢,, acts
as A(pw) € C*. In this latter case,

511)()\’ O) =1- m(w)A(SOw)

is different from 0, as 9(w) > 1 and A(p,,) is a complex root of unity. Since the original d,(8x,0)
is a product of such linear factors, it does not vanish either.

Equation (3.5) now yields the relation

L s7(Bx;0) = Lk 55(8x,0) H 8 (Bx,0)
veT

on leading coefficients. It therefore remains to show that J-factors behave well with respect to 5.
For v € T, consider the p-adic §-factor

85" (%, 0) = det(1 — N(v)pu | ViI*) € Cy.
Then

C
B0, (x,0)) = det(1 — N(v)B(ow | Vi), (3.7)

where B(py, | VXI“’) denotes [ applied entry-wise to the matrix describing the action of ¢,, on VXIw.
This coincides with the matrix describing the action of ¢, on Vﬂf;(” = (C®g Vy)'* =C&g (V) by
definition, and hence

B35 (x,0)) = det(1 — N(v)pu | V3¥) = 5,(Bx; 0).
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In particular, (552 ?(x,0) # 0. Therefore, assuming the existence of Lg(x, f) € C, as in the beginning
of the proof and setting Ls1(x, f) = Ls(x f) [Lver 5§p(x, 0)~! € C,, one has

for

ﬁ(ES’TOO f)) B L*K,S,®(6X7O) HveT 6(&(1:1)()(’ 0))

_ Rs(Bx, f?)

L 5.2(8x,0) - [Tyer 0u(8x, 0)
_ Rs(BX, /7

L, s7(Bx;0)

any 3: C, — C, as claimed by Stark™(L/K, x, f, S, T).

The converse is proved analogously by multiplying by [, < (5§ ?(x,0) at the end, rather than dividing
by it. |

In view of the proposition, the known properties of Stark’s conjecture carry over to the smoothed

version. |[Tat84] constitutes a systematic study of these - here we limit ourselves to citing a few

basic results from sections 1§6 and I§7:

i)

ii)

iii)

iv)

If Stark’s conjecture (or its T-smoothed version) holds for all characters of Gal(K/Q) for any
finite Galois extension K/Q (and all S, T" and f), then it holds in general. The proof relies on

the invariance of the conjecture under inflation and induction.

If Stark’s conjecture (or its T-smoothed version) holds for all linear characters of Gal(L/K)
for any Galois extension L/K of number fields (and all S, T and f), then it holds in general.
The proof relies on Brauer’s induction theorem 0.2.1 and the behaviour of the conjecture with

respect to character addition and induction.

If Stark’s conjecture (or its T-smoothed version) holds for a choice of L/K, x and S and an
fo: XLZ,S - C® OZ,S such that C, ® fo: C, ® XLZ,S S5 Cp® (9273 is an isomorphism, then
it holds for any f: XLZ7 s — €, ® O] ¢ and the same remaining parameters. Note that the
introduction of C, as the coefficient field is unnecessary here - one can work over C instead (see

also the footnote!” on page 82).

Stark’s conjecture (and its T-smoothed version) is independent of the choice of the set S D Su.
The proof is similar to that of proposition 3.1.1, but one needs to treat the case where the local

L-factors vanish (which, as we have seen, cannot occur to the d-factors).

Most cases of Stark’s conjecture are unknown. Exceptions to this are:

o If L/K is a Galois extension of number fields with Galois group G and y is a character of G
such that x(o) € Q for all 0 € G, then Stark’s conjecture is known for all choices of S and f.
This is due to Tate and Artin (cf. [Tat84] chapter II) and its proof can be reduced to the case
of permutation characters, which is settled by virtue of the analytic class number formula.

Under the above assumption on x, the element Lgg(x, f) from equation (3.3) lies in Q.
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e If L/K is a finite abelian extension and K is either Q or an imaginary quadratic field, then
Stark’s conjecture is known for all choices of x, S and f. These cases date back to Stark.

We now study the implications of Stark’s conjecture for the Interpolation Conjecture, which stem
from the following fact:

Lemma 3.1.2. Setting B. Let x € Irr,(G) satisfy (KC) and choose n € N large enough that
I'P" C ker(x). Define f as the composition

[ XD s = X5 2 2, ® OL.st—=Cp®01, 57 =C,R0, 5
with ¢ as in definition 2.2.6. If Stark™ (L,/K, X, f,S,T) holds, then

BN (L s.7(B%,0))
Ré(a,x)

eC; (3.8)

is independent of the choice of 3: C, = C and lies in Qu(x) = Qp(x(g) : g € G). In particular, it
is algebraic over Q).

Proof. Let 3 be as in the statement. Since X7, 5 = 7Z, ® X %m g, an immediate computation shows
that the map f# from (3.1) coincides with C®g (C, ®z, ¢%). As for the Dirichlet regulator, we have

C
CRs N, g =2, s
by definition 2.3.3, where )\%m g is again the scalar extension to C of the classical map.

Let M be the matrix of the C,-linear action of )\575 o (Cp @z, ¢y) on Homc,(g,1(Vy, Cp @z, XL, .5)
(by postcomposition) with respect to an arbitrary basis {f1,..., fn}. Then {1® fi1,...,1® f,} is
a C-basis of

C ®5 Homcp[gn} (VX, (Cp ®Zp XLn,S) = Homc[gn] (VBX’ C® XLZn,S)

(canonically) with respect to which A(L:n,s off=Cwog ()\575 o (Cp @z, ¥5)) acts by (M). Hence
Rs(Bx. 7) = det(B(M)) = f(det(M)) = B(RG (e X))- (3.9)

Assume StarkT(L,, /K, X, f, S, T) and let Ls7(X, f) € Cp be the element predicted therein. Then

Ri(o,x) _ ! (RS(ﬁvaB)
)

=L Y
B_I(L?{,S,T(/Bkao L}((,S,T(IBX7O)> S7T(X7f)7

which is independent of the choice of 5. We can then take inverses since Rg(a, X) # 0 (because x
satisfies (KC)), which proves the first part of the lemma.

The field Qp(x), which coincides with @Q,(X), is a finite (and in fact abelian) extension of Q,.

The action of the absolute Galois group Gg,(,) on Q;, extends uniquely to a continuous action on

(x
Cp (recall that every element of C, is by definition a limit of elements of Q) and one thus has
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Gao,(y) = Autg,()(Cp). Let o € Gg,(y), so in particular ox = x and ox = Y. Then B=pBc"1tis
another isomorphism C, 25 C, and the first part of the lemma now yields

BN L sr(B%0)  BHLis7(BX,0))

Rg(a,x) Rg(a,x)
(B (L 5.7(5%.0))
RY(a, x)
_ 0B Lhsr(BR0) (61<L;<,S,Tw>z, o>>>
 o(Ri(ao7x) R (a,X) ’

where the third equality follows easily from (3.9) noting that f# = fB (they are scalar extensions
of a map ¢ with coefficients in Z,, which is fixed by Gg,). But this shows that the regulated
L-value lies in (CP)GQP(X), which is known to coincide Q,(x) (see for instance [Tat67] theorem 1 on
p. 176). [

Requiring Stark’s conjecture might seem exceedingly restrictive in that it concerns all ring homo-
morphisms 3: C, < C, whereas only isomorphisms 3 are relevant to us. However, it is not difficult
to see that both claims - for all embeddings and for isomorphisms only - are equivalent.

The main result of this section is the independence of the Main Conjecture of 8 contingent on

Stark’s conjecture:

Proposition 3.1.3. Setting B. Let j3: Cp = C. Then:

i) Given x € Irry(G), assume that Stark™ (L, /K, X @ p~L, f,5,T) holds for almost all p € K&(x),
where n is large enough that TP" C ker(x ® p~') and f is constructed as in lemma 5.1.2 for
each character. Then IC(Lo /K, X, L, S, T, o, 3) holds if and only if IC(Leo/K,x,L,S, T, ,3)
does.

i) Assume that Stark™ (L, /K, x, f,S,T) holds for almost all x € Irr,(G), where n is large enough
that TP" C ker(x) and f is constructed as in lemma 3.1.2 for each character. Then the conjec-
ture eMC(Loo /K, L, S, T, o, 3) holds if and only if eMC(Loo/K,L,S,T,c,3) does.

iii) Under the same assumption as in i), the conjecture eMC"(Lo/K,L,S,T,«,3) holds if and
only if eMC"(Loo /K, L, S, T, 3) does.

Proof. The only aspect of the Interpolation Conjecture which references S is the regulated L-value
ﬁfl(LkS’T(B()Z@p*l), 0))/R§(a, X®p). Under the hypothesis in i), it is independent of 3 for almost
all p € K¢(x) by lemma 3.1.2. Hence, an FgTﬂx € Q¢(I'y)* satistying the interpolation property
(2.28) for almost all such p will also satisfy the corresponding property for IC(Lo /K, x, L, S, T, o, 3).

As for ii) and iii), the only element of the equivariant Main Conjecture (with or without uniqueness)
involving § is Fg 7@ X which has just been shown to be independent of it if Stark’s conjecture holds

for enough characters. u
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We now illustrate a way in which Stark’s conjecture supports the equivariant Main Conjecture by
bringing attention to an issue we have tacitly ignored so far: while the interpolating series quotient
FgTﬁX € Q°(T"y)* has coefficients in some p-adic field, conjecture eMC(Lo /K, L, S, T, o, 3) claims
it is the image of a zeta element Cgﬁ € K1(Q(G)) - which seemingly has coefficients in Q,,.

In order to understand this discrepancy, we endow Q¢(G) = @; ®q, Q(G) with the natural Go,-
action on the first component. It is known (cf. for instance [Nicl4| equation (4)) that, given o € Gg,
and an irreducible Artin character x of G, one has o(ey) = esy and o(7yy) = 7oy in the notation of
section 2.4. In particular,

o(T) = o1y — 1) = 0(3) — 1= 7oy — 1 = Ty (3.10)

under the usual identification. These relations imply that Gg, not only acts on each individual
component of
72(Q9) = [[ <y
X/ ~w
(cf. propositions 2.4.3 and 2.4.4), but it might also permute them. This translates into the following

relation between interpolating series quotients associated to Galois-conjugated characters:

Proposition 3.1.4. Setting B. Let 0 € Gg, and x € Trry(G). Suppose FSTﬁX € Q°(I'y)* satis-
fies IO(Loo /K, x, L, S, T, 3). Assume furthermore that Stark™ (L,,/K,x @ p~, f,S,T) holds for
almost all p € K¢(x) in the notation of proposition 3.1.3 i). Then U(Fgﬁx) € Q°(T'yy)* satisfies
IC(Loo/K,0x,L,S,T,,3).

Proof. Let us abbreviate F’ g ’7@»( to Fy. We first note that, for x € B;Q’C’ (0) in the notation of remark
2.4.9, one has
(B, — = O Exlpy —ym1(0)

where o acts on F) by regarding the latter as an element of Q¢(G) rather than an abstract series
quotient. In other words, if we express F) as a quotient of power series in 7T, then o is applied to
both the coefficients and the variable - which explains why the result is a series quotient in 7, by
(3.10). The above equality then follows from the continuity of the Gg,-action on any p-adic field
and implies

ev’Yax®p (U(FX)) = O-(FX)|T0'XZP('YK)WOX_1 = U(FX‘TX2071(p(7K)wX_1)) = U(GU»YX@U_IP(FX)) (3'11)

for any p of type W. Here we have used the fact that w, = wgsy, as St(n) = St(on) for any
Qp-valued character n of H.

Let = denote equality for almost all p € Kg(x). We have
ev’YUx@p (U(FX)) = U(€UVX®071P(FX))

. <61(L},S,T(/3(5< ®otph), 0))>
Ri(a,x ® o 1p)
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- ( (Bo) MLy sr((Bo)(x@o™tph), 0)))
R (a,x ® o~ 1p)

B UL s o (Blox @ p1),0))

 o(RF (a,x®o1p))

by, in order: equation (3.11); the Interpolation Conjecture for F,; lemma 3.1.2 (note that composi-
tion with o induces a bijection K¢(x) — K¢(ox)); and a simple manipulation. The argument used
at the end of the proof of the same lemma also yields U(Rga(@, x®@olp)) = Rg(a, ox ®p). Hence,

L BT L sr(Blox®p71),0))
eU'Yax@p (U(FX)) - Rg(a7 o . p)

and o(F)y) satisfies IC(Loo/K,0x, L, S, T, v, B). |
This has the following immediate Galois-invariance consequence for the Main Conjecture:

Corollary 3.1.5. Setting B. Suppose IC(Lo/K,x,L,S,T,c, ) holds for all x € Irr,(G) and
Stark™ (L, /K, x, f,S,T) (in the notation of proposition 5.1.3) does for almost all x € Trry(G).

Then o
Qp

[T r5ive (I ewor) e T e

x/~w X/ ~w
Proof. Given o € Gg,, one has

B = B — B
U( H F§T7X> - H G(Fg,T,U*lx)_ H Fg,T,x’
X/ ~w X/ ~w x/~w

where the first equality reflects how o permutes the y-parts of Z(Q°(G)) and the second one is
proposition 3.1.4 together with uniqueness of the interpolating elements (cf. remark 2.5.1 ii)). W

The Galois invariants (Hx/~w QC(I‘X)*)GQP >~ (Z(Q%(G))*)%% are precisely Z(Q(G))* (see the
proof of [RW04] theorem 8) and therefore fit into the commutative diagram

I1 QC(W)G@”

X/~w ( )
j 3.12

K1((0) — 2(Q(G)) — (

(cf. (2.23)). Both isomorphisms are canonical, and we regard them as identifications. Suppose
now that IC(L/K, x, L, S, T, a, ) holds for every x € Irr,(G) and that Stark’s conjecture does
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a?IB
x/~w FsTx
lies in fact in the image of the rightmost vertical arrow above. This supports the existence of a

Cgfqé € K1(Q(G)) which is mapped to it under Hx Jow Ux (which is precisely the analytic part of the
equivariant Main Conjecture) despite the considerable difference between Q(G) and Q¢(G).

for almost all x as in proposition 3.1.3 ii). Then corollary 3.1.5 shows that the tuple []

The same reasoning shows that the equivariant Main Conjecture is weakly independent of 5. By this
we mean that it is well defined on equivalence classes of isomorphisms C,, =5 C under the relation:

B~ Bif Blg, = B|Qp-

Corollary 3.1.6. Setting B. Let f3: Cp = C be a ring isomorphism whose restriction to Q, coin-
cides with that of 3. Then eMC(Loo/K, L,S,T,,3) holds if and only if eMC(Lo/K,L,S,T, e, 3)

does.

Proof. The equivariant Main Conjecture for § asserts that HX/NW Fgfx € HX/"’W Q°(I'y)* lives
in the image of K1(Q(G)) under [, /.,

particular, (3.10) implies Fg’ﬁx = U(Fg’ﬁg,lx) for any o € Gg,. The composition o = 718 is

an automorphism of C, which fixes @, and thus restricts to an element of Gg,. Hence the same

Yy and is therefore G, -invariant by diagram (3.12). In

argument as in (3.11) together with the relation Rg(a, X®p) = J(Rg(a, o (x®p))) (see the proof
of lemma 3.1.2) yields

Vs (FOT ) = 00, (0(FSL 0 ) = alevy o (F§7 1))
. (Bl(L},s,T(ﬁal(fc ®p 1), 0)))
R(a, 07 (x @ p))
B_I(L?(,S,T(B(X ®p1),0))
R§(a,x ® p)

for almost all 07 1p € K&(oc1x). Since composition with o defines a bijection K&(o~1y) — K%(x),
FgTBx satisfies IC(Loo /K, x, L, S, T, at, 3) as well. Tt follows that any ng € K1(9Q(9)) satisfying
eMC(Lo/K,L,S,T, «, 5) will also satisfy eMC(Ls /K, L,S,T,, ), as only the analytic part of
the Main Conjecture depends on 5. A symmetric argument proves the converse. |

Remark 3.1.7. 1) By remark 2.5.4 i), this corollary automatically implies the equivalence of the
Main Conjectures with uniqueness eMC" (Lo /K, L, S, T, ., ) and eMC" (Lo /K, L, S, T, v, B)

ii) It follows from the proof (essentially, from the displayed equation) that eMC(Lw /K, L, S, T, c, B)
implies a weaker version of Stark®(L,,/K,x, f,S,T) (in the notation of proposition 3.1.3) for
almost all x € Irr,(G), where one fixes a B: G, =5 C and replaces “for any ring homomorphism
B: C, — C” by “for any isomorphism 3: C, = C such that BIQP = B|Qp”.

We end on a brief discussion of how Stark’s conjecture and the equivariant Main Conjecture narrow
down the field where the coefficients of Fg‘ 7’? X should be expected to lie. In order to understand
this, we introduce the following notation from [Nicl4]: for an Artin character x of G, set

Qpx = Qp(x(h) : h € H).
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This is a finite abelian extension of @, as it is contained in some cyclotomic field Q,({,). Note
that x ~w X' implies Q,, = Q, /. Given an automorphism o € Gq,.,, one has res%x = res%ax
and hence o(ey) = e;y = ey. Therefore, the Gg,-action on Q°(G) restricts to a Gg, ,-action
on Q%G)e, = QT'y). It then follows from proposition 3.1.4 that, assuming the Interpolation
. ) : af y _ paf . pap
Conjecture for x and Stark’s for suitable characters, one has o(Fgr ) = Fgr, = Fgp  for all

o € Gg,, - In other words,
Fgy, € ((Q°(Ty))")%arx. (3.13)

The invariants in question have been explicitly determined in [Nicl4|. Namely, there is a field

isomorphism
(Q°(T'y)) e = QUrx(T)),

where T\ = Z, is a subgroup of (Q°(T'y))* which is topologically generated by v, = wy, for a
certain principal unit u in some p-adic field. In particular, F' g ﬁ \ 1s a quotient of power series in T},

with coefficients in Q. (u).

By diagram (3.12), another way to ensure J(Fg’ﬁx) = Fg‘:ﬁax = Fgf’ﬁx for all ¢ € Ggq,,, and
therefore (3.13), is to assume eMC (L /K, L, S, T, a, [3).

3.2 Independence of the choice of parameters

Unlike in the case of 5, where the assumption of Stark’s conjecture is necessary to show the in-
dependence of the Main Conjecture, the rest of the parameters admit unconditional proofs. This
concerns L, o, S and T - the change of Lo, or K is treated in the next section. We divide these
results into three subsections devoted to L, «, and S and T, respectively. Although the idea is to
modify these parameters one at a time, a change in one of them may have implications for some of
the remaining ones, which will be accounted for in each subsection.

3.2.1 The choice of L

We first prove the independence of a choice of L (or equivalently, I'). All other parameters of
IC(Leo/K, x, L, S, T, v, B) - aside from Lo,/K, which is fixed beforehand - are independent of this
choice:

e x € Irrp(G) is an Artin character whose definition does not involve I'. However, we will need
to be mindful of related objects which do depend on I', most notably K&(x) (see the point on
a below).

e S and T are defined over K in terms of ramification in L. The set T? C T, which a priori
could depend on L, is not an arbitrary parameter (and it is in fact independent, as will become

apparent).

o a: Vs, — Egr is G-equivariant. It should be noted that, although many objects have
been defined as limits of Galois modules along the cyclotomic tower Ly, /L, they do not truly
depend on the choice of L: the same can be obtained as the inverse limit over all finite (Galois)

extensions of K contained in Lo, instead. This applies, for instance, to Vs and Eg .
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Another relevant fact, which already made an appearance earlier, is that the A(T")-torsionness
of A(G)-modules (which is required of coker(«)) is independent of the choice of I'. This is a
direct consequence of (2.6): if I' is another such choice and M is a A(G)-module, then

o) @A) M =0 < Q(9) GA(G) M=0 < Q(f) ®A(l~“) M =0. (3.14)

Explicitly, suppose m € M satisfies Am = 0 for some non-zero A € A(f), which is in particular
central and regular in A(G). By the cited equation, A™' = I/X in Q(G) for some I € A(G) and
A € A(T). Therefore, Am = IAm = 0.

Although this shows that « is indeed independent of the choice of L, the related n(S,a) € N
(introduced immediately before (KC)) is not so.

o 3:C, = C is unrelated to L.

Proposition 3.2.1. Setting B. Let L be another valid choice for the parameter L. Then:
i) For any x € Irrp(G), IC(L/K, x, L, S,T,, 3) holds if and only if IC(Loo/K, X, L, S, T, 3)

does, in which case the interpolating elements Fg’ﬁx coincide.

i) eMC(Loo/K,L,S,T,c, ) holds if and only if eMC(Lso /K, L, S, T, v, 3) does, in which case the
zeta elements Cg? coincide.

Proof. Let us consider the Interpolation Conjecture first. The compositum LL is an intermediate
extension of L., /L and L /E, and hence equal to L,, and Em for some m,m € N. Therefore, it
suffices to show that the conjecture is independent of the choice of a layer along the cyclotomic
tower, and for this, in turn, that

IC(L/K,x,L,S,T,a, ) <— IC(Lso/K,x,L1,5,T,a,p)

(note that L,, is the first layer of the cyclotomic Z,-extension of L,,_1), from which the same
assertion for L and Ly will follow by analogy.

The elements involved in the definition of Q°(I'y) (cf. proposition 2.4.4), most notably ~,, are obliv-
ious to I', as are the evaluation maps ev,, ., : Q°(I'y) — QU {oc} (see for instance lemma 2.4.5 and
use Ty = 7, — 1). In other words, they are the same in the formulation of IC(Ls /K, x, L, S, T, o, 3)
and IC(Loo /K, x, L1, S, T, o, B).

Let Kgo(x) be the set Kg(x) defined as in 2.3.1 for L = Lo, and analogously for K§;(x). Then
50(X) NKG1(x) contains almost all type-W characters of G, since each set does (it is in fact easy
to see that K¢, (x) C K§,(x) and they very frequently coincide).

Suppose Fg’ﬁx e Q°I'y)* satisfies IC(Loo/K, x,L,S,T,c, ). Then, for almost all characters
p € KSo(x) NKSG1(x) (and therefore almost all p € K5, (X)), one has

B Lk sr(B(X®pt),0))
Ri(a,x ® p)

€Vse, (FST,) = (3.15)
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where the numerator and the denominator are the leading coefficient and Stark-Tate regulator
computed at some large enough layer L,, which we can choose to contain L; by lemmas 0.3.1 ii)
and 2.3.5. It follows that Fgﬁx satisfies IC(Loo /K, x, L1,S,T, o, $), which concludes the proof of
i).

In order to prove ii), we first point out that the K-groups K;(Q(G)) and Ky(A(G), Q(G)) are
independent of the choice of T' by definition (recall (3.14) regarding A(T')-torsionness), as is the
connecting homomorphism 9 between them. The main complex C§7T was shown to be isomorphic in
the derived category D(A(G)) to an inverse limit of complexes B} ¢ r along the cyclotomic tower
(cf. definition 1.5.1 and theorem 1.5.4), but it has been established above that such limits do not
depend on L. As a consequence, neither does the refined Euler characteristic x(g),0(g) (CL'.;’T, ).

We are done now, as the field L does not appear in (or otherwise affect) the definition 2.5.3
of ¥y : K1(Q(G)) — Q°(I'y)*, and part i) showed that the Interpolation Conjectures for L and
L are equivalent and the series quotients F S 7’1@,x coincide whenever they hold. Therefore, any
Cgfg € K1(9(G)) satistying eMC(Lwo /K, L, S, T, c, B) will also satisfy eMC (L /K, L,S,T,a,p)and

vice versa. u

3.2.2 The choice of «

The next goal is to show the independence of the Main Conjecture of the choice of a: Vs — Eg 7.
Although this requires a more technical proof than that in the previous subsection, we have chosen
not to split it due to how intertwined the impact of a change in o on the analytic and algebraic sides
of the conjecture is. Indeed, the way to adjust the interpolating elements Fg‘ Lﬁx to a new o' will be
to construct a certain element in the group Ko(A(G), Q(G)) and transfer it to Q°(T'"y)*.

As in the case of L, the homomorphism « does not affect any of the other parameters of the
conjectures (x,S,T and ). It does have an influence on n(S,«), and therefore on Kg(x) (cf.
definition 2.3.1), but this will again not be of any consequence. An object which is fundamentally
linked to « is the trivialisation t* ((2.7) and preceding lines), and consequently the refined Euler
characteristic xx(g),0(g)(C7,t*) € Ko(A(G), Q(F)). Precisely this will inform how to prove the
equivalence of the Interpolation Conjectures.

Proposition 3.2.2. Setting B. Let o/ be another valid choice for the parameter o.. Then:
i) For any x € Irry,(G), IC(Lo/K, x, L, S, T, «, ) holds if and only if IC(Ls/K,x,L,S,T,a/,3)

does.

ii) eMC(Loo /K, L,S,T,, ) holds if and only if eMC(Lo/K,L,S,T,d, () does.

Proof. Assume that IC(Lo /K, x,L,S,T,a',3) holds and let FS/TBX € Q4I'y)* be the element
predicted therein. It suffices to show the existence of a series quotient f € Q°(T'y)* such that, for

almost all type-W characters p, one has

Ry, x ® p)

, (3.16)
Ri(a, x ® p)

evi@p(f) =
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since then the element Fg Ijﬁ X f satisfies the interpolation property for IC(Lo /K, x, L, S, T, e, B).
Recall the multiplicativity of evaluation (under the logical restrictions) explained in remark 2.4.2
ii) and the fact that Kg(x) N IC%I (x) contains almost all p.

For a ¢ € Irr,(G) satisfying the kernel condition (KC) for both « and &' (for instance, ¢ = x ® p
as above) and any n such that """ C ker(s) (so n > n(S,a)), consider the commutative diagram of
Cp[Gn]-homomorphisms

(Cp ®Zp @Fpn

Cp ®z, Xp,.8 —— Cp @z, (Xs)ppm Cp ®z, (V8.0 )rom

\\:::\ Cp®zpocrpn HCP@ZPO/I‘pn

/
\:\:\C;D@ZPLP%

) Cp ®z, (Es,1)ppm

Cp®z,0% “Tas.

(cf. definition 2.2.6). By proposition 2.2.8, all arrows become Cp-isomorphisms after applying
the covariant functor Homg, (g, (Vc, —), where V¢ is any simple C,[G,]-module affording ¢. The
regulators Rg(a, ¢) and Rg(a’ ,<) are defined as the determinants of the two resulting compositions
of maps on Hom-spaces. But all arrows involved coincide except for the first vertical one, and
therefore

R3(e,5)

RP (@, <) = det(Home[gn](Vca (e(s)Cp Xz, Oérp”)_l o (e(s)Cp ®z, o/Fpn)))’ (3.17)
S 9

which denotes the determinant of the Cp-linear automorphism of Homg, g, (Vs, Cp ®z, Vi, 5..)
(recall proposition 2.2.3) given by postcomposition with (e(¢)Cp ®z, apym) ™! o (e(s)Cp ®z, /o).

C
p’
replace C, by Qg and V; by V! in the above equation, with V a Qf[G]-module with character <.

Since appn and o/ppn are already isomorphisms on ¢-parts after extending scalars to we may

In order to look for series quotients which interpolate that difference of regulators, we turn to K-
theory. This will also naturally lead to the equivalence of the equivariant Main Conjectures for
a and o'. We shall make use of (an intermediate result in the proof of) [Nic10| theorem 6.4 to
compare the augmentation of the reduced norm of a certain element in K;(Q(G)) to the quotient

1

(3.17). The obstacle is that the element in question should essentially describe a™! o o/, but «

cannot be inverted on integral level. We use the following trick: let
go = pHeoker(@) char(coker(av)),

where the p-invariant and the characteristic polynomial refer to the structure of coker(a) as a
A(T')-module and were defined after theorem 0.1.3. Then there exists a non-zero | € N such that
g = lgo € A(T") annihilates coker(a), or in other words, gz € im(a) for all x € Egp. Since « is
injective, such a gx has a unique pre-image a~!(gx) € Vs... We define ag as the composition

mg o a1
ag: Vs, — Vsoo — Esr - Vs,
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where my denotes multiplication by g and the last arrow is dashed to emphasise the fact that it does
not exist in isolation, but it makes sense as part of the entire composition (note that o/ commutes
with multiplication by g). The map a4 is a homomorphism of A(G)-modules because g is central in
A(G). The idea here is that multiplication by g allows us to construct an integral homomorphism
containing information about the inverse of «, and the perturbations thus introduced into K;(Q(G))
and Homg, (g,](Vs, Cp ®z, Vi, s..) cancel out.

For the remainder of this proof, let —g denote Q(G) ®,(g) — Then (ay)g is a Q(G)-automorphism
of (Vs..)o which arises as the (now honest) composition

(ag)g = (ag) ™" 0 dig © (my)o, (3.18)

with the inverse of ag mapping A~te to (Ag) ta"1(ge) for A € A(G),e € Esz. Both (ag)~to g

and (my)g are Q(G)-automorphisms of (Vs__)o.

We now turn our attention to finite level again. With ¢ and n as above, let T denote the class of
x € M in Mppn for any A(G)-module M. Then (mgy)p,n = myg, i.e. multiplication by g € A(G,).
The map appr is no longer injective in general (—pp» is only right-exact), so one cannot describe
(ag)ppn as a composition of three maps. This is solved by passing to ¢-parts, where everything is
an isomorphism. Namely, let 7 € V1, 5. = (Vs )r»» and choose any lift y € Vg . Then

arp (ag(y)) = alag(y)) = o/ (my(y)) = &/ pn (Mg(7))

and hence
ap (e(6)(Q) @z, (ag) ) (@) = e($)(Q @2z, o'ror ) (m5(7)).

We thus obtain a finite-level decomposition

e(s)QS @z, (ag)ppn = (e(6)QE @z, apm) ™ o (e(s)QE ©z, &) © (e()QS ®z, mg),  (3.19)

where the first map on the right-hand side is well defined because ap,» is an isomorphism on g-parts
(this follows from proposition 2.2.8 and (KC)).

In order to see that my also induces an isomorphism on ¢-parts, consider the exact sequence of

A(Gy,)-modules

coker(my)" = Vr, 5., LN VL,,50 — coker(mg)pm — 0, (3.20)
where we have simply dropped the first two terms of the invariants-coinvariants sequence (0.9)
associated to the injective homomorphism m,. It suffices to show that e(¢)Qj ®z, coker(my)p,» and

e(s)Q; ®z, coker(mg)rpn are trivial (note that the latter surjects onto the kernel of mg on ¢-parts
by the above sequence). Since Vg, is a free A(I')-module of rank |So(L)|, it is enough in turn to
prove e(¢)Qp ®z, (A)/(g))pm = e(s)Qp @z, (A(F)/(g))rpn = 0. But this follows from (2.18) and
lemma 2.2.1, as supp(A(I')/(g)) and supp(coker(a)) coincide by definition of g except possibly for
the prime (p) (due to the p-power [ introduced into g).

Now that the relevant properties of (ay)p,» and mg have been determined, a connection must
be established to infinite level. The heavy lifting is done by equation (8) from [Nicl0]. In our
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notation, it states that, given a finitely generated projective A(G)-module'® P and an endomorphism
[ € Endy(g)(P) with torsion kernel and cokernel, one has

det(Homgg(g, ) (VY, @ @z, frm)) = evy, (je(nr([Po, fol))), (3.21)

where [P, fo] € K{€*(Q(G)) and the reduced norm nr are as in section 0.4 and j. was introduced
in proposition 2.4.4 (extending scalars from E to Q now). Recall that we identify K det(Q(G)) with
K1(Q(G)). The left-hand side of the above equation denotes, as usual, the determinant of the Q-
linear endomorphism of Hong[gn](Vg’ , Q) ®z,, Prpr) induced by postcomposition with Qf ®z, fre .

Diagram (2.29), together with the fact that v¢ — ~,° commutes with evaluation (see for instance

the last diagram in the proof of lemma 2.4.7), implies

evyy (Js(nr([Po, fol))) = evy (¥s([Po, fal))- (3.22)

Consider the two choices f = a4 and f = mg, which are indeed endomorphisms of the finitely
generated projective A(G)-module Vs with torsion kernel and cokernel. Equation (3.21) becomes

det(Homqye (g, (V, Qp ®z, (ag)ppn)) = evy (¥ ([(Vs.) s (ag)Q]))
and
det(Homgyeg,) (V(, Q) ®z, mg)) = evy (s([(Vs )0, (mg)al))-

We now rewrite both sides of the first equation of the two using decompositions (3.18) and (3.19),
as well as the multiplicativity of determinants and the relations of K{**(Q(G)):

det(HOng[gn] (VZ, (€(§)Qg ®Zp Qppn )_1 o (€(§>Q; ®Zp O/FP"))) ’ det(HOng[gn](VZ, Q]CJ ®Zp mg))
= evy (Ye([(Vs) 0, () 0 ag))) - evy (¥ ([(Vs.) @, (mg)al))-

The second factors cancel out by the second of the two equations above, since e(g)@lc, ®z, Mg has
already been shown to be an isomorphism. This results in the fundamental relation

det(Homagg(g, | (VY, (e(9)Qf @z, apm) " 0 (e()Q) ®z, a'ron))) = ev (Uc([(Vs )0, (@0) ™ 0 alg))),

where the left-hand side is precisely the quotient Rg(o/ ,S)/ Rg(a, ¢) by equation (3.17) (after restring
scalars to @}, as explained immediately after it).

The upshot from the above argument is that the element [(Vs,,)o,(ag) ™" o o] € K{(9(G)),
which is equivariant (i.e. independent of the choice of a particular character), has the following
property: for every < € Irr,(G) satisfying (KC), one has

Rg(’,5)

“lod! = . .
vy (Ve ([(Vs) @; (0) ol)) R {ars) (3.23)

8 Technically, the equation in the article only refers to the specific case where P = A(G) and the endomorphism f
is given by right multiplication by an o € A(G). However, as the reference states, the same relation holds when those
objects are replaced by general P and f as above by essentially the same proof - only with more involved indexing.
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Let now x € Irr,(G) be as in the beginning of the proof. Since v,g, = 1 for all p of type W, the
element f = ¢, ([(Vs, ), (ag) T oap]) € Q°(Ty) satisfies (3.16), from which the equivalence of the
Interpolation Conjectures follows.

Most of the work required to prove part ii) has already been done. Suppose Qg:jﬂﬁ € Ki1(9(9))
satisfies eMC (Lo /K, L, S, T, &, B) and set

&E =7 [sn)er (ag) ™ o a).

Let x € Irrp(G). By assumption, Fg;’& = wX(Cg‘:’TB) satisfies IC(Lo /K, x, L, S,T,d’, 3), which
implies that

(G5 = F§it - in([(Vs.) 0 (a@) ™ o al)) (3.24)
satisfies IC(Lo /K, x, L, S, T, t, B) by part i).
It remains to study the algebraic side of the conjecture. For this we resort to [BB05], which shows
that (ag)~to o/p measures exactly the difference between the refined Euler characteristics defined

via o and o/. As mentioned in section 2.1, the cited article features two versions of the refined
Euler characteristic: one denoted by x°4, which coincides with our y A(G),0(g); and one denoted by

X, which we write here as Xf‘\e(g)’ 2(9)" Choosing a strictly perfect representative P® of C% 1, one has

O([H*(CE )0, (1) 0t])
= XA(0),000)(C8,r; ()" - XA0),0(0) (€1 )™
= (@00 (Cr,t) — (B (P)o, ~ 1d)))
- <—XA(g),Q(g) (Co7:t™) = (B (P*) g, - Id]))
= XA6),20)(C3 ") = Xa(@),00) (CE1, %),

where the first two equalities are [BB05| proposition 5.6 (2) and theorem 6.2, respectively, and
H°4d and B°dd are as in section 2.1. As can be seen in the definition of the integral trivialisation
t* = aprr (equation (2.7)), the difference between H°4d (Csr) and Vs is independent of a.. Since
t* = (t&) g by definition, a simple computation using the group law of Ky(A(G), Q(G)) yields

O([H*Y(CE 7)o, (t™) ' 0 t*])
= [H*(CE )0, (t*) " ot HOY(CE 7)o
= [(Vs.)os (@g) ! o al, (Vs..) o]
= ([(Vs.) 0, (ag) " o ag)),

where the first and last equalities are (0.28). It follows that Cgf:é satisfies
D¢ = D(CEr) + O(H M (Car): (1) 0 1)
- <—XA(Q),Q(Q) (Cé,:r,ta’)) + (xA(g)Q(g) (CEr t) = XA(6).0(0) (Cé,Tat“)>
= —Xa©0).20)(C51, %),

and therefore also eMC(L /K, L, S, T, , 3) by (3.24). |
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3.2.3 The choice of S and T

When dealing with L-functions, groups of units and other objects of arithmetical nature, it is often
very convenient to have some flexibility in the choice of the sets of places S and T. By way of
example, two common techniques are to enlarge S enough that the S-class group of some number
field vanishes; and to enlarge T' enough that the (S, 7)-units become torsion-free as an abelian
group, whether on finite or infinite level. In this subsection, we show one is free to modify these
sets without affecting the validity of the Main Conjecture.

We will treat the case of S first, although most of the preparatory work will overlap with that for
T. In both instances, the strategy is to enlarge the set in question one place at a time and construct
an analogue of the corresponding Euler factor in K7(Q(G)). In terms of distinguishing features,
changing S requires studying the regulator, which is not affected by 7T'; whereas modifications in
T will entail changes in a (if small), unlike those in S. This is in fact the content of the first

result:

Lemma 3.2.3. Setting A. Let vg € SUT be a place of K and set S" = SU{wvg}. Then, the canonical
embeddings and surjections of A(G)-modules

Eg — Eg, E57T — ES’,T: ngs — ng‘? and X%S,S — X%SS/

in the notation of section 1.4 (see especially proposition 1.4.4) are all equalities.

Proof. It is enough to prove the claim for the second and fourth arrows, since the rest correspond

to the particular case T' = &. We start by considering the exact sequence of G,-modules

1205 57— 05 or— € Z w,—Cly,sr—Clp, o7 —1,
wn€{vo }(Ln)

where Cly, g7 denotes the (S,T)-ray class group of L, (see the proof of proposition 1.4.4), and
analogously for Cly, ¢ 7. Here the third arrow is given by the valuation and the next one sends

z

z - wy to the class [wy]* € Clr, gr. By the same argument which allowed us to deduce (1.13)
from (1.12), the inverse limit of the previous sequence with respect to the norm maps along the

cyclotomic tower Lo, /L results in the exact sequence of A(G)-modules

0= Esr — Egr — lim @ Lp-wn — Xpg — X7igr — 0. (3.25)
" wn€{vo}(Ln)

We therefore need to show the vanishing of the middle term @n Do, c {v0}(Ln) Lp - wn, which
coincides with Indgv Wm 7, - v(Ly,) (in the notation of setting A) by the commutativity of inverse
limits with induction (cf. (1.1)). Hence, it suffices to consider lim Z, - v(Ly). The transition
maps, induced by the norm on units, are given by v(Lyt1) = frpipn - v(Ln) (see for instance
[Neu99] proposition I1.1.2 (iv)), where f,, ), is the inertia degree of v(Ly41) in Lpy1/Ln. But
the properties of the cyclotomic Z,-extension imply that, for a high enough layer Ly, v(Ly,) is
inert (i.e. unramified and non-split) in Lo/ Ly, , as vg € S¢\ Sp. Thus, the transition maps become
multiplication by p from the layer L,,, onwards, from which @n Zy - v(Ly,) = 0 follows. |
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Remark 3.2.4. Even though we always assume S to contain all ramified places in Lo, /K, all this
proof requires is vg € Sy \ Sp. In other words, the objects in the statement all coincide with their
counterparts defined on the set ¥ = S, U S,,, which holds a distinguished place in Iwasawa theory.
Another path to the same conclusion is the realisation that it suffices to consider the A(I")-structure
of those modules (i.e. the case Lo, = Ko,L = K), and the ramified places in the cyclotomic

Zy-extension are precisely the p-adic ones. ]

Let us explore how the parameters of the Main Conjecture are affected by the addition of a place
vo € SUT to S:

e L/K and L are defined before introducing S and 7. The condition S O Soo U Sram(Loo/K)
and SNT = @ automatically implies S U {vg} D Soo U Syam(Loo/K) and (SU{vp})NT = @.

e By the previous lemma, the canonical embedding Esr < Egufy,},r is in fact an equality.
Therefore, the choice of a A(G)-homomorphism «a: Vs, — Egr is exactly the same as the
choice of an a: Vs, — Esyfv),7-

e The choice of x € Irry(G) is independent of S. Note that n(S U {vo}) > n(S), and therefore
n(SU{vo}, a) > n(S, a) if the same « is chosen as explained in the previous point. This means
KS, {vo}(X) C K%(x) in general, but the difference only consists of finitely many characters by
lemma 2.3.2.

e 3: C, = C is unrelated to S.

The question of how the Main Conjecture varies under enlargement of S must be addressed on
both the analytic side, concerning the existence of series quotients interpolating regulated special
L-values; and the algebraic one, in terms of the refined Euler characteristic of the arithmetic complex
C% . We start with the latter.

The key homological result in our study of refined Euler characteristics is their additivity in exact
triangles of perfect complexes with compatible trivialisations. We are thus tasked with finding an
exact triangle measuring the difference between CZ, and Cg (vo}.T for v9 € SUT. The proof
will involve answering the analogous question for C , and C;,Tu (w0} We note that, although the
argument below relies on the explicit construction of the complex from chapter 1, it is likely an

alternative (and potentially simpler) proof exists using the RI'-formulation of section 1.5.
Proposition 3.2.5. Setting A. Let vg € SUT be a place of K. Then there exist exact triangles*
Cor = Coupugy r — Id, Zp[-1] — (3.26)

and
. R
CSruguey — Csr — Indg, Zp(1)[0] — (3.27)

'9The second triangle may seem obvious in light of definition 1.5.1 and theorem 1.5.4 - but this theorem was proved

precisely on the promise that we would show such a relation later on.
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in the derived category D(A(G)), where

. IndY Z 1), L contains a primitive p-th root of unit
InngOZp(l) _ Goy Lo(1) o (L) P p f unity

0, otherwise.

Proof. Let us denote SU{vp} and TU{vp} by S’ and T”, respectively. We will make use of the fact
that SUT’" = S"UT, and in particular, 7§ ;v = T3 - There are no obvious non-trivial morphisms
between Cg, and Cg  on the level of complexes. On the global side, the natural map goes in
the direction 7g, ,» — T3 (this induces, for instance, the projection Xg 7 — Xgur on H 9. In
the case of the C*-complexes, however, the canonical maps on cohomology (cf. theorem 1.4.6) are

reversed - most notably Xg — Xg/.
We solve this issue by considering the auxiliary complex
Cg = Cone(agy: LG — Tsor)—1]

in the notation of section 1.4. Recall that ag s is induced by Gk, = (Gk)ye = Gk — Gsur in
degree 0 (equation (1.7)) and given by the natural map (,.gA(G)) — A(G) in degree 1. Our
aim is to define morphisms of morphisms of complezes from ag to agr and agr 7 - that is, four
morphisms of complexes ez, e, urs and p7 making the two diagrams

ﬁs S Taor ﬁs S Taur
EL eT ne T (328)
A
Ly —— Tsur LYy —5 Taur

commute. Set e, = u7 = Id. As prs, we choose the natural morphism
pe: L5 = mdf L3 — P Indg L3 = LY.
veS ves’

In the case of e, we specify the morphism on each degree, of which there are two non-trivial ones.
In degree 0, we let 59—' Ysur — Ysur be the canonical surjection induced by Ggyr — Gsur (cf.
section 1.1). As for degree 1, take ek = Id: A(G) — A(G).

A number of verifications are in order, namely whether those maps are indeed morphisms of com-
plexes and whether (3.28) commutes. In the case of ¢, this follows from the commutativity of

[Ysur \EOT» A(g slr
O‘%,T’ [YSUT T )}
P v, T Pao)| o,
vES 20 ves el
\L \C
[@ Indg &y A(g)}
veES vES
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The only two squares which deserve mention are the top and left ones, which hinge on the compat-
ibility of Galois restriction Gxg — Ggurr — Ggur — G. A similar diagram proves the analogous
claims for p, and p7. Although immediate, these checks should not be neglected - for instance,

commutativity fails for the very natural choice v : L% — LY and v = e7.

A morphism of morphisms of complexes induces a morphism between their cones, which in our case
implies the existence of maps

ec: Cone(agr) — Cone(agr) and pc: Cone(ag ) — Cone(as: r).

Our interest now lies in the cones of these new maps. Since the horizontal arrows in (3.28) are more
complicated than the vertical ones, we resort to the following property of triangulated categories:
the four cones resulting from a commutative square of morphisms fit into a nine-term diagram with

two new exact triangles connecting them. In the case of €, this translates into

ag
Ly ————— Tg 7w — Cone(agg) —
|
ec er ec
~ ~ ~
. as,T °
Ly » Tsur — Cone(asr) ——
. (3.29)
|
{)

v ~ ~

Cone(eg) ----- » Cone(er) ---*--» Cone(ec) ------ >

!
!
!
v ~ ~

where all arrows exist on level of complexes except possibly ¢. The map ¢, = Id has trivial cone,
and hence ¢: Cone(e7) — Cone(ec) is an isomorphism in D(A(G)). Consider the cohomology of
Cone(er), which fits into the exact sequence

HO
) (ET) HO( °

0 —— H_I(Cone(sr)) —_— HO(’K;'UT, Tsor) —— HO(Cone(eT))

HY(Tam) 0 HY(T3,r) —— H'(Cone(er)) —— 0

and is trivial elsewhere because 7§, and Tg , are acyclic outside degrees 0 and 1 (proposition
1.1.1). The maps induced by £7 on cohomology are the canonical projection H%(e7): Xgur — Xsur
and the identity H'(e1): Z, 1, Zy. Thus, H%(Cone(e7)) = H*(Cone(e7)) = 0 and H~!(Cone(er))
is isomorphic to ker(Xg 7 — Xgur). This kernel already appeared in the proof of proposition 1.4.4
as the term ker(7), where it was shown to be precisely mgvo Zp(1) in our newly introduced nota-
tion. It follows that Cone(ec) itself has cohomology concentrated in at most one degree, which in
turn implies

Cone(ee) = Tndg, Z,(1)[1] (3.30)
in D(A(G)). Shifting the triangle Cone(ag /) — Cone(ag,r) — Cone(ec) — by —1 yields (3.27).

We use the same technique to compute Cone(uc). An analogous 9-term diagram shows

Cone(pc) = Cone (Cone(pz) — Cone(u)) = Cone(pz)[1],
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where the term Cone(u,) can be determined directly using the obvious short exact sequence of
complexes
0— L% =5 LY — Indg, L3, — 0.

This results in an isomorphism Cone(uc) = Indgv0 Ly 1] = [Indgv0 Y, —A(G)] in D(A(G)) in the
notation of section 1.2. The cohomology of the local complexes was established in proposition 1.2.3

and commutes with induction by (1.8), so we have

InngOG‘,{l; wP), i=-1
H(Cone(puc)) = IndngH”l(ﬁzo): Indgvozp, i=0

0 otherwise.
Now class field theory brings Cone(e¢) and Cone(puc) together by virtue of the A(G)-isomorphism
Indg Z,(1)=ndd G . (p) =ker(Indd Y, — A(G))
gvo P - gvo Loo,vo pb) = g”O V0

(cf. [INSW20| theorem 11.2.3 (ii)), which allows us to define a morphism

. -1 0 N
¢: Cone(ec) — InngOZp(l)[l} — [ImdgvO Yy, = AG)] = Indgvoﬁzo[l] — Cone(pc)

in D(A(G)). The cone of ¢ is acyclic outside degree 0 and thus isomorphic in the derived category
to
Cone(yp) = H°(Cone(y))[0] = HO(Indgv0 L3,)[0] = Indgv0 Zp0].

We conclude the argument by considering the commutative diagram

Cone(ec)[~1] —— Cone(agz/) —= Cone(asr) —

b

Cone(puc)[—1] —— Cone(ag 1) _fe, Cone(ag 1) ——

where the rows are rotated versions of natural exact triangles in D(A(G)). This induces a third
vertical morphism : Cone(agr) — Cone(ag ) whose cone we can compute using the same
technique as before:

Cone(k) = Cone(p[—1])[1] = Cone(p) = Indgv0 Zp0].
The desired triangle (3.26) is now a shift of Cone(agr) <+ Cone(ag ) — Cone(k) —. [

In order to relate the refined Euler characteristics of C:q,T and Cg (o, T using the above proposition,
we must trivialise them by choosing a map a: Vs, — Eg 1 = Egyfy,),r as in setting B. Note that,
even though the same « can be employed for both complexes, the trivialisations t¢ themselves will
differ (cf. (2.7)), since the cohomology in degree 1 does not coincide.
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Corollary 3.2.6. Setting B. Let vg € SUT be a place of K and denote by t* and t§ the trivialisations
constructed in section 2.1 for the complexes Cé’T and C;U{UO} 1, respectively. Then one has

X(6),06) (C3Ugue} 1 16) = Xa(9),0(6) (C,1%) = [A(G), (1 — ¢y 1y )rs A(G)]

in Ko(A(G), Q(G)), where (1) € Gu, is the Frobenius automorphism at vo(Leo) and (1—4,0;01(1300))7«
-1

denotes right multiplication by 1 — Poo(Loo)’

0 (1=t e 1
Proof. The first step is to show that [A(g)ﬁﬂ\(g)] is a strictly perfect representative of
Indgv0 Zp[—1]. Consider the endomorphism (1 — go;)l( Loo))r of the regular left A(G,,)-module, which
maps © € A(Gy,) to z(1 — goggl(L )). Recall that G,, is notation for G, ;. ), which is a procyclic
group topologically generated by ¢y (1) (because vg & Sram(Loo/K)), or equivalently, by @501( L)
In particular, A(G,,) is a commutative ring. The sequence of (topological left) A(G,,)-modules

—1
(lf‘on(Loo))T
_—

0— A(Gy,) A(Gyy) = Zp — 0 (3.31)

is exact: the third arrow is simply the augmentation map and injectivity follows from taking inverse
limits on the exact sequence

—1
(1_¢v0(Ln))T
—_—

0—Z,- Trgn,vo — A(Gnvo) A(Gnv)

along the cyclotomic tower. Here Gy, ,, is the decomposition group of vg(Ly,) in L, /K, which is
a finite cyclic group, and the transition maps on the first term send Trg, ., , € A(Gnt1u,) to
p-Trg, ., € A(Gnw,) for n large enough (because vg splits into finitely many places in Loo). The
left-exactness of the inverse limit implies ker((1 — <p1701( Loo))r) = lim 7, -Trg, , =0.

This yields a quasi-isomorphism of complexes of A(G,,)-modules

-1
(17§0“0(L00))T

0 1
[A(Gwo) A(Guo)] = Zp[1]

which can then be induced to G by applying compact induction (introduced in section 0.1). We

have Indgqu(gvo) = A(G) and ImdgvO (1-— (pgol(Loo))T =(1- ‘szol(Loo))T' Note that A(G) is no longer

abelian and thus the left-right distinction becomes relevant. The functor Indgvo — is exact on (3.31)

for the reasons described in section 1.3, which shows that

0 (1—(,0;01(LOO))T
—_—

A©) A@)] = ndg, Z,/-1

in D(A(G)) - and, in particular, that the right-hand side is perfect. Since Indgv0 Zy, is A(G)-torsion,
the zero map constitutes a trivialisation for Indgv0 Zp|—1], with associated refined Euler character-
istic

Yao).000) (S, Zy[~11,0) = —[AG), (1 — ¢7}, ) A(G)] (3.32)
according to (2.3). The negative sign appears because the map (1 — 4,0;01( Loo))T goes from even to
odd degree.
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We must now combine the exact triangle (3.26) with the additivity of refined Euler characteristics
studied in [BB05|. Although corollary 6.6 therein is specific to the semisimple case, it cannot be
applied here, as it requires injectivity of the reduced norm nr: K;(Q(G)) — Z(Q(G))* (recall at
this point remark 2.5.4 1)). Instead, we rely on theorem 5.7 from the same source. As in the proof
of proposition 3.2.2, two versions of refined FEuler characteristics must be considered, which we
again denote by x(g),0(g) (the one in section 2.1) and xf‘\e(vg")’ 0(9)" Of particular importance is the
fact that trivialisations for xR‘s(‘g%Q(g) are maps from even to odd degree, as opposed to those for

XA(9),Q(9)-
Let 8" = SU{w}. In order to apply theorem 5.7 to (3.26), we need to verify the commutativity

hypothesis on diagram (15) from the cited article. The square brackets therein denote a certain
universal determinant functor [—]: D(Q(G)) — V(Q(G)) from the derived category of left Q(G)-
modules to a Picard category V(Q(G)). The following facts will be used:

e Q(G) ®x(g) HOdd(IndgvoZp[—l]) = 9(G) @) Heven(lndgvozp[—l]) = 0. Therefore, the last
term in each row of the diagram is [0], the unit object 1 € V(Q(G)). The vertical arrow

between them is [Opom|, where Ogon, denotes the zero homomorphism.

e The homomorphisms induced by the arrow Cg , — Cs/ 7 in cohomology are injective: in degree
0, it is simply the embedding H°(C% ) & Esr < Egrp & H(C% 1); and in degree 1, it fits

into the diagram

0 —— Xfg —— H'(CS71) Xs 0
0—— X%fs/ — Hl(C§/7T) > XS/ 0

where the left vertical arrow is in fact an equality by lemma 3.2.3.

This shows that the second and third terms in each row of diagram (15) are again [0] = 1, and the
vertical arrows [Id] and [—Id] are both equal to [Omgem]. Since functors preserve commutativity, it

suffices to verify that of

Q(G) @p(g) H™(CS ) —— Q(G) ®@ag) H"(CY 1)

Je |

Q(G) ®n(g) H*(CEr) —— Q(G) ®a(g) HM(CY 1)

which follows immediately from the commutative diagram

H'(C& 1) > Xg » Vs, —2— Egr
Hl(C§,7T) E— XS’ » ysoo S ES’,T
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where all arrows become isomorphisms after Q(G) ®pgy — (cf. (2.7)). We can therefore apply
[BBO5| theorem 5.7 and conclude that

X)) (Ca 1 COE X)) (€1 )™+ XA(G),0(G) (Indgvo Zp[-1],0). (3.33)

Now the same argument as in the proof of proposition 3.2.2 yields the corresponding relation on

our usual refined Euler characteristics:

Xa©),06) (€3 1+ 18) = Xa0),00)(CE:1: 1) + Xa(9),0(0)(Indg, Zy[~1],0).

This concludes the proof by (3.32). |

The above results offer a homological comparison of the Main Conjectures defined on S and SU{vg}.
Over on the analytic side, one needs to determine the change in leading coefficients and regulators
caused by the addition of the prime vy. The difference between the Artin L-series is given by the

local Euler factor L,, defined in (0.17), which almost never vanishes at s = 0:

Lemma 3.2.7. Setting A, B as in setting B. Let vg € Sram(Loo/K) be a place of K and x an Artin
character of G. Then, for almost all p of type W, one has

Ly, (x ®@p, 0)_1 = det(1 - Pog(Ln) | VB(x@p)) #0

in the notation of (0.17), where n is chosen large enough that T?" C ker(x ® p).

Proof. The proof is almost immediate and can be done entirely over C. To see this, note that there
is an equality of sets

{Bx®p)}p ={(Bx) ® p}5,

where p runs over the type-W characters of G (p-adic by definition) and p runs over the C-valued
linear characters of G with open kernel which are trivial on H.

For p as above, set x = Bx and p = Bp and choose n = n(p) € N such that y and p factor over G,,.
Then
det(1 — wuyz,) | Vawp) = det(1 = p(@u(L,)) Mz (Pog (L))

where My (y(L,)) 18 the matrix describing the action of ¢, () on the C[G,]-module V;. We
now note that the right-hand side is the value of the polynomial f(t) = det(1 — tMg(¢yy(z,))) at
t = p(Puo(L,)) € C*. This f (which is almost the characteristic polynomial of Mg(®y,(r,))) has
degree x(1) = x(1) and is independent of 5 (even though n may change, the matrix of the action of
Puo(L,) o0 Vi does not).

Now the result follows from the fact that f(¢) has finitely many roots z € C and, for any such x,
only finitely many p as above satisfy p(4y,(L..)) = . To see why, fix one such p and note that every
other type-W (and hence irreducible) character with that property factors through the finite group
G/(Guy Nker(p)). u
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The last preparatory step to show the independence of the conjectures of the choice of S concerns
the Stark-Tate regulator:

Lemma 3.2.8. Setting B. Let vg € SUT be a place of K and x € Irrp(G). Then one has

Rg(0n X © p) = Ry, (0 X © ) (3:34)
for almost all p € ’Cgu{vo}(X) C Kg(x)-
Proof. Set 8" = SU{vp}. The canonical short exact sequence of A(G)-modules
0—> Xg = Xgv — y{vo} — 0,
which remains exact on finite level, induces an embedding
Homg,(g,)(Vxep, Cp ®2z, XL, s) — Homcg,(g,](Vyap, Cp @z, XL,.57)

for all p € Kg {vo }(X) and sufficiently large n depending on p. We claim this is an equality, that
is, Hom(cp[gn](VX@p, Cp®z, Vi, {vo}) = 0, for almost all such p. As explained in the proof of lemma
2.3.5, this amounts to (x ® p, Indgz’vO ]1gw0>gn = 0, since Indgzyvo 1g,.,, is the character afforded by
the Cp[Gn]-module C, ®z, Vi, (v} Recall at this point that G, ., denotes (Gn)y(z,). By (0.11)
and (0.12), one has

<X ® p’ lndgr: v ]]‘gn,uo >gn = (I‘eSg X ® p’ ]]‘gn ) >gn o) <I‘eSg p’ res gn vg X>gn,v0 °

The restriction resg” woP is a linear, and therefore irreducible, character of G, ,,. This implies that
the last scalar product is non-zero if and only if resg” P is one of the finitely many irreducible
divisors of resg” v X (note that these do not depend on the layer n). But only finitely many type-W

characters of G have a particular restriction to G,,, as explained at the end of the proof of lemma
3.2.7.

Let us now turn to the finite-level maps ¢ induced by a for n > n(S) (cf. definition 2.2.6), which
we denote here by ¢ ¢ and ¢ ¢ depending on the set of places used. These two homomorphisms
arise as the composition of the rows of the commutative diagram

~ (@S) QT
X5 — () T (Vs Vpun —2 (Bgp)pn <% 7, OF g7

l ! H oo l

. (‘Ps’) (tgr)n

XLn,S’ — (XS’>I‘;U” *”3 )Fpn F*} (ESI ) n S Z X OLn,S’
in the notation of section 2.2, where we have added the subscripts S and S’ to some of the morphisms
for distinction purposes. It follows that ¢f ¢ restricted to &7, s coincides with ©n.s (under the
canonical inclusion of their codomains). A similar statement holds for the Dirichlet regulator map:
the commutativity of
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RO} ¢ — R® XLZWS

l I

R® O}, ¢ —— RAL o

implies )\g’s, = )‘g,S (cf. definition 2.3.3), and this in turn

‘Cp®02nﬁs

)‘g,s' o (Cp @z, ©h.s7) = /\g,s o (Cp ®z, ¥n.s)-

’(CP®Z;; Xin,s

We are essentially done, since Rg(a, X ® p) and Rg,(oz, X ® p) are given by the determinant of the

C,p-linear vertical maps in the diagram

HOmCP[gn](VX@)p, (Cp ®Zp XLn,S) —> Home[gn](VX®p, (Cp ®ZP XLn,S/)
l(Aﬁ,SO(CP@)Z(J(p%,S))* l(Ai,S’O(CP(@ZPL’Oi,S’))*

Homg,(g,)(Vxep, Cp ®2, XL,,5) — Home,(g,)(Vep, Cp @z, XL, ,57)

which commutes by the above. The first part of the proof shows that the horizontal arrows are
equalities for almost all p € K% (), and this concludes the argument. |

The first main result of this subsection now follows easily:

Proposition 3.2.9. Setting B. Let vg & SUT be a place of K and set S’ = SU{vg}. Then:

i) For any x € Irrp,(G), IC(Loo /K, X, L, S, T, v, ) holds if and only if IC(Loo/K, x,L,S", T, 0, 3)
does.

ii) eMC(Loo/K, L,S,T,c, ) holds if and only if eMC(Ls/K,L,S",T,, ) does.

Proof. Let @y(r..) € Gu, denote the Frobenius at vo(L), and [(1— w;ol(Lw))] € K1(9Q(G)) the class

of the 1-by-1 invertible matrix (1 — np;Ol( Loo)) € GL1(Q(G)). Here left invertibility follows from the

proof of corollary 3.2.6, and right invertibility from a symmetric argument.

Fix first x € Irrp(G) and assume that Fg,’i’éx € Q°(T'y)* satisfies IC(Loo /K, x, L, S, T, v, B). Set
F' = Fgi, - (1= o () € Q°(Ty)".

Recall that ¥, = ygp: K1(Q(G)) = Q°(I'y)* = Q°(I'ygp)* for all p of type W. Let p be such a
character and choose n such that x ® p factors through G,. Equations (3.21) and (3.22) imply

Vs, (U (L= D) = det(@5 2z, (1 — oy D)o | Homag g1 (Ve Q5(Ga])),

where Qf ®z, ((1 — gogol( Loo))r)f‘pn coincides with the endomorphism of Qf[G,] given by right multi-
plication by 1 _90;01(Ln)' Denote by MX®P(90;01(L,1)) € M, (1)(Qy) the image of @%I(Ln) under the repre-
sentation associated to x ® p. Then an easy verification shows that, under a suitable Q}-basis, post-

composition with (1 — 4,0;01(%))7« acts on Homge (g, (Vyap, Qp[Gn]) via the transpose MX@P("O;Ol(Ln))t'
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Thus, the above determinant coincides with det(Id —Mx®p(g0;01(Ln))t) = det(Id —Myg -1 (Pug(L,)))

and, as a consequence,

Uy, (O ([(1= 5k )])) = det(1= 0y, | Vispm1) = B (det(1= 0y (1) | Vigop1)))- (3.35)

This provides us with the necessary information about leading coefficients, since lemma 3.2.7 shows
that

Licsrr(B(X@p™1),0) = Lic s 7 (B(X @ p™1),0) - det(1 = oy | Vagap-1))
for almost all p. Here we are implicitly using definition (0.20), which applies to the half-plane

Re(s) > 1, at the point s = 0. The reason we can do so was already outlined after equation (3.5).

It now follows that the series quotient F’ satisfies

€00, (F) = €0y, (FE1, ) - 0y, (Un([(1 = 0 ))
B M L sr (B ®p7),0)
- R(o,x ® p)
B 571(L*K,5/,T(5(>2 ®p1),0))
- R(a, x ® p)
BT Lk s r(Bx®p71),0))
- R (. x ® p)

FEUyyp (wx([(l o S01701(1100))]))

for almost all p € K¢ (x) € K&(x), where the first equation relies on remark 2.4.9 ii) together with
(3.35), and the last one is lemma 3.2.8. In other words, IC(L /K, x, L, S’, T, o, 3) holds.

An analogous argument shows the converse implication: if the element F O‘,’TX € Q4(I'y)* satisfies
IC(Loo/K,x,L,S",T,, ), then F = Fg’:éf,x iy ([(1 = <p;01(Loo))])*1 has the interpolation property
required by IC(L /K, x, L, S, T, «, 3).

Part ii) is a direct consequence of part i) and corollary 3.2.6, as [(1 — <p;01( Lm))] € K1(Q(G)) does not

depend on the choice of a character. Assume first eMC(Lo /K, L, S, T, v, ) and let g‘;’T € K1(9(9))
be the zeta element predicted therein. By assumption, IC(Lo /K, x, L, S, T,a, ) holds for all
x € Irrp(G), and hence so does IC(Loo /K, x, L, 5", T, v, B).

Consider ¢’ = CE‘T/B S[(1— gogol(Loo))], which satisfies

(") = 0(¢e) + (1 — ¢l )
= —X(0),26)(C57: 1) + [AG), (1 = ¢, (1)) A(G)]
= —Xa9).2)(C& 1:t%)

by corollary 3.2.6. Together with the relation Fa,’gﬂyx = Fgf;ﬁx i ([(1 =L ))]) established in

v0(Loo)
part i), this proves that (' satisfies eMC(Lo /K, L, S, T, o, ). The reverse implication follows from
the choice ¢ = Cg/’ﬁT (1= go;ol(L ))]_1 in the obvious notation. [
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We now turn our attention to the change of T. Much of the necessary work has already been done
in the treatment of S, and the elements which do differ follow similar arguments. The following
aspects distinguish the two cases:

e The unit module Egr = l&ln Ly @ O}:mS,T does become smaller as we enlarge T', so the
homomorphism « needs to be modified now. The next lemma provides a natural way to fix
this discrepancy.

e The Stark-Tate regulator Rg(a, X) is independent of T'.
e Unlike L-factors, the d-factors of Artin L-functions never vanish at s = 0, as shown at the

beginning of the proof of proposition 3.1.1.

Lemma 3.2.10. Setting A. Let vo ¢ SUT be a place of K. If a: Vs, — Egrufe,) S an
injective A(G)-homomorphism with A(T)-torsion cokernel, then the same is true of the composition

~ o
a: Vs, = Esrufu) = Esr.
Proof. Let T" denote T'U {vg}. Taking inverse limits of the exact sequence

1— OZMS,T, — (’)zmS’T — Z k(wp)* = Cly, s — Cly, 57 — 1
wn€{vo}(Ln)

along the cyclotomic tower Lo, /L gives rise to an exact sequence of A(G)-modules
0~ Eggv — Esy — Indg, Zp(1) = X§5 g — X5 — 0 (3.36)

by the same argument used on (1.12), where mgvzpu) is as in proposition 3.2.5. In particular,
coker(Egr — Esr) — mgvo Zp(1) is A(T")-torsion, as it has finite Z,-rank. Now apply the snake

lemma to

0 Vs, —— Egp — coker(a) —— 0

] !

0 —— Esr == Esr > 0 > 0

It only remains to find a strictly perfect representative of the complex measuring the difference

between Cg  and Cg ;» in the sense of (3.27). This result is likely well known among experts.

Lemma 3.2.11. Setting A, « as in setting B. Let vo € Sram(Loo/K) be a place of K. Then there
exists a quasi-isomorphism of complexes of A(G)-modules

-1 (1—m(vo)<p;01(Loo))r

[A(9)

0 ~—G
A(G)] — Indg, Zy(1)[0],

where Qyo(r..) s the Frobenius automorphism at vo(Loo) and (1 — cp;()l(Loo)m(vo))r denotes multipli-

cation by 1 — ‘ﬁ(vo)gogol(L ) on the right.
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Proof. We will be concise, since the argument is very similar to that of corollary 3.2.6. Taking the

inverse limit of the finite-level sequences

(g (Ln) = (v0))r

0= A(Gauy) AGu) = Ml 1)~y =0

along the cyclotomic tower yields an exact sequence of A(G,,)-modules. If L,y does not contain
a primitive p-th root of unity (that is, p t 1 — 9M(vo(L))), the cokernel is trivial on all finite levels
and hence in the limit. Otherwise, the limit of the cokernels is isomorphic to Z, with the G, -action
Puo(Leo)? = N(vo)z, which is precisely Z,(1). Multiplying the arrow by the unit gpgol( 1,y and applying

induction results in an exact sequence

—1
(1_m(v0)¢v0(Ln))T

0— A(G) A(G) — Indg, Zzy<

vo(Ln) — N(vo)) =0

from which the lemma follows. |
This allows us to prove the independence of the choice of T
Proposition 3.2.12. Setting A, 8 as in setting B. Let vg € S UT be a place of K and set

T' =T U{v}. Choose a: Vs, — Egqv as in setting B and define & as in lemma 3.2.10. Then:

i) For any x € Irrp(G), IC(Los /K, X, L, S, T, &, B) holds if and only if IC(Loo/K, x,L,S, T, 0, 3)
does.

ii) eMC(Lo/K,L,S,T,&, ) holds if and only if eMC(Loo/K,L,S,T',c,3) does.

Proof. We proceed along very similar lines to the proof of proposition 3.2.9 and omit many of the
details. The element 1 — ‘)"((vo)np;ol( L) is aunit in Q(G) for the same reasons as 1 — gogol( 1) before

and we may therefore consider its class [(1 — m(vo)gp;(}@w))] € K1(9(G)).

In order to show i), we first study the difference between the L-values and regulators associated to
T and T". Given ¢ € Irrp(G), choose n € N large enough that ¢ factors through G,. Since d-factors
never vanish at 0 (see for instance the proof of proposition 3.1.1), one has

L}7S7T’ (g, O) = L;(,S,T ((, 0) ) 61}0 ((, 0)

As for the regulators, suppose n > n(S) and consider the commutative diagram

o n
X5 — (Xs)pn — (Vso)pon —— (Esp)pn —— Ep,500 — Ly ® OF g
| H | [re [ [
Ay
X5 —— (Xs)pm — (Vs )pon —— (Esp)pom —— EL, 57— Ly @ Of g7

in the notation of section 2.2. After applying C, ®z, —, the last vertical arrow becomes an equality
(in fact, all vertical arrows do) because its image has finite index in the codomain. It follows that

RY(,¢) = RE(&,5).
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Assume now that Fg‘ﬁx € Q(T'y)* satisfies IC(Loo /K, X, L, S, T, &, B) for some x € Irr,(G). Then

F'=FG7 ([0 = Nuo)pytp )D€ Q40

satisfies IC(L /K, x, L, S, T', o, B) by the same argument as in proposition 3.2.9, which also yields

the reverse implication.

We now address the equivalence of the equivariant Main Conjectures, which involves comparing the
refined Euler characteristics of C:S‘,T and ng’T, induced by the trivialisations t& and <, respectively.
The difference between the complexes themselves is given by the exact triangle (3.27). Applying
theorem 5.7 from [BBO05|, we obtain

° a ° a TG
XA9),0(9) (€57, t%) = Xa9),0(0) (C8,77- %) + Xa(g),0(6) (Indg, Zp(1)[0],0)

this time. Note that 0 is a valid trivialisation for Hgvo Zp(1)[0], as its only non-trivial module is
torsion. The second summand can be computed explicitly using the strictly perfect representative
from lemma 3.2.11. This results in

Xa(9),0(6) (C.1,1%) = Xa(6),0(0)(Co,1+ %) + [A(G), (1 = N(vo)p ) )rs AG)]
= Xa(6),00) (CE7v, 1) + O([(1 = Mvo)y 1 ))])-

Suppose that (5% € K1(Q(G)) satisfies eMC(Loo /K, L, S, T, &, 8). Then ¢’ = C2- [(1—N(vo) )]
satisfies eMC(Loo /K, L,S,T', o, 3) by part i) and the above equation. The converse is proved by
setting ¢ = Cgﬁ, = ‘J‘((vo)apgol)]_l. [ |

This proposition, together with 3.2.9, shows that the Main Conjecture is unaffected by the enlarge-
ment of S or T one place at a time. Therefore, it is independent of the choice S and T altogether. As
we have seen, the homomorphism « needs to be modified when 7' changes. The previous subsection
showed that changes in a do not affect the conjecture, but one can also formulate the following
result without relying on that fact:

Corollary 3.2.13. Setting A, B as in setting B. Let g, T be another valid choice of the correspond-
ing sets of places. In particular, so is SN S, T UT. Consider an injective A(G)-homomorphism

Ozo:ysoo — F

SN TUT with A(T)-torsion cokernel and set

E

[e7s) ~ aQ
o Vs, — ESﬂg,TUT — ESﬁg,T =Fsr and a:)Ys, — F — ESﬂ§,T = b3 7

SnS,TuT
(cf. lemma 3.2.83). Then:
i) For all x € Irr,(G), IC(Loo /K, x, L, S, T, «, B) holds if and only if ]C(LOO/K,X,L,g,f, a, )

does.

i1) eMC(Loo/K,L,S,T,,f3) holds if and only if eMC(Ly /K, L, S.T,a, B) does.
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Proof. In part i), it suffices to show that both conjectures are equivalent (for each fixed x) to
IC(Loo /K, X, L, SNS, TUT, o, ). The same is true of ii) and eMC(Loo /K, L, SN S, TUT, ag, B).

This is achieved by propositions 3.2.9 and 3.2.12, since the embedding F¢ 5,7 < Eg-gp is the
composition

Esngro = Esngruiviuy = Psngrum\ fvo,..on} = Esndr
and analogously for Ey s 7 = Eg3 7 |

This corollary, together with propositions 3.2.1 and 3.2.2, proves theorem 3.0.1: one may first change
L without affecting any other parameters; then replace a by the homomorphism induced by ag in
corollary 3.2.13, also without altering the remaining parameters; and finally modify S and T'. Recall
that Stark’s conjecture Stark®(L/K,x, f,S,T) is independent of S and T as well, as explained in

section 3.1.

3.3 Functoriality

It has now been established that, for a fixed extension L.,/K, the Main Conjecture is independent
of all choices of parameters except possibly 3, and conjecturally of this last one too. The next
natural step is to study changes in Lo, and K. As we shall see, the conjecture for Gal(Ls/K)
will imply that for smaller groups - be it subgroups or quotients. The challenge lies in the impact
modifying the Galois group has on the algebraic machinery developed so far. In the last subsection,
we apply K-theoretic techniques to briefly address the converse question: whether one can deduce
the Main Conjecture for a given extension by assuming it for sufficiently many smaller ones.

3.3.1 Change of L.

We first discuss the top field by considering L. /L. /K. The new situation can be formalised as
follows:

Setting C. The objects p, L /Ko /K, T", S and T are fixed as in setting A in the obvious notation.
We set 'y = Gal(K«/K) = (yi) and H = Gal(L. /K~) <. G’ = Gal(L /K). Additionally, we

consider:

e A finite normal subgroup H <, ¢. In particular, one has H < H' and we can define
Loo = (LL )T D Koo, H = Gal(Loo/Koo) = H'/H and G = Gal(Lo/K) = G'/H.

e The projection of I C G’ to G, which we denote by I'. Since I'NH C I'N H' = 1, the
group I identifies with T', and A(T") C A(G) with A(TY) C A(G’). Tt follows immediately that
I' C Z(G) is open in G and ' H = 1. Therefore, L = (Ls)" is a finite Galois extension of
K such that Lo is the cyclotomic Zjy-extension of L.

As in setting A, we use the notation L], and L, for the layers of L’ /K and L,/ K, respectively,
and set G, = Gal(L),/K) and G, = Gal(L,/K). Note that, for all n € N, the field L/, is a
Galois extension of Ly, such that Gal(L,,/L,) = ker(G,, — G,) = H
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e The natural numbers »n/(S) and n(S) given by

n(S) .

(F/)pn ® A ﬂ g and NZ -Tn ﬂ Go.
wh, €Sy (L) Woo €Sf (Loo)

This implies that L, (g) is the smallest layer of Lo /L such that all finite places in .S are non-
split in Lo/ Ly(s), and analogously for n/(S). Although it will not play a role, it is easy to
show that n/(S) > n(S). As usual, we denote the decomposition groups Q;(Léo) and Gy(r,,. of
the distinguished prolongations of v by G, and G, respectively.

With the above conventions, (L, /K,T17,S5,T) and (Lo/K,T',S,T) are two valid choices of the
corresponding parameters in setting A. The following diagram illustrates the relations between the

relevant fields:

L/

'k

Our first aim is to study the relation between the semisimple algebras Q°(G’) and Q¢(G), and
in particular the fields Q%(I'y) contained in them. In general, it is not true that a continuous
surjection of profinite groups induces a ring homomorphism between the total rings of fractions of
their Iwasawa algebras, but the properties of G’ and G ensure this is the case in our situation. The
following discussion makes repeated use of the obvious identification
Irr,(G) < {x € Irr,(G') such that H C ker(x)} (3.37)
X ¢ x = inf§ ¥,

which restricts to an identification of type-W characters.
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Lemma 3.3.1. Setting C. The following hold:

i) The projection G' — G induces a canonical surjection of Q(I')-algebrase: Q(G") — Q(G) (where

~

the codomain is regarded as such via Q(I") — Q(T') — Z(Q(G))) which extends to one of
Q°(I")-algebras e: Q°(G") — Q°(G).

ii) Let x € Irr,,(G'). Then

ex H C ker(x)
5(ex) = ]

0, otherwise,
where X denotes the projection of x to G and e, and ex are defined as in proposition 2.4.5.
Furthermore, the map € from part i) restricts to an isomorphism Q°(G')e, = Q°(G)ex whenever

X factors through G as .

i) Let X € Irrp(G) and set x = infg/y. Then () = v¢ (cf. proposition 2.4.4) and € induces a

canonical isomorphism Q¢(I'y) = Q°(T'y).

Proof. i) The augmentation sequence (0.1) associated to H < G' — @G features the continuous

ii)

surjection augz: A(G') — A(G), which in this case restricts to an isomorphism A(T") = A(T).
Therefore, the A(I”)-algebra structure of A(G’) is compatible with that of A(G) as a A(T)-
algebra. Since Q(G') = Q(I") ®@p vy A(G') and Q(G) = Q(T) @1y A(G) by (2.6), the map
e = Q(I) @y augj; satisfies the first claim. The second one is then obtained by applying
Q ®q, —

This follows from the analogous result for group algebras over finite groups, since the primitive
central idempotents of Q°(G’) and Q°(G) only depend on the restriction of characters to H.
Recall that e, is defined as

€x = Z e(n)

nGIerIc)(H’)
nlresg,x
where e(7) is the primitive central idempotent of Q[H'] corresponding to 7 (cf. (0.14)). By
(0.15), the projection & (which restricts to QS[H'] — Qg[H]) sends e(n) to e(7) if n factors
through H (as 77), and to 0 otherwise.

Suppose first that H C ker(x) and let X be the projection of x to G. Then HC ker(res%,x)
and res%, X = resg,infg/y = infg/res%y. In particular, an n € Irr@g(H ") divides resg, x if and
only if it factors through H and its projection 7 divides res%y. Here we are using the general
fact that if a character factors through a quotient group, then all of its divisors do as well. Note
also that a character of a quotient group is irreducible if and only if its inflation to the entire
group is so. We therefore have:

ele)= D, ele)= D em= )Y el=ex

ne€lrrgg (H") nelrge (H") ﬁelerg (H)

/ ! — —
n\res%,x n|resg,x TI‘TQS%X
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iii)

Conversely, assume that H ¢ ker(x) and hence H ¢ ker(res%, X). Then at least one irreducible
constituent 7 of res%, x satisfies H ¢ ker(n). But Clifford theory shows that all such divisors
are conjugate to one another by elements of G’, so H cannot be contained in the kernel of any
of them. Thus, one has

elex) = Z e(e(n)) =0,
nlresd), x
which concludes the proof of the first claim.
Let now x € Irr,(G’) factor through G as x. By the above argument, e restricts to a surjective
ring homomorphism Q¢(G)e,, — Q°(G)ey (note that the unities of Q%(G’)e, and Q°(G)ey are
ey and ey respectively). The kernel of a ring homomorphism is a two-sided ideal, but the only
such ideals of Q°(G’)e, are {0} and the entire ring by simplicity.

Part ii) already implies that e restricts to an isomorphism
Q(Ty) = Z(Q°(F')ex) = Z(Q°(G)ex) = °(Ty)

by proposition 2.4.4. This does not a priori mean that I'y is mapped to I'y (see for instance the
proof of lemma 2.4.5), which we prove now. The generator v, of I'y C Z(Q°(G’)e,)* is given by
Yy = gc as in proposition 2.4.4 i). Here g € G’ projects to ’yluéx € I'k, where w, coincides with
the number of irreducible constituents 7 of resg,x. We have shown these correspond bijectively
with the irreducible constituents 77 of res%% and thus w, = wy.

The element (v ) = €(9)e(c) € Z(Q°(G)ex) satisfies the following:
e =(g) projects to vgX = v~ by the above.

o c(c) € e((Qg[Hlex)*) = (Qg[H]ex)* (observe that e restricts to a ring isomorphism
Qp[H']e, = Qg[H]es for all n which factor through H).

e =(7y) acts trivially on Vx (the Qp-vector space afforded by X), since so does v, on V.

By proposition 2.4.4, there exists only one vy € Z(Q°(G)ex) with those three properties, which

must therefore coincide with (7).

Remark 3.3.2. Although the elements «, and vy depend on the choice of v, the lemma shows

that one always has (v, ) = 7y as long as the same 7 is chosen in both cases. In fact, as already

mentioned in remark 2.4.8, replacing yx by another generator v}, (where v € Zy, necessarily) results

in the substitution of v, by 7} and 75 by 7¢. In particular, v, — 75 and 7 > 7¢ define the same

map on Q°(I'y): the canonical isomorphism induced by e. ([l

The above result sheds light on the structural relation between Q¢(G’) and Q°(G). If x and p are
irreducible Artin characters of G’ with p of type W, then x ® p factors through G if and only if x

does. Furthermore, characters of G’ which factor through G are W-equivalent (cf. section 2.4) if and

only if their projections to G are. This allows one to interpret the lemma as follows: for a chosen
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set of representatives Z¢g of Irr,(G)/~w, set Eg/ = {infgli : X € Eg}. Let Zg/ be an arbitrary set
of ~yy-representatives of the irreducible Artin characters of G’ which do not factor through G (well
defined by the above argument). Then the diagram

°(G") = [ @@ex x ] G )ey «— [ 2y

XEEg/ XEZgs XEEg/
) R lng‘ex J:VXHW
Q°(g) > » ] €@)ex +— [] 2°(Tx)
X€Eg X€Eg

commutes, where the first map in each row is (2.22). Although this decomposition only exists after
extending scalars to a large enough p-adic field, the element
1
efl = Z €X = TNI'NI
= |H]|
X€=gr

(where N =3 _zo € Z[H] C Z[H"] is the norm?° of H) is a central idempotent of Q(G') which
induces a decomposition

Q(G) = Q(G)eg x QG)(1 —ep) (3.38)
of Q(G) as a product of rings. The restriction of ¢ to the first factor yields an isomorphism

Q(G)ey; = Q(G).

So far we have only addressed the elements in setting A. The two other necessary parameters for
the Main Conjecture are the o and § from setting B, the second of which is manifestly unrelated
to the rest. As for a, we can use the one choice for L’ /K to construct its counterpart for Lo, /K

in a way which will make the Main Conjectures easy to compare:

Lemma 3.3.3. Setting C. The following hold:

i) Let Vs., and Esr be the usual modules for the estension Lo /K (cf. section 1.4), and Vg
and Egp their analogues for L., /K, that is,
Voo = @ w2, V- @ w7,
UESoo UESOO

and

H
n

Esr=1mZ,® O}, g7, Esp=1mZ,® 0}, 7.
n

Suppose o' : Vg~ E 1 is an injective A(G')-homomorphism with torsion cokernel. Then the

map
/

- ol N
a: Vs, S (Vs )ig —2 (Bsp)g — (Bsr)™ = Egr

is an injective A(G)-homomorphism with torsion cokernel.

2%Tn this section, we will refer to the norm Ng of a finite group G, rather than its trace Trg - but the distinction
is purely conventional. What is meant by this is the element N¢ = > .. o € Z[G] of any ring where Z[G] can be
naturally embedded. If m is an element of a G-module (that is, a Z[G]-module) M, then Ngm is either [, ., (om)
or 3 _cc(om) depending on whether M uses multiplicative or additive notation.
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i) Let X € Irrp(G) and denote its inflation to G' by x. If & and o are as in part 1) and : C, — C

is a field isomorphism, the Stark-Tate regulators
Rg(o',x) = Rg(a,X)

coincide.

Proof. 1) We first verify some implicit claims in the definition of c. The canonical isomorphism

ii)

Vs.. = (Vs ) is proved in the exact same way as the first part of proposition 2.2.3. The norm
of H defines a homomorphism from coinvariants to invariants of any H module, and in particular
Ng: (Esp)g — (EgT)H . This map is Galois-equivariant and hence a A(G)-homomorphism
too. Lastly, one has

(Esr)" = (imZ, © Oy g7)" =1imZ, ® (0}, g7)" =limZ, ® O g7 = Es.
n

n n

It remains to show that « is injective and has torsion cokernel. The Tate cohomology groups
Hy(H, Eg7) =ker(Ng) and HO(H, E§ 1) = coker(Np),

are |H|-torsion (cf. [NSW20] propositions 1.2.6 and 1.6.1) and hence A(G)-torsion. As for a%{,

we consider the usual long exact cohomology sequence

/

e Hl(ﬁ,coker(a’)) — (y{goo)g A, (Eng)ﬁ — Coker(o/)ﬁ -0

associated to Vg 2 Egp — coker(a’). The term Hi(H,coker(c/)) = Hy(H,coker(c!)),
which surjects onto ker(o/ﬁ), is |H|-torsion for the same reasons as above. The cokernel of oz%l
coincides with coker(a) 7z, which is A(G)-torsion (i.e. A(T')-torsion) by assumption. It follows
that « itself has torsion kernel and cokernel, which implies injectivity by proposition 2.0.1.

The diagram

Vs, = Vs, = Egr Egr
~ / al}NI / Ng / H
Vsoo — Vs )g — (Bsp)g —— (Egp)” == Esr

commutes because, by definition, the norm map N on coinvariants is given by first choosing
a lift to the original module (and it is independent of that choice). The composition of the
bottom row is precisely a.

Let n € N be larger than n(S) and n(S’), and large enough that Y factors through G, (in
particular, y factors through G/ ). Recall that the projection A(G') — A(G) restricts to an
isomorphism A(T’) =2 A(T"). Therefore, taking (I')P"- and I'""-coinvariants on the previous
diagram yields a commutative square which fits into
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~ (rHr" ~ *
XL;’,S — (Xé)(r/)p" —> (yém)(r/)p" L} (EIS7T)(F’)PW — (,C/.L/T’”S’T — ZP®OL;“S,T — (Cp ®XL4L75

I R RO U O L

Xp,.s = (Xs)pon — (Vs )por —— (Bsp)por — Ep,57 > Ly @ 0L gp — Co@ XL, s

The last arrow of the bottom row is given by

N.
n,S
Zy®01, 57— Cp@0L, g7 — Cp®z, XL, s,

where /\5 ¢ denotes the p-adic Dirichlet regulator map (cf. definition 2.3.3), and analogously for
the arrow above it. The commutativity of the rightmost square boils down to the general fact
that [Nz, 1, (W)]o = [L,jylulw in the obvious notation. The remaining squares are manifestly

commutative.

We now apply the functor Hom(cp[gu(VX, Cp ®z, —) to the above diagram except for the last
column, where we apply Homg g/ (Vi, —) instead. On the bottom row, these functors coincide
with Homg g,1(Vx, Cp ®z, —) and Homg, g,](Vx, —), respectively. Both the first and last

vertical arrows of the resulting diagram are the Cp,-linear homomorphism
Homg, ;1 (Vx, Cp @z, X1y,.5) = Homg,[g,1(Vx, Cp ©z, XL, 5)

(note that C,[G},] is semisimple), which is in fact an isomorphism by the same argument used at
the beginning of the proof of lemma 2.3.5. This shows that the Cj,-determinants of the two rows
of the new diagram coincide - but these are precisely the regulators Rg(a’ ,X) and Rg(a,y).

The equality of regulators in the previous lemma covers the analytic side of the functoriality under
change of L. On the homological side, we will resort to the good behaviour of refined Euler
characteristics with respect to extension of scalars (lemma A.0.1). It is therefore necessary to show
that this is precisely the relation between the complexes constructed from L. /K and L.,/K. The
key result to do so is due to Fukaya and Kato [FKO06].

The following piece of notation will be useful: if A(G) is the usual Iwasawa algebra of a profinite
group G, we denote by ¢: A(G) — A(G) the continuous isomorphism of Z,-modules which sends
an element 0 € G C A(G) to o~!. Given a topological right A(G)-module M, we denote by M*
the topological left A(G)-module consisting of the topological abelian group M endowed with the
A(G)-action

Afm=m- () (3.39)

forme M, XA € A(G).

Proposition 3.3.4. Setting C. Let (Cs1)® and C& - be the complexes given by definition 1.4.1 for
L /K and Lo /K, respectively. Denote by A(G) ®%(g,) — the derived extension of scalars induced
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by A(G') — A(G). Then
Csr = MG) @ g (Cor)®
in D(A(G)).
Proof. Consistently with previous notation, let Mg denote the maximal S-ramified extension of
K, which coincides with that of L and any intermediate field. Set Gg = Gal(Mg/K) and

Hi, s = Gal(Mg/L,) for n € N, and analogously for Hy: g. Note that Hr, s and Hp, ¢ are
open and normal in Gg for all n.

By the same argument as in proposition 3.2.5, the complex (C/S’T)' lies in an exact triangle
° ° 79[
(Cs7)°* = (Cs0)* = @D Indg, Z,(1)[0] — .
veT

in the notation introduced therein. Since derived functors are triangulated, extension of scalars
yields

A(G) @5 gy (Cor)* = AG) @ gr) (Cs,0)° = AG) @ gn EBRZZZN)[O] — (3.40)
veT

in D(A(G)). We consider the middle term first. As shown in (1.19), (C§,)*® is isomorphic in D(A(G"))
to lim RI'(Hp: s,7,(1))[1]. By Shapiro’s lemma (see for instance [Lim12| lemma 5.2.3), we have

RU(Hpy, 5,7Zp(1)) = RIU(Gs,Zy(Gs/Hy, s]" @z, Zp(1)),

where Zy[Gs/Hy; | is regarded as a right Gs-module so that Z,[Gs/H: s]* is a left Gs-module.
This endows Z,[Gs/Hy: s]* @z, Zy(1) with a left A(Gs)-module structure via

cA@2)=(0*N@oz=No" @0z
for o € Gg, under which it is clearly isomorphic to Z,[G;,]*(1). Therefore, one has
(Cs,5)* = lim RT(Gss, Z,[G,]"(1)[1] = RT(Gss, him Zp[G,]* (1) [1] = RT(Gs, AG) (1)[1]  (3.41)
in D(A(G')), where the second isomorphism is [Lim12| lemma 5.2.3. By the same token, Cg , is
isomorphic to RT'(Gg, A(G)"(1))[1] in D(A(G)).

We now apply proposition 1.6.5 from [FKO06] (case 1). The ring A = A(G’) satisfies the necessary
hypotheses by 1.4.1 and 1.4.2 therein, and T" = A(G')"(1) is a free A-module with a compatible
continuous G = Gg-action as above. The reason G satisfies condition (ii) in the reference was
explained at the beginning of the proof of proposition 1.4.3. Condition (i) can be verified with some
work using [NSW20| propositions 1.6.7, 8.6.10 and 10.11.3. The upshot is that

A(G) ®5(gry RT(Gs, A(G')"(1))[1] = RT(Gs, AG) @agry AG) (1))[1] = RT(Gs, AG)"(1)[1],

and thus A(G) ®H&(g,) (Chp)® = C .
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Let us now address the last term in (3.40). By the additivity of A(G)®x gy —, it suffices to determine

A(G) ®H/§(g,) mggzpu)[o] for v € T. The strictly perfect representative of mg;Zp(l)[O] obtained
in lemma 3.2.11 doubles as a projective resolution to compute the derived tensor product:

0

A(G)® 4 (gry (1= (vo) ,
A(G) @rgn AMG)]

-1
Pug ()"

e _1
A(G) @K g1 Tndg, Z,(1)[0] = [A(G) @a(gr) AG)

—1 (1=N(vo)p,p )r O

A(G) A(G)]
= Tndg, Z,(1)[0].

12

The result now follows from the diagram of exact triangles

AG) @ (g (Cs1)* — AG) @5 (Cs0)* — AG) @ gr) P Tndg, z,(1)[0] —

} veT
|
: lz lz

[ ] [} 7g
Cer » C8.0 @Indngp(l)[O] -
veT

where the second square commutes because both horizontal arrows come from the same maps on

the level of Galois modules. [ |

The same technique allows us to prove a fact which was necessary for the construction of the finite-
level maps ¢ in section 2.2, but whose proof we deferred to a later time. It concerns passage
to finite level in setting A, rather than the change of groups G’ — G from setting C - the choice
of placement here is motivated by the close similarity to the previous argument. Note that none
of the objects involved in the above proposition rely on ¢, and hence no circular dependencies

arise.
Lemma 3.3.5. Setting A. For all n € N, one has
B, st = A(Gn) ®H1§(g) Car
in the derived category D(A(Gn)), where By g is defined as in 1.5.1.
Proof. Tt suffices to prove the result for T' = & for the same reasons as above. We again have
A(Gn) @ (g) C50 = RT(Gs, A(Gn) @ (g) AMG) (1)[1] = RT(Hy, 5. Zp(1))[1]

in D(A(G,,)) by |[FKO06] proposition 1.6.5 (whose hypotheses are still satisfied) and Shapiro’s lemma.
Since RI'(Hy,,s,Zp(1))[1] is isomorphic to B} 47 by (1.18), we are done. [

We can now prove the first functoriality result:
Proposition 3.3.6. Setting C. Let o and « be as in lemma 3.5.3 and B as in setting B. Then:
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i) Given X € Irrp(G), set x = infgli € Irr,(G'). Then IC(LL /K, x,L',S,T,d, ) holds if and
only if IC(Loo/K,X,L,S,T,a,3) does.

it) eMC(L /K,L',S,T,d,3) implies eMC(Lo /K, L, S, T, v, 3).
iii) eMC"(L. JK,L',S,T, &, 3) implies eMC"(Loo /K, L, S, T, v, 3).

Proof. Suppose Fg;’ﬁx € Q°(Ty)* satisfies IC(L. /K, x, L', S,T, &/, 3) and let F = z—:(Fgf}ﬁX) € QI'y)*
(cf. lemma 3.3.1). Recall that we identify the type-W characters of G and G’ by virtue of (3.37).
Thus, for almost all p € K2 (x) N KZ(X), one has

B Lk sr(B(x®p'),0))
RE(c/,x ® p)
BTN Lk sr(B(()®p71),0)
R/, x ® p)
BN (L sr(B(X)®p"),0))
- R3(, X @ p)

_ /’B e
Ve, (F) = €y, (Fg 7 ) =

I

where the equalities are, in order: lemmas 3.3.1 iii) and 2.4.5; the interpolation property of F g‘ /:’Fﬁ "
lemma 0.3.1 ii); and lemma 3.3.3 ii). This shows F satisfies IC(Lo /K, x, L, S, T, c, 3). Since ¢ is
an isomorphism on x-parts by lemma 3.3.1 ii), the same argument shows the converse.

In order to prove ii), assume eMC(L. /K, L', S,T,d',3) holds and let Cg::’pﬁ € K1(Q(G")) be the
element predicted therein. In particular, IC(LL /K, x, L', S, T, 3) holds for all x € Irr,(G') and
therefore so does IC(Loo/K,X,L,S,T,a,3) for all X € Irrp(G) by i). This uniquely determines
interpolating elements Fglj’fx € Q4I'y)* and Fg‘iﬁ,i € Q4(I'y)*.

Let e: Q(G') — Q(G) be the projection map from lemma 3.3.1. Then the diagram

commutes for any Y as above and x = infgly. Part i) now yields
Ki(0)(G57)) = cWn(G1)) = Fiz
Ux( 1(5)(CS,T)) EWWx(Gs S,Tx°

and hence the element Ca’ﬁ = Kl(s)(ca/’ﬁ) satisfies the analytic part of eMC(Lo /K, L, S, T, a, f3).
ST ST

On the homological side, let (Cg 7)® and C§ 7 be the main complexes constructed from Li,/K and
Loo/ K, respectively. The maps R = A(G') &= A(G) = R and S = Q(G) T Q(G) = &
constitute an example of setup (0.29) together with the canonical inclusions A(G') — Q(G’) and
A(G) — Q(G). As a consequence, diagram (0.30) implies

(¢ = Ko(e,e)(0(C547)) = Kole,e)(—xa@n,0(6)((Cs 1) 1) € Ko(A(G), Q(G)).
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By lemma A.0.1 i), the the last term coincides with —xxg),0(g)(A(G) ®H&(g,) (Csp)°%,t") for a cer-
tain trivialisation ¢'. Proposition 3.3.4 provides an isomorphism ¢: A(G) ®%(g,) (Csp)® = Cgp in
D(A(G)), and thus it only remains to show that ¢’ becomes t* under . To see this, recall (2.7) and

consider the commutative diagram

CV/

H' ((Cor)) g — (X&) — Vo) —— (Bsr)g —— H°((Cs51)%) i

N N

Hl(CS,T) > Xg » ySoo —2 ES,T —= HO(CS,T)

where the first vertical arrow is induced by ¢ (note that A(G) ®, gy — is right exact) and X, Vg __
and Eg 7 are the Li,/K-analogues of their Lo /K counterparts. Apply now Q(G) ®,(g) — to both
rows. The composition of the bottom row then becomes the trivialisation t“ by definition. On the
top row, we use the fact that Q(G) ®x(g) () = Q(G) ®a(g) A(G) @a(gry — is the same functor
as (or more formally, canonically naturally isomorphic to) Q(G) ®g(g) Q(G’) @a(gr) —, which turns
that row into Q(G) ®g(g) t®. But this is precisely the trivialisation ¢ constructed from ¢ = t* in

lemma A.0.1 i), which concludes the proof of ii).

Lastly, we address iii). By part ii) and remark 2.5.4 ii), it suffices to show that the injectivity of
K1(Q(G") = Z(Q(G"))* implies that of K1(Q(G)) = Z(Q(G))*. This follows immediately from
the decomposition (3.38) and the compatibility of K; and the reduced norm with products:

Ki(Q(G") —— K1(Q()e) ® K1(Q(F)(1 — e)) —— K1(Q(9)) ® K1(Q(G)(1 — ef)

lﬂr lnr@nr lnr@nr

Z(Q(G")" —— Z(Q(G")eg)" & Z(QG)(1 —eg))” —— Z(Q(9))" & Z(Q(G)(1 —eg))"
where the last horizontal arrow of each horizontal arrow is induced by functoriality on €. |

The decomposition Q(G') = Q(G) x Q(G')(1 — ej) illustrates why we do not have equivalence of
the Main Conjectures for L._/K and L., /K, but rather implication in one direction. Any potential
zeta element Cgﬁ for Lo /K has no information about the part of Q(G’) orthogonal to ej.

3.3.2 Change of K

We now address the situation of a tower of extensions Lo,/ K’/ K, where K’ and K are number fields
and over both of which Ly, satisfies our usual hypotheses. This is equivalent to considering Lo, /K
as in setting A and choosing an open (not necessarily normal) subgroup G’ of G = Gal(Ls/K). We

summarise the new situation as follows:

Setting D. The objects p, Loo/Ks/K, S and T are fixed as in setting A. We also denote
'k = Gal(Ky/K) = (vk) and H = Gal(Loo/Kx) e § = Gal(Loo/K). Additionally, we con-
sider:
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e G/, an arbitrary open subgroup of G. Let K’ = LY which is a finite (but not necessarily

o

Galois) extension of K. Then Lo is a Galois extension of the cyclotomic Z,-extension K/  of
K" and H' = Gal(Loo/KL)) =G N H. Set ' = Gal(K/_/K).

We now fix an open central subgroup r <, G isomorphic to Z, as in setting A and let
I =T NG’ In particular, I is open and central in both G and G’. As usual, we set L = L
and define L, = LY. ,G, = Gal(L,/K) = G/T?",G!, = Gal(L,,/K') = G'/T?" < G,.

The restriction I'gr — Tk is injective (because K., = K, K') and its image is an open
M
subgroup I}, <, I'x. We define the topological generator v of T'ks as the only preimage

M
of 4% under the restriction map.

e For each place w of K’, a distinguished prolongation w® to (K’)¢ = Q. Then, for each place
v of K, we choose a place v¢ among {w® : w € {v}(K’)}. This is only tangentially relevant,

namely for the isomorphisms in (3.42) below.

With the above conventions, (Lo /K,T,S,T) and (Loo/K',T, S(K"),T(K")) are two valid choices
of the corresponding parameters in setting A. The relations between the relevant fields and Galois

groups are depicted in the diagram

The restriction of scalars induced by the embedding of topological rings A(G') < A(G) allows the
parameter « from setting B to remain unchanged when passing from K to K':
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e The A(G’)-module structure of
Es(r) rrry = @Zp ® Ozn,S(K’),T(K) = @ZP ® 0L, 57 = Esr

is simply the restriction of its A(G)-structure.

e There is an isomorphism of A(G’)-modules

ysoo = @ysoo,[/n = @ @ Zp *Wnp (342)
n " w,€Sec (L)
=lm P Lp - wn =M Vg (k7),L, = Vs (K7)- (3.43)

" wn€Seo(K')(Ln)

Therefore, any A(G)-homomorphism a: Vg, — Egr as in setting B constitutes a valid A(G')-
homomorphism Egxn r(xy = Vs (k7). Note that conditions on A(T)-torsionness also remain
unchanged, as the same I' has been chosen in G’ and G. As usual, the isomorphism 3: C, = C is

independent of all other parameters.

A few words are in order regarding the relation between Artin characters of G and those of G'.
We will repeatedly write expressions like ind¥,y’ for ¥’ € Irr,(G’) even though induction was only
introduced for characters of finite groups in section 0.2. This simply refers to the character

indg, X = infgn indgzy

of the representation
mdg, Vi = mfgnmd% Vx”

where x is the projection of X’ to any quotient G/ through which it factors. The result is independent
of the choice of G/, and one has

(indg/xl)(a) = Z X (r7tor)
T€G/G’
T loreg’
with 7 running over any family of coset representatives of G/G’. This is essentially a reformulation
of (0.10) which accommodates both the finite and infinite cases. Similarly, scalar products and
divisibility of Artin characters can be addressed by passing to any finite quotient over which they

factor.

As for type-W characters, it is clear that the restriction resg, p of such a character p of G is again a
type-W character of G’. Conversely, given any type-W character p’ of G’, there exists a p as above
such that p/ = resg, p. To see this, note that such a p’ corresponds uniquely to the choice of a
p-power root of unity p'(yx+) € ppe and g identifies with 'yf(M as in setting D. One may therefore
define p by mapping i to a pM-th root of p/(yx/).

Character induction is fundamental to the relation of the Interpolation Conjectures for G’ and G.

In this regard, we have the following fact, which is one of the reasons the interpolation property
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(2.28) is only claimed for almost all p € Kg(x): each x € Irr,(G) divides indg, X' for at most finitely
many X’ € Irr,(G"). This follows immediately from Frobenius reciprocity (0.11), as

X | indg,xl = <X,indg,xl>g >0 <= <resg,x,xl>g/ >0 < )| resg,x, (3.44)
where the last condition is satisfied by finitely many ' only.

Unlike in the previous subsection, there is no natural ring homomorphism A(G) — A(G’). K-theory
does provide us, however, with a restriction map on Kj groups: if ¢: A(G') < A(G) denotes the
canonical embedding, which extends to Q(G’) < Q(G) and Q¢(G") — Q¢(G), one can define a group
homomorphism K}*(:): K1(Q(G)) — K1(Q(G’')) as in section 0.4. Together with some results from
[RW04], this will be enough to prove the relation of the equivariant Main Conjectures for Lo, /K and
L /K'. However, directly relating the Interpolation Conjectures demands a slightly finer analysis
(which also relies on [RW04]) and the construction of homomorphisms resi,: QYTy)* — QI'y)*
for x € Irrp(G), X' € Irrp(G') in a compatible manner with K7®(¢). Given such a x, consider the
injective ring homomorphism j, : Z(Q%(G)ey) = Q°(Ty) — Q°(I'x) induced by 7, + v5~, where w,
is as in proposition 2.4.4 (compare with the map jf? therein). These fields fit into the diagram

2(Q(G)ey) = Q°(Ty) —2 Q°(I'k)

jJ\VK"_W%M
Z(Q%(G)eys) = Q°(Ty) X Q°(Tkr)

(3.45)

with j,s defined analogously to j, for x” as above. Recall that these maps are closely related to our
Pyt K1(Q(G)) = Q4(I'y)*, as shown in (2.29).

Proposition 3.3.7. Setting D. Let x € Irrp(G) and X' € Irr,,(G'). Then the restriction map

res),: Q°(T'y)" — Q°(T'y)" (3.46)

ind9,y/
Z*_>jx’1< [T i dg”“>>

celrrp(9)
SYWX

1s a well-defined group homomorphism. Furthermore, resi, = res% for any X ~w x and X' ~w X,
and the diagram
IT, ¥x c N
K1(Q(9)) ——— [ 2°(ry)
X

KreS(L) X
1 l]_[x I, resy,

K1(Q(G)) 2 T 28Ty

commutes, where x and X" run overIrr,(G)/~w andIrry(G")/~w, respectively. For any z € Q°(T'y)*,
one has

9
ev,yxl (resi, (z)) — H ey, (Z) <1ndg1X’,§>

cETrry(G)
S~W X
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if the factors on the right-hand side with non-zero exponent are all finite.

Before delving into the proof, we clarify that the last product is a shorthand for
ind9 +/
[T evn(a)o,

c€lrry(9)
SYWX

§|indg/X,

i.e. factors with exponent 0 are entirely disregarded (in particular, the product is finite). In other

words, we adopt the convention that 0° = co® = 1, which will be in place in other similar products

as well.

Proof. Asin [RW04] theorem 7, we define Map" (Irr,(G), Q¢(T'k)) as the set of all maps f: Irr,(G) —
Q°(T'k) such that f(s® p) = p*(f(s)) for all ¢ € Irr,(G) and p of type W. Here p is as in (2.25),
namely the field automorphism of Q¢(T'x) induced by p*(vx) = p(vx)VK. The ring structure of
Q°(I'k) induces a ring structure on Map" (Irr,(G), Q°(T'k)), the unit group of which is precisely
Map" (Irr, (G), Q°(T'k))* = Map™ (Irr,(G), Q°(T'k)*). The proof of the cited theorem shows that
§: Z(Q%(G))* — Map" (Trr,(G), Q°(Tk)*) (3.47)
2 [o = Jio(zeq)]

is a group isomorphism. In particular, given f € Map" (Trr,,(G), Q°(T'x)*) and ¢ € Irr,(G), one has
f(s) € j(Q(T)*) C Q°(T'k)*. For any such f, the map

res"V (f): Irry,(G') — Q°(Tk)*
do 1 s

c€lrr, (G)
is a well-defined element of Map" (Trr,(G), Q°(T'x+)*) under the vertical arrow in (3.45) by [RW04]

lemma 9.

The central square of the diagram

E1(Q(G)) — K1(Q(G)) —— Map" (Iir(G), Q°(T'x)")

JK 1°°(0) JK 1°(0) Jresw

K1(Q(G) —— Ki(Q9(G") —— Map" (T, ('), Q°(Tr)")

(3.48)
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where p and g/ are defined by commutativity of the triangles they are part of (note that ¢’ is an
isomorphism), commutes by the same result?!. The dashed vertical arrow is the homomorphism
(6" 'res'§, and its restriction to x- and x’-parts (in the domain and codomain, respectively) is
precisely the map resi, from the statement. The fact that it is invariant under p-twist of x and
X' is clear, since so are all elements of the diagram and the simple components of Z(Q¢(G))* and

Z(Q°(g")*. Tt can also be deduced directly from (3.46).

In order to determine the behaviour under twisted evaluation maps, we resort to the commutative
diagram

Q)" — = Q5 U {00}

Js
EVy g

Vv 1
QM) ———— Qu{oc}
iy
EVy g

QC(FK/)*

for ¢ € Irrp(G). We have already shown why the top and bottom faces commute (see for instance
the triangles in (2.26)), and the front face does for essentially the same reason: 7,, is mapped to 1

either way, and this determines the map uniquely. For any z € Q¢(I'y)*, one therefore has

» y in g/ l7
€Uy (resi,(z)) = €Uy, (]X/1< H jg(z)< dgrx <>>>

s€lrr, (G)
S~W X

. ind9 +/
—evm( [I i dgf”)

s€lrry(G)
S~YW X

: G
= EUyg ( H jc(z)<lndglx 7g>)
c€lrry(G)
S~W X
. ind?, x/,
= I evcGielz) o
s€lrry(G)
S~MW X
: G
ST e,

s€lrry (G)
S~MWX

21The lemma in question concerns Hom* (R, (G), Q(T'k)*), where R, (G) denotes the ring of virtual Artin characters
of G (cf. section 0.2). The essential difference between Map" and Hom* is that the latter adds a an extra Galois-
equivariance condition. However, the same proof shows the case of interest to us - one simply needs to replace P by
a finitely generated Q°(G)-module in the claim on p. 560 of [RWO04], and the objects in the commutative triangle on
p. 558 by their counterparts with scalars in Q.

126



Chapter 3. Basic properties

The only equalities which do not follow from the last diagram are the first one, which is simply the
definition of resi,, and the fourth one, which follows from remark 2.4.2 ii). [

One may be tempted to rewrite the product in (3.46) as
i : dg, /7 ®
H]<(2)<m g/ X X®p)
o

with p running over the type-W characters of G. We point out that the two expressions will differ
in general, since x ® p and x ® p may coincide even if p and p do not (cf. remark 2.4.6 1)).

The previous proposition establishes a relation between the Interpolation Conjectures for G and G,
and this in turn between the corresponding equivariant Main Conjectures:
Proposition 3.3.8. Setting D. Let a and 8 be chosen as in setting B for the extension Lo /K. In

particular, they are valid choices for Loo /K’ as explained above. Then:

i) Let x' € Irrp(G'). If IC(Loo /K, x, L, S, T, o, ) holds for all x € Irrp(G) dividing ind9, v/, then
so does IC(Loo/K', X', L, S(K"), T(K"), t, B).

i) eMC(Lo/K,L,S,T,, ) implies eMC(Lo/K',L,S(K'), T(K"),, ).
Proof. For each irreducible | ind9, X', let F g ’7@% € Q°(I'y)* be the unique series quotient satisfying

IC(Loo /K, x, L, S, T, c, 3). Choose a set =,/ of representatives of these y modulo ~y (we do not
claim that x | ind,x’ implies x ® p | ind%,x’) and define

FX' = H resi,(Fg’ﬁx) S QC(FX/)*.

XG:X/

Given a character ¢ € Irr,(G) which is W-equivalent to some (necessarily unique) x € =, set
oo = Foy € Q)" = (T

Note that if two W-equivalent characters y and Y both divide indg,x’ , one has Fg‘ﬁx = Fg 75)?
by proposition 2.5.2 so that the two definitions of F g 7@% (one from the Interpolation Conjecture

and one from the last equation) do not conflict. The same proposition shows that Fg 7 satisfies

IC(LOO/Kaga L7 S, Ta aaﬁ)'

Let p’ be a character of G’ of type W and choose a type-W character p of G such that resg, p=7r

as explained earlier. It is easy to see (for instance, using Frobenius reciprocity) that

indg, X' ®p)= (indg,xl) ® p. (3.49)
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Proposition 3.3.7 then yields

Vvvep (FX/) - H Uy ep (resi'(Fgéﬁxn
XGEX/

= H €V 1 (res§,®p,(F§’£X))
XGEX/

_ I I I I a,B \(indg, (x'®p')5)
- EVxg (FS,T,g) ¢’
XEE, s c€lrrp(G)
SYWX

Q, ind?, (x'®p’),
— H e”“/<<Fs£g>< o (X'®p"),5)
s€lrry (G)
<lindg, (x'®p’)
whenever all factors are finite, where the last equality follows from (3.49). Consider now the set
Q2 = {¢ € Irr,(G) such that ¢ ~y x for some x € =,/ }.
which coincides with
{¢ € Irr,(G) such that < | ind%, (x’' ® p') for some p’ of type W}
by (3.49). Then
B Lk 57(55,0)
Rg(oz, S)

for almost all ¢ € €. The finitely many ¢ where interpolation fails divide only finitely many
irreducible characters of G’ by (3.44), which implies that

EVr (Fgf:]g,g) =

17 - (indg, (x'®p")<)
, ind?, (x'®p'), g (LK,S,T(BQO))
SO R ) G S || ( P
c€lIrry(G) s€lIrry (G) S(a’ C)
<lindZ, (x'®p’) s|indg, (x'®p')

for almost all type-W characters p’ of G’. Now we simply use the functoriality of the regulated
special L-values, namely their behaviour with respect to character addition and induction. For the
leading coefficient at 0, this is lemma 0.3.1 iii) and iv). We cannot directly speak of functoriality
of the Stark-Tate regulator from section 2.3, since it was only defined for irreducible characters.
However, its relation to that defined in [Tat84| and the functorial properties of the latter suffice to

show
indg, ’ /7 _ N . 3
B Liesr (B, 0)\ O B L e e (B © () 7). 0))
c€lrrp(G) RS(aag) RS(K/)(a7X ®p)
dlindg, (x'®p')

More specifically, the equality of denominators is a consequence of equations 6.4 (1) and (2) on p. 29
of [Tat84] together with (3.9) above. Recall that Tate only considers S-modified Artin L-functions
(i.e. with T'= @), but the J-factors at places in T obey the same formalism as already argued in
the proof of proposition 3.1.1. This proves that F\, satisfies IC(Loo/K’, x', L, S(K'), T(K'), i, ).
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The implication of equivariant Main Conjectures follows readily. Suppose Cg? € K1(Q(G)) satisfies
eMC(Loo /K, L, S, T, a, 3). In particular, for each irreducible Artin character x of Irr,(G), the series
quotient FgTﬁX = sz(gg‘;ﬁ) € Q¢(T'y)* satisfies IC(Loo /K, x, L, S, T, e, 3). Define

¢ = K{*(1)(¢57) € Ki(Q(9")-

For a fixed x' € Irr,(G’), define =,/ as above and extend it to a set Z of representatives of
Irr,(G)/~w. Then by proposition 3.3.7, one has

Yo () = o (K50 (C)) = [T resk (n (€3 = [ res¥(FSR ) = [ resl (Fei,).
XEE XEE erX

where the last equality relies on the observation that, for x € =\ Z,/, the map resi, is identically

1. Note that by the proof of part i), the right-hand side is precisely the element F S K,
satistying 1C(Loo /K, ', L, S(K'), T(K'), ., B).

)T (K"),x

Moving on to the homological side, let
t*: Q(G) @) H' (Csr) = QG) ®a(g) H(Cyr)
and
: Q(G") @nn H' (Cyrenrry) = QG") @nign H(Ciren i)
denote the trivialisations induced by « as a homomorphism of A(G)- and A(G’)-modules, respectively,

as in (2.7). Then t* = ¢
which shows

o and C3 g iy = C:S’,T|A(g/) in the notation of lemma A.0.1 ii),

A(¢') = A(KI™(1)(C37)) = KE™(1,1)(2(¢7))
= K5™ (1, ) (=xa9),00) (Co1: 1))
= =xa6),06) (€515 gy P gan)
= —xa@).26) (C8(rcry 1(xc7)s o)

(for the second equality, see (0.31)). Therefore, (" satisfies eMC(Loo/K', L, S(K'), T(K'),, ). W

3.3.3 Reduction steps

We end this section, and by extension this chapter, by exploring the converse to the question treated
in the preceding lines, namely: can the conjectures for L,/K be deduced from their counterparts
for smaller extensions? The answer is affirmative if the latter are chosen appropriately, and we
give two examples of such possible choices. The technique we use mirrors the argument in [JN20]
section 10, the main difference being that the relation between the Interpolation Conjectures must
be proved in our setting - as opposed to the totally real case the cited paper is concerned with,

where p-adic L-functions interpolating L-values are known to exist.

Before proceeding with the outlined plan, we make a minor detour to state an immediate consequence

of the two preceding functoriality results. Only in this corollary do we dispense with the explicit
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notation of all parameters of the conjectures, opting instead for the abbreviations IC(Ly /K, x, 8)
and eMC(L /K, ) introduced at the beginning of the present chapter (recall theorem 3.0.1).

Corollary 3.3.9. Let the choice of an odd prime p and an isomorphism 3: C, = C be fived for all

congjectures below.

i) Suppose ]C’(EOO/Q, X, ) holds for every choice of EOO/K as in setting A with K = Q and every
X € Irry(Gal(Loo/Q)). Then so does IC(L' /K',x', 8) for any valid choice of L' /K" and any
X' € Irrp(Gal(LL, /K)).

ii) Suppose eMC(EOO/Q,B) holds for every choice of EOO/K as in setting A with K = Q. Then so
does eMC(L. /K',3) for any valid choice of L' /K.

Proof. Let Qx denote the cyclotomic Z,-extension of Q. Given L. /K’ as in the statement, choose
a number field L’ O K’ whose cyclotomic Z,-extension coincides with L. and define L as the Galois
closure of L'/Q. Its cyclotomic Zy-extension Lo is Galois over Q (as it coincides with E@oo) and
has finite degree over Q,, which means EOO /Q is a suitable extension for the formulation of the

conjectures. Propositions 3.3.8 and 3.3.6 now yield

IC(Loo/Q, X, B) for all x € Irry(Gal(Loo/Q))
= IC(Loo/K', X, B) for all X € Irr,(Gal(Loo /K"))
= IC(L/K', X', B) for all ' € Irrp(Gal(L.,/K"))

and
eMC(Lso/Q, B) = eMC(Lso/K', 8) = eMC(L. /K, B).

Returning to the main purpose of this subsection, the first step is to reduce the Interpolation
Conjecture to the case of linear characters, which conspicuously hints at Brauer’s induction theorem
0.2.1 and thus leads to the consideration of elementary groups. Since our treatment of Artin
characters of G often relies on factoring them through some finite layer, the following definition

from [JN20] section 10 should not come as a surprise:

Definition 3.3.10. Let p be a prime and G a profinite group which fits into a short exact sequence
H — G — T with H finite and T = Zy. Given a prime [, we say G is l-elementary if there exists an
open central subgroup I' = Z,, of G such that G /T is an l-elementary finite group (see for instance
section 0.2 for a definition). More generally, G is said to be elementary if it is [-elementary for at

least one [. O

In the notation of setting A, let x be an Artin character of G. Choose a finite quotient G, = G/T*"
over which y factors and denote the corresponding projection by X. By Brauer’s theorem, there

exists a decomposition
n

X = Z Zi 1nd%zx,
=1
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where z; € Z, H; is an elementary subgroup of G, and \; is a Qg—valued linear character of #,;.
The preimage H; of H; under G —» G,, is elementary in the sense defined above, and ); inflates to a
linear character \; = inf%ﬁi which fits into

X = zind§ X (3.51)
=1

As explained in the previous subsection, a choice of parameters as in setting B for L,/K yields a
natural set of parameters for Lo, /K7 for each i.

Lemma 3.3.11. Setting B. Given x € Irrp(G), choose a decomposition x =Y i z; indqg{i)\i as in
(3.51). For each i, set K* = L’ and L' = L5, Then, if IC(Loo/K?, N\;, L', S(K?), T(K?),c, B)
holds for all i, so does IC(L~/K,x,L,S,T,c,[3).

Proof. Let T'g: denote the Galois group over K' of its cyclotomic Z,-extension K = K, K"
M;

Restriction of Galois automorphisms yields an embedding I'gi < T'x with image I} * for some

M; € N. The formulation of the Interpolation Conjecture for A; contains the implicit choice of a

M;
topological generator g« of I' s, which we choose to be the unique preimage of vy,

Consider the injective ring homomorphisms

Q°(Ty,) 2% Q(T'k) 255 Q°(T'g),

where jgi is induced by I'ri — T', and Q°(T'y,) = Z(Q°(Gi)ey,) and jy,: Y, — 7}“21 = Vi are as
in section 2.4 (cf. proposition 2.4.4). Note that wy, = 1 because \; is linear.

Let F; = FS(X(I/B(i),T(Ki),Ai € Q¢(Ty,)* be the element predicted by IC(Ls /K*, \;, LY, S(K?), T(K?), a, B).
Recall that, for any type-W character p’ of H;, one has Q°(T'y,) = Q°(Txn,0p) € Z(Q°(Hi)enp)

and, as shown in proposition 2.5.2, F; also satisfies IC(Loo/K*, \; ® p', L', S(K®), T(K?), a, B).

Fix now a type-W character p of G and set p; = res%i p (which is a type-W character of H;) for
each 4. Define .
Fy = [ [ixGnen (F7)) € Q°(Tk)*.
i=1
We first prove an interpolation property for this element. Namely, for any type-W character p of
g, one has

n

n n
Fp’TK:ﬁ(')’K)*l = q]Kz (]X‘@Pi(Fz‘Zi))|TK:ﬁ(,yK)71 = l_[1 EUyk (]Kz (j)\i@ﬂi@ﬁi (FzZl))) = 1_[1 Uy 00,05 (Fz)Zl
1= 1= 1=

whenever all factors in the last product are finite (this is used in the first and last equalities). Here
pi = res%i p, the last equality is a property we have already encountered multiple times, and the
second one follows from the commutativity of

Xi®p; K Tre=p(vi)—1
Q(Tap) ——2% 5 Q°(y,) — 5y Qo(Iy) — 2L, e U {oc}
H l“ lﬁ“ H (3.52)
Jx;®p;®p; ¢ JK; c ev .
Q“(Dxepen) — ot Q%) ——— Q°(T'g) s Q5 U {oo}
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(recall that pf is the automorphism of Q°(I'g) determined by mapping vx to p(yx )7k, and analo-
gously for pf: Q°(Tx,) = Q°(Tk,), vk, = pi(VK)VK,)-

In order to determine the above product, let K; be the set of all p’ € /Cg( Ki)(Ai) such that

_ BN (L sy ey B @ pi) @ (¥)~1),0))
RZ(Ki)(a7 Ai @ pi ® p’)

ev’yki@)/ﬂz‘@/f Fz ’

which contains almost all type-W characters of H; by IC(Loo /Ky, \i ® ps, L, S(K?), T(K?), o, B). Tt

follows that, for almost all type-W characters p of G, one has: res%i (p) € K; for all 4. In particular,

e ML sy ey BN @ pi) @ 57 1),0)) Z

P‘TK =p(vx)—1 Hevw wosap; (F1) H

i=1 Rg(m)(a i @ p; @ pi)

_ BT T sr(Bx@p @571, 0)) (353)

Ri(o, x ® p® p)

for any such p, where the last equality is a consequence of
n n
XRpRp= Zzi(indgi)\i) RpRp= Z Z indgi()‘i ® pi @ Pi)
i=1 i=1
and an analogous argument to that for (3.50) (which is unaffected by the fact that the z; may be

negative).

We now prove that Fi lies in the image of Q¢(T'y)* SAN Q°(T'k)*. Suppose first that x ® p = x ® p’
for two type—CW—characters p and p’ of G. Then F, and F, take the same value at infinitely many
points of BiQp (0) by (3.53), since the regulated L-values for x ® p® p and x ® p’ ® p coincide for any
p. Thus, lemma 2.4.10 implies F,, = F,;. In particular, the map f: Irr,(G) — Q°(I'k)* given by

F,, <¢=x® p for some p of type W
&) =47 ’ ’ (3.54)

1, otherwise

is well defined.

We claim that f € Map" (Irr,(G), Q°(T'x)*) in the notation of the previous subsection (see the
proof of 3.3.7), i.e. f(s® p) = p*(f(s)) for all ¢ € Irr,(G) and p of type W. We distinguish three
cases:

o If ¢ ooy x then f(c®p) = f(s) = 1.

e If ¢ = x, one has

P(F00) = 1] G Gin HJK PhGin H]K niwes (F) = F(x @ p),

where the second and third equalities follow from an analogous diagram to (3.52).
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e If ¢ = x ® p for some p of type W, the previous case implies
fle@p)=fx® (p®p) = (5@ p) (F(X) = F(F(F(0))) = F(F(x © 7)) = P((s)).

Therefore, (3.47) implies that Fy = f(x) = jy(Fy) for some F}, € Q°(T'y)* C Z(Q%(G)ey)*. Now

the commutativity of

QC(FX) * QC(FK) Tr=p(vKr)—1 N @; U {OO}

Q°(Tyep) » Q5 U {oo}

for any p, together with (3.53), shows that FX € Q4(I'y)* satisfies IC(Loo /K, x, L, S, T, v, B). |

The following technical result will reduce the number of elementary subextensions which need to be

considered in order to deduce the Interpolation Conjecture for characters of Lo, /K:

Lemma 3.3.12. Let p, G and I' be as in setting A. Then, given any x € Irrp(G), there exists a
type-W character p of G such that x ® p factors through Gy = G/T.

Proof. Let X be the projection of x to a quotient G, = G/T?" through which it factors. Since the
subgroup I',, = I'/T?" is central in G,,, Clifford theory (cf. [CR81] theorem 11.1) implies reslgzy =el
for some e € N and A € Irrgg(I's). By the abelianity of I'y, A is linear and e = X(1) = x(1). In
particular, A(F)P" = A(7?") = 1 and so A(7) is a p"-th root of unity ¢ € Qp. Let pY be as in setting
A, that is, the index in 'k of the image of I' under the canonical projection G — I'iy. Choose
(e @, such that pr = ¢ and define p by (lifting to G) p(vx) = (. Then x ® p has the desired
property. |

The two preceding lemmas, together with some algebraic results from [JN20]|, allow us to charac-
terise the Interpolation and equivariant Main Conjectures for Lo, /K in terms of certain families of
subextensions. In doing so, we follow closely the approach in section 12 of the cited article. The
key difference is that no analogue of lemma 3.3.11 is needed there, since the existence of p-adic
L-functions which play the role of our Fg ’ﬁx is a known fact in the totally real case. Further-
more, it will be necessary for us to prove a certain Galois-invariance property of interpolating series
quotients.

As explained in remark 2.5.4, the connecting homomorphism 0: K1(Q(G)) — Ko(A(G), Q(G)) is
surjective for any G as in setting A. By the localisation sequence (0.27), its kernel is the image of
K1(A(9)) in K1(Q(G)), which implies the existence of a homomorphism

*

vg: Ko(A(9). 9) = ZCEO 41k (a@)) (3.55)

via the reduced norm.
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Remark 3.3.13. It is clear (alternatively, see [JN20| lemma 10.13) that eMC(Lo /K, L, S, T, v, )
can be reformulated as the combination of the claims:

e IC(Lo/K,x,L,S,T,c, ) holds for all x € Irrp(G).
e The product Fg’ﬁg =I1/mw Fgﬁx € Z(Q°(G))* of the interpolating series quotients lies in
Z(Q(G9))* (recall at this point diagram (3.12)).
e One has vg(—xa(g),0¢)(Cs7,tY)) = [Fg’ﬁg], where [—] denotes class modulo nr(K7(A(G))).
u

We introduce two families of one-dimensional compact p-adic Lie groups: on one hand,
S = {m;*(G}) : G an elementary subgroup of Gy},
where 7y denotes the canonical projection my: G — Gy = G/T" = Gal(L/K); and on the other,
&, ={G'/H' : G’ a p-elementary subgroup of G containing I, H' a finite normal subgroup of G'}.

Here the term elementary refers to the classical notion for finite groups in the case of S, and to the
notion from definition 3.3.10 in that of £,. Both families are finite, as I' is open in G and G has only

finitely many subgroups of finite order (they are all contained in H).

As described in the two preceding subsections, a choice of parameters for the formulation of the
Main Conjecture for L, /K yields parameters for the subextensions defined by elements of S and
&p. The choice of prolongations v of places of K to Q¢ plays no role, since, as already explained,
different prolongations give rise to naturally isomorphic modules.

Proposition 3.3.14. Setting B with p odd. The following are equivalent:
i) eMC(Loo/K,L,S,T,«,f3) holds.
ii) eMC(Loo/K' L', S(K'), T(K"), e, 8) holds for all G' € S, where K’ = LY, and L' = LK.

iii) eMC(L' JK' L',S(K"), T(K"),a,3) holds for all G'/H' € E,, where K' = LY., L', = LE' and
L' and o are constructed from the corresponding parameters for Loo/K' as in setting C' and

lemma 8.3.3, respectively.

Proof. The fact that i) implies ii) and iii) is a direct consequence of propositions 3.3.8 and 3.3.6. In

order to prove their respective converses, we rely on the reformulation from remark 3.3.13.

e ii) = i): We first need to show that IC(L /K, x, L, S, T, o, B) holds for any given x € Irr,(G).
By lemmas 2.5.2 and 3.3.12, we can assume Y factors through Gy. In particular, a Brauer
decomposition x = Y1 | % ind%i)\i as in (3.51) can be chosen such that I' C ker(\;) C H,; for
all 7. It follows that all ‘H; belong to S by construction, and thus lemma 3.3.11 immediately
yields IC(Lo /K, x, L, S, T, cv, B).
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The next step is to prove that Fgﬁg =I1/ow FSTX € Z(Q%(G))* lies in fact in Z(Q(9))*,
or equivalently by diagram (3.12), that it is Gg,-invariant. The proof of lemma 3.3.11 re-
alises each Fg ﬁx as the preimage of a certain map fy (f in the referenced proof) under the
isomorphism 6: Z(Q%(G))* = Map" (Irr,(G), Q¢(I'x)*). This isomorphism is in fact Gg,-
equivariant if one endows its codomain with the natural left Gg,-action (0g)(s) = o(g(c™'<))
for g € Map" (Irr,(G), Q°(T'k)*), s € Trrp(G) (cf. [RWO04] proof of theorem 8). Therefore, it
suffices to show that fg = Hx o fx is itself invariant under that action. But this is a direct
consequence of its definition (3.54) and the equivariant Main Conjecture for the G’ € S: given
o € Gg, and x € Irry(G) with Brauer decomposition as before (where we can again assume
I CH; €S8),onehas o x =31 2 ind%ia_lAi and hence

(0fg)(x) = o(fa(0™x)) = o(fo-1,(07X)) = (H]m Jo- 1 (F§ien micy.omn,)’ ')))
= HJKZ Jo=1x; (ngf(i)7T(Ki)7o-—l)\i)Zi)))

= H]Kl .7)\ Kl) T(K), ) )*))

= fg(X%

where K? = L% and the next-to-last equglity f'ollows‘from FS S KI) TN = =o(F g{fﬂ),T( K)o /\i),
which is in turn implied by eMC(Lo /K", LK", S(K"), T(K"), o, B) (see for instance the proof
of corollary 3.1.6). The only subtlety lies in the third equality, as it is not guaranteed that the
decomposition o~y = Yo % ind%iaflz\i was the one used to construct f,-1,. However,
the cited lemma shows that it is at least a wvalid one for the construction, and the uniqueness
of the interpolating elements (cf. remark 2.5.1 ii)) ensures that all choices of a decomposition
lead to the same map f,-1,. The same goes for the last equality. Since the value of o fg at
x determines its values at all p-twists of y, applying the above argument to a suitable set of

representatives of Irr,(G)/~w yields o fg = fg, as required.

We now move on to the equivariant part of the proof. For each G’ € S, the canonical em-
beddings tg/: A(G') — A(G) and tg: Q(G') — Q(G) induce restriction maps on K-theory as
explained in section 0.4. Furthermore, the homomorphism res" from the proof of proposition

3.3.7 gives rise to an arrow ¢z g making the diagram

Ki(G) —— Z(2(9))"

lK{es(Lg/) lbz,g/

Ki(G") = Z(Q(g")"

commute (cf. [JN20] (3.9)), which in particular factors as

iz01: 2 a2 A aigy

Now (0.31) implies the commutativity of
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Ko(A(G), Q(G) ———— 2D/ aian)
lﬂg' K(r)es(bgth/) il_[g/ [Lz,g/]

g'es g'es

with vgr as in (3.55). The proof of proposition 3.3.8, together with (3.48), shows that

[LZ,Q/]([Fs’T g]) [Féf’ﬁg/],

a,f3 _ o,

where FS,T,Q” = Hx’elrrp(g’)/NW FS(K,),T(K,),X, € Z(Q(G"))* C Z(Q°(g"))*. The cornerstone
of the present argument is the injectivity of the arrow []g/[tzg] in the last diagram, which is
a direct application of [JN20] corollary 10.12 (this is the reason we require p # 2). Since the

left vertical arrow sends —xx(g),0(6)(CS - t¥) to

[T K8 (grs 100 (—xa6).00)CE: %) = TT —xacon.06) (Corn.r( &)1 (g
ges Gres

by the proof of 3.3.8, vg(—xa(g),0(6)(C 1, t*)) is the unique preimage of Hg/es[Fgﬁg/] under
[geslizal ie [FSfg).

e iii) = i): The proof that IC(Ls /K, x, L, S, T, , B) holds for a given x € Irr,(G) is essentially
the same as above, the only difference being that the H; appearing in the Brauer decomposition
of x may not belong to &,. Instead, we reason as follows: each ); is a linear character of H;
(as before, we can assume I'" C ker();) C H;), and hence establishes an isomorphism between
Hi/ker();) and a finite subgroup of (Q%)*, which is necessarily cyclic. Set K = L and
Ki=r[&™ oK CKiCK CL.

Let K. be the cyclotomic Zp-extension of K' and denote Gal(Lso/K) = H N ker()\;)
by H;. Then H; is a normal subgroup of H; and A; factors through the abelian quotient
H;/H; = Gal(K /K% as a character A;. This quotient has a (central) open subgroup
Gal(K!_/K") = Zy, with cyclic factor group Gal(Ki/K") = H;/ker(\;) and is therefore p-
elementary in the sense of definition 3.3.10. In particular, H;/H; € &, and the Interpola-
tion Conjecture holds for A and thus also for \; by proposition 3.3.6 i). As a result, so
does IC(Loo /K, x, L, S, T, a, B). The fact that Fgy g = 1, /., FS7, € Z(Q%9))* is Gg,-
invariant follows from the analogous property for each H;, which is in turn a consequence of
all arrows of

TH;/H,;

2(@(y)" 2(Q(:/ 1)’
i ;

I e — [ <owy

X' €lrrp(Hi)/~w XEIrryp(Hi/Hi) /~w

being Gg,-equivariant and the equivariant Main Conjecture for H;/H; € £,. Recall that the

bottom arrow is an isomorphism on the components corresponding to characters which factor
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through H;, and identically 1 elsewhere (cf. lemma 3.3.1 iii)). Note that, given o € Gg, and
X' € Irrp(H;), X' factors through H; if and only if oy’ does.

The equivariant part of the proof is completely analogous to that for ii) = i), with the caveat
that the restriction maps (on K-theory, centres and characters) associated to G’ < G now
have to be composed with the projection maps arising from g/ /g : G — §'/H for G'/H' € &,
(these were studied in subsection 3.3.1). The full argument can be found in [JN20], specifically
in theorem 10.14 and the results leading up to it. We limit ourselves to pointing out that the

key commutative diagram is

Ko(A(G), 2(6)) & » 20Ok (a@)))
JHQ, K (vgrotgr) ng/ [tz,67]
[1 o(a(@). o)) — e [17 GIH) fowrr(a@ 1Y)
.
JHg/ H’ K(r)es(ﬂ'g’/H’ 7rQ’/H’) \LHQ, H/[WZ’QI/H/}
[ Ko(A@/H), Q@'/m) " T ZQETH e gy
G /Hee, G/ /HCE,

where the products in the middle row run over G’ for each G’ /H Ie &p and the composition of

the vertical arrows on the right is now injective by [JN20]| theorem 10.5.

Remark 3.3.15. The proof also shows that, in the notation of the statement of the proposition, the

following are equivalent:
i) IC(Loo/K, x,L,S,T, e, 8) holds for all x € Irr,(G).
ii) IC(Loo/K',N,L'",S(K'),T(K"),x, 5) holds for all G’ € S and all linear X € Irr,,(G’).
i) IC(LL,/K',\, L', S(K"), T(K'),a/, 8) holds for all G’/H' € £, and all linear \ € Irr,(G'/H').
([l
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Compatibility with existing conjectures

and new cases

As mentioned in the preceding chapters, setting A is, to a certain extent, a generalisation of that of
some existing Main Conjectures. Most notably, G = Gal(L~/K) is not required to be abelian, or
L totally real. In this final chapter, we make that claim precise by discussing the Main Conjectures
of Burns, Kurihara and Sano; and of Ritter and Weiss. Although more details will be given at the
beginning of each section, the conclusion is the following:

e In the abelian case, our conjecture recovers a slight modification of that in [BKS17]. This
allows us to deduce the validity of eMC (L~ /Q, ) whenever Lo, /Q is abelian.

e For a suitably defined CM extension Lo, /K, the minus part of our conjecture recovers that
in [RW04] for the maximal totally real subextension LZ /K. This implies that the minus part
of eMC(Lwo/K, ) holds (for extensions of that form) in the so-called = 0 case.

While not difficult, the proofs of these these equivalences necessitate some recalls on objects such
as determinant functors and Ext-modules of Iwasawa modules. We strive to do so in a moderately

self-contained manner.

We point out that the Main Conjecture from chapter 2 is by no means the most general conjecture in
Iwasawa theory of number fields in every possible regard. For instance, it is limited to the rank-one
cyclotomic case - which suggests a natural direction for further research.

4.1 The conjecture of Burns, Kurihara and Sano

The aim of this section is to prove that the Main Conjecture from chapter 2 is essentially equivalent
to that put forward by Burns, Kurihara and Sano in 2017 in the cases where both can be formulated.
Specifically, we are alluding to conjecture 3.1 in [BKS17], the setup of which was partially introduced
in section 1.5. As explained in said section, the main difference is that the cited article is restricted
to the case where Lo /K is an abelian extension, and in turn does not require K, to be the
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cyclotomic Zp-extension of K. In order to compare the two conjectures, therefore, we will be
working in setting B (sometimes simply A) under the additional assumption that G is abelian. By
“essentially equivalent” we mean that a claim about all characters must be replaced by one about
almost all characters - in line with our Main Conjecture.

Remark 4.1.1. The commutativity of G, and therefore of A(G), has profound implications. For
instance, it means that Q(G) is a commutative semisimple Artinian ring and therefore a finite prod-
uct of fields by Wedderburn’s theorem. In particular, the reduced norm becomes an isomorphism
nr: K1(Q(G)) = Q(G)*, which renders the equivariant Main Conjectures with and without unique-
ness equivalent (cf. remark 2.5.4 i)). Another consequence is that G = 'y x H and all irreducible

Artin characters of G are linear. O

Recall that theorem 1.5.4 also holds without assuming the abelianity of G and states the crucial
fact that the complexes employed by Burns, Kurihara and Sano and ourselves are isomorphic in
the derived category D(A(G)). The relevant invariants of complexes (determinant functors and
refined Euler characteristics) are unaffected by such isomorphisms, and thus it suffices to consider
our usual main complex C§7T moving forward. We need to introduce its finite-level counterpart: in
the notation of setting A, given n € N, we define the complex of A(G,,)-modules

CL..s1 =A(Gn) ®H&(g) Csr-

By lemma 3.3.5, C} ¢ is isomorphic in D(A(Gy)) to the complex introduced in [BKS17| p. 1535,
denoted by B} ¢ p in section 1.5 above. As stated in said article, Cg p = lim Cj ¢ p (cf. also the
proof of theorem 1.5.4) and Czn, s is a perfect complex which is acyclic outside degrees 0 and 1
and satisfies:

o HO(C}, s7) 2Ly @O}, s1-

o« H 1(sz ) fits into the short exact sequence of A(Gy)-modules
0— Can’s,T(p) — Hl(szS’T) — Xr,,,.s =0, (4.1)

where Cly,, s7(p) is the p-part of the (S, T)-ray class group Cly,, s of L, (see the proof of
proposition 1.4.4 for a definition).

Compare this with the cohomology of Cg . established in theorem 1.4.6. Since Clg,, s 7 is finite,

sequence (4.1) induces an isomorphism C, ®z,, H' (€1, s7) =2Cpoz, XL, 5.

The conjecture of Burns, Kurihara and Sano is formulated in terms of determinant functors of
these complexes. A brief introduction to these functors and some of their relevant properties can
be found in appendix B. We now explain how to express Detc,g,](Cp ®Hz“p CL.. S’T) in terms of
Detc,(g,(Cp @z, HO(szS’T)) and Detc, (g, (Cp ®z, Hl(CimS’T)). For simplicity, assume that Cg -
has a strictly perfect representative of the form

P* = [P'—=P] (4.2)
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in D(A(G)) with P% and P! free. This is always the case if the set T is chosen large enough that
O}, st is Z-torsion free for all n (cf. [BKS17| p. 1538 or [BH21| equation (12)). Since neither
conjecture depends on T (cf. subsection 3.2.3 and [BKS17| p. 1541), this assumption is harmless.
In particular, C7 ¢ has a strictly perfect representative Py = [PY — PL] in D(A(G,)) with P?
and P} free.

Split the four-term exact sequence induced by (4.2) into two short ones:

HO(CS, 5) — P Pl

After applying C, ®z, —, the semisimplicity of C,[G,] ensures the existence of splittings

, — H'Y(CI, o1)

Cp ®z, H° (Cl,.s7) — Cp®z, Py ———» Cp @z, W

which in turn induce isomorphisms

Detc,g,1(Cp ®z, H(C}, s.7)) ®c,(g,] Dete, g, (Cp ®z, W) — Dete, (6,(Cp @z, PY)  (4.3)
and

Detc, g,(Cp ®z, W) ®c, (g, Detc, (6. (Cp @z, H'(CL, 57)) — Dete,(6,(Cp @z, Pp)  (4.4)
as in (B.4). This allows for the following definition from [BKS17] paragraph 3B1:
Definition 4.1.2. Setting A with G abelian. Let 3: C, — C be a ring isomorphism. Assume T is
large enough that C§ ; has a strictly perfect representative P*® of the form (4.2).

Given x € Irr,(G), choose n € N such that x factorises over G,. Set Py = A(Gy) ®%(g) P*, which is
a strictly perfect representative of C7 . We define the Zj)-homomorphism A as the composition

Ax: Detp(g)(Cor) = Detp(g)(P°)
— Detg,)(Pn)
— Detc,[g,)(Cp @7, Pn)
= Detc, (g, (Cp @z, Pn) ®c,(g.] Detc,g.)(Cp ®z, Pa)~"
=+ Detc,g,]1(Cp @z, H°(CL, 57)) O, ig.] Detc,g,)(Cp @z, H'(CL, 5.7)) "
a1
1

= Detc, g Cp ®0Ln,ST) ®c,(g.) Detc, (g, ]((C ®z, XL, S) !
= Detc,(g,)(Cp ®z, XL,.s ) OC,[Gn] Det(cp[gn]((cp Rz, XLn,S)
— Cp[Ga]

— Cp.
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Here the first two arrows are induced by extension of scalars (cf. appendix B), whereas the fourth one
is given by (4.3), (4.4) and evaluation Detc, g, (Cp®z, W) ®¢, g, Detc, (6,1 (Cp©@z, W)™+ = Cp[Gn].
The last three arrows are, in order, the determinant Det(cp[gn]()\g g) of the p-adic Dirichlet regulator

)\57 g (definition 2.3.3), the evaluation map and the homomorphism induced by x (i.e. the projection
to e(x)C,p[Gn) = Cp). O

Remark 4.1.3. i) The definition in [BKS17] passes to the finite level Gy = Gal(LE™/K) instead
of G,,. However, the resulting map A, is identical by virtue of the surjection C,[G,] = C,[G,].
In particular, it is independent of the choice of n.

ii) Instead of irreducible (hence linear) p-adic Artin characters of G, the article considers linear
C-valued characters with open kernel - the collection of which is denoted by G. Note that 8
induces a group isomorphism Irr,(G) — G, x — Bx, and therefore everything can be formulated
in terms of Irry(G) instead.

iii) The homomorphism A, is known to be independent of the choice of a strictly perfect repre-
sentative P® of Cg 7, as well as splittings oy and o1 inducing sequences (4.3) and (4.4), by
the properties of determinant functors (see for instance [CKV93| p. 71). However, it is not
independent of the choice of 8: C, = C, - and hence neither is the conjecture in [BKS17].

iv) The condition on 7' is not necessary for the definition: the same map can be constructed
using an arbitrary representative P*® (this is indeed the case in [BKS17], although the explicit
construction is not given). This assumption, which will be dropped in the statement of the
conjecture below, appears above only to simplify the description of the maps. Recall that both
conjectures are independent of 7T'.

We are now in a position to state conjecture 3.1 from [BKS17]?2. However, in order to prove
equivalence with our conjecture (in the abelian case), it is necessary to apply a minor tweak to the
former. We refer to this as the modified BKS conjecture:

Conjecture (BKS(Lo/K,L,S,T,[3)). Setting A with G abelian.

There exists a generator® Lgr of the A(G)-module Det (g (CS.1) such that, for almost all ¢ € Irry(G),
one has A\y(Lsr) = B~ kS’T(,&ﬁ_l,O)).

Remark 4.1.4. Although perhaps not entirely evident, we claim that the above conjecture is indeed
equivalent to the outcome of replacing “every v € QX” by “almost every @ € Q’X” in [BKS17]
conjecture 3.1. We recall the following definitions therein, which will not be used beyond the scope

22The cited, published article contains the following erratum: the éX in the statement should read _C’;X, This has

been confirmed by the authors and is in fact correct in available versions of the article prior to publication.
#*Despite the notation, which is taken from [BKS17], this element is unrelated to the Ls7(x, f) € Cp, from Stark’s

conjecture Stark™ (L/K, x, f, S, T).
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of this remark: for ¢ € Irry(G), let

{vesS: Gy Cker(y)}], ¢#1

TBy,s =
1] -1, ¥ =1.

This is precisely the order of vanishing of the Artin L-function Li s7(8,s) at s =0 (i.e. rgy(S)
in the notation of section 0.3) - see for instance [BKS17] subsection 2A. It is immediate from the

definition that rg, g = T35

Given a character 1 € Irry(H) = Hom(H,Cy) (in the article: a x € A), let G, = G/ ker(n) (where
ker(n) is really a subgroup of H). We regard the canonical embedding Irr,(G,) < Irr,(G) as an
inclusion. Set

ry = |{v € 8: Gy C ker(n)}],
which is the number of places in S which split completely in ngir(") /K. Since Ko /K is the

cyclotomic Zjy-extension, that can only be the case for archimedean places.

Assume first BKS' (L /K, L, S, T, 3). Let € Irr,(H). By assumption, one has**

Ap(Lsr) =B (L sr(BY",0))

for almost all ¢ € Irrp(G). In particular, the same holds for almost all ¢ € Irr,(G,) C Irr,(G)
satisfying r, = rgy g (or any other condition). This shows one implication.

The converse is subtler because of the way characters are grouped in terms of Irr,(G,) in [BKS17]
conjecture 3.1. We first point out that it is not necessarily true that, for a given n € Irr,(H), one
has r, = rgy,g for almost all ¢ € Irr,(G,). For instance, if p # 2, L = Q((,), K = Lt (the maximal
totally real subfield of L), S is arbitrary and 7 is the non-trivial character of H = 7 /27, then
ry, = 0 but any ¢ € Irr,(G,) = Irr,(G) which is trivial on H will have 7, ¢ > 0 (as H contains the
decomposition groups of all archimedean places) and there are infinitely many such .

However, the following does hold: given 7 € Irr,(H), the equality 7, = 73, 5 is satisfied for almost
all 1 € Trr,(G) such that res$ ) = 7 (this latter condition is stricter than ¢ € Irry(G,) C Irry(G),
which just amounts to ker(n) C ker(¢)). To see why, observe that if ¢ € Irr,(G) restricts to 7, one
has

{v€ Sx: Gy Cker(yh)} = {v € Sx: Gy C ker(n)},

as all archimedean places have finite decomposition group and H contains all elements of G of
finite order. Therefore, any potential difference between 75y ¢ and r, must come from the non-

archimedean places, that is,
rgps 1y = {veSp: G, Cker(y)} #@.

But G, C ker(¢)) implies Nyes, Gy C ker(¢)), which is only satisfied by finitely many 1 (precisely
those which factor over the finite quotient G/ Nyes; Gu).

24In the notation of the article, LQ?S,T(/&//_I’O) is the coefficient of s” in the series expansion around 0, rather
than the value of the r-th derivative at 0 (see p. 1533). In particular, L;’lef;fs)(ﬂw_l, 0) = LkS?T(Bv,/)_l, 0).
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Having established this, the remaining implication follows easily: assume [BKS17| conjecture 3.1
with “every ¢ € Qn” replaced by “almost every ¥ € Qn”. The set Irr,(G) is the disjoint union of the
equivalence classes of the relation ¢ ~ 1)/ < res%w = resgﬂ// (although unnecessary, we know this is
precisely the W-twist equivalence relation ~y). Let C, be the the class represented by 1 € Irr,(G),
which in particular contains Irr,(Gy,). The assumption implies Ay (Lg7) = ﬂfl(L*K S’T(Bz/Fl,O))
for all ¢ € Irr,(G,) satisfying r, = rgy, g, which we have shown is the case for almost all ¢ € C,.
Now BKS'(L~ /K, L, S, T, 3) follows from the fact that there are only finitely many classes C,. O

In preparation for the central result of this section, we prove two technical results. The first one
concerns determinant functors and (somewhat in disguise) refined Euler characteristics:

Proposition 4.1.5. Let p: R — S be an injective homomorphism of commutative rings such such
that S is a flat right R-module (via ¢) and semisimple Artinian. Suppose given a strictly perfect
(cochain) complex P* of R-modules and an isomorphism of S-modules t: S @ g PEV™ =5 S @p PO
(in the notation of the beginning of section 2.1). Consider the composition

¢1: Detp(P*) — Dets(S @5 P*) = Dets(S @p P™™) ®s Detg(S @p P°I4) ™
lDets(t)®sld (4.5)
Detg(S ®p P°I) @g Detg(S @p PO~ % g

where arrows are defined as in appendiz B. Then, for any generator g of Detg(P®) as an R-module
(if it exists), one has pi(g) € S* C S.

i) Assume that [PV, t, P°Y] lies in the image of the connecting map 0: K1(S) — Ko(R,S) (cf.
(0.27)). Then any g as above satisfies
d(ei(9)) = [PV, 1, P, (4.6)
where p(g) € S* is regarded as an element of Ki(S) via the canonical injection S* — K;(S)
(cf. [CR8T] (40.27)).

i) Assume that [PV t, P°Y] = O(z) for some x € K1(S). Then there exists a generator g of
Detr(P*®) as an R-module such ¢i(g) = nr(z) € S*.

Proof. The first claim is immediate. If g generates Detr(P®) over R, then 1 ® g is a generator
of S ®g Detg(P*®) = Dets(S ®% P*) over S. The remaining maps defining ¢; are isomorphisms of
S-modules, and thus ¢;(g) € S generates S as an S-module - that is, it is a unit.

Recall that, since S is commutative semisimple, the reduced norm nr: K;(S) — S* is an isomor-
phism (cf. (0.32)) with obvious inverse s — [(s)].

i) We can assume without loss of generality that PV and P°3 are free: since [PeVe", ¢, Podd]
lies in im(9), its image [PeVe"] — [P°49] in K((R) is zero by exactness of (0.27). This implies
there exists a finitely generated projective R-module N such that PV*" ¢ N = P°dd ¢ N and

we can assume this sum to be free. Now define
e . 01a 1
P*=P*©[N—N].
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Then the relations of Ko(R, S) immediately imply [Peven ¢, Podd] = [peven ¢ gy 1, Podd] and
the isomorphisms

Det(F*") = Dets(P™™ & N) ™ Det(P™™) @ Deta (V).

Detp(P°4) =5 Detp(P°I) @ Detgr(IN) (analogously) and ev: Detg(N) ®g Detg(N)™* = R
induce an R-isomorphism f making the diagram

DetR(P.) L) S
|7
Detp(P*) —=% S
commute. Hence it suffices to show that d(¢sera(f(g))) = [PV, ¢ & 1d, P°3], which allows us

to assume P and P°4 to be free from now on. In particular, Detz(P¥") and Det g (P°4)

are free R-modules of rank 1.

In order to prove (4.6), we perform some simplification steps. Firstly, the theory of determinant
functors shows that [Peve® ¢, P°dd] = [Detp(PV°"), Detg(t), Detg(P°44)]. Choose and fix an
isomorphism of S-modules ¢: Detg(S @ P¥") = S. The commutative diagram

Detg(S ®g PV o), Detg(S @z PEVM)

L L

g wt(g) g

where horizontal arrows denote multiplication by the scalar ¢.(g) € S, implies that

[Detr(P), 01(g), Detr(PT)] = [R, ¢i(9), Rl = 0(¢1(9))

in Ko(R,S) (see relation i) in the definition of Ko(R,S) from section 0.4). This reduces the
proof of (4.6) to showing that

[Detr(P"), 0i(g), Det r(PV")] = [Detr(PV"), Detg(t), DetR(POdd)] ,

or equivalently,
[Det (PY"), Dets (t) o ¢i(g) ™", Detp(P*4)] = 0.

Equation (0.26) implies it suffices in turn to prove
#1(9)"! - Dets(t)(1 @ Detp(P™")) = 1® Detp(P*Y) € S ® Detp(P*),  (4.7)

as this would induce an isomorphism of R-modules

-1.De
Detp(PVe") 2 1 @ Detp(Pever) LU0 Dets(t),

1 ® Detr(P°IY) = Detr(P°49)
by the injectivity of R — S.

Fix an arbitrary generator g°d9 of Detp(P°4) as an R-module and consider the generator
g°4%* of Detr(P°9)~! = Homp(Detr(P°), R) uniquely determined by g°d%*(g°dd) =1 as
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ii)

described in lemma B.0.1. Then g = ¢®¥** ® ¢°44* for some generator ¢°"°" of Det(P¥"). To
see this, choose any generator §°V*" of Det g (P°"*") and note that, since both g and §ever @ godd:*
generate Detr(P*®), they must differ by a unit in R.

The image of g in Detg(S ®% P*) = (S @ Detg(PV")) ®s (S @ Detg(Po44)~1) is simply
(1® g°¥™) @ (1 ® g°44*), which the vertical arrow in (4.5) sends to

Dets(t)(1® g°") @ (1® g°10%) € (S ©p Detr(P°!)) @5 (S @r Detr(P9) ™).
But Detg(t)(1 ® ¢g°°") is equal to (s ® g°39) for some s € S, in which case one has
pi(9) = ev(Dets(t)(1® g") ® (1 ® g*44%)) = s

by definition of the dual generator g°d%*. Since ¢g°V*" and ¢°%¢ generate Detr(P°V*") and
Detr(P°49) over R respectively and Detg(t) is S-(and hence R-)equivariant, (4.7) follows.

By the same argument as above, we can assume without loss of generality that P¢ve" and P°dd
are free R-modules. In particular, Detg(P*®) is free of rank 1 and we may choose a generator
g'. Part i) implies 9(p4(g')) = [PeVe", ¢, P°Y] = 9(x).

By the exact sequence of K-theory (0.27), there exists ay € Ki(R) such that x = ¢:(¢' ) K1()(y)-
Then g = det(y)g’ is a generator of Detg(P*®) which satisfies

ei(g) = det(y)pi(g') = nr(K1(e)(y)ei(g')) = nr(x).

Remark 4.1.6. i) The connecting homomorphism 0: K;(Q(G)) — Ko(A(G), Q(9)) is surjective in

ii)

our case of interest, as explained in remark 2.5.4 ii). Therefore, the hypothesis in part i) of the

proposition is automatically satisfied.

The only reason for the flatness assumption is to ensure S ®H;% P* coincides with the result of
applying S ® p — to P* degree-wise, which allows us to state the proposition in a convenient
form for our purposes. However, the proof yields a completely analogous result without the
flatness requirement after replacing Detg(P*) — Detg(S @% P*) by

Detp(M) ®g Detg(N) ™! < Detg(S @p M) ®g Dets(S ®r N) 7L,

where M and N are two finitely generated projective R-modules playing the role of PV" and
Podd | respectively.

The second preparatory result, which is rather specific to our setting, will be instrumental in relating

the maps in our Main Conjecture to the A, from definition 4.1.2 used by Burns, Kurihara and

Sano:

Lemma 4.1.7. Setting A with G abelian. Let M and N be free A(G)-modules of the same rank and
7: M — N a homomorphism between them such that Q(G) @A) T 1S a Q(G)-isomorphism. For a

given x € Irr,(G), choose n € N large enough that x factorises through G,,. Denote by \; and A, the

composition of the left and right columns of the diagram
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Det p(g) (M) ®(g) Detpg)(N) ™! Detp(g) (M) ®a(g) Detagy(N) ™

Detqe(g,](Q) ©z, Mo ) @qe(g,] Detge(g,)(Q) @z, Npwn) ™! Detgg)(Q(G) @) M) ©o(g) Detog)(Q(G) @) N) ™

Detgg,,) (Qp@2, Trpn )@1d Detg(g)(Q(9)@a(g)7)®1d

Detqe(g,](Q) ©z, Nrom) ®ge(g,) Detgg(g,)(Q) @z, Nron) ™ Detg(g)(Q(9) ©a(g) N) ®g(g) Detogy(Q(G) @agy N) ™'

Q5G] (9)
X
Q

respectively. Then, for any generator g of Detpgy (M) @) Dety(g) (N)~t over A(G), one has
Alg) € Q(G)" and
N(g) = evn, (Pr(mrH (Ar(9)))),

where the maps Q(G)* LN K1(9(G)) P, Qc(I'y)* SN Qp U {oco} are given by remark 4.1.1 and
definitions 2.5.3 and 2.4.1.

Proof. Recall the notation —* for dual generators of determinant modules introduced in lemma
B.0.1. Since Detp(gy(M) and Detygy(N) ™! are free rank-one A(G)-modules, any g as in the state-
ment is necessarily of the form g = p®@v* for some generators y and v of Dety ) (M) and Det gy (N),
respectively. The two bottom arrows in the right column of the diagram are Q(G)-isomorphisms,
and therefore g is mapped under A, to a Q(G)-generator of Q(G), that is, a unit \.(g) € Q(G)*.

Consider the ring homomorphism —: A(G) - A(Gn) < Q[Gy], which induces a homomorphism of
A(G)-modules —: T' — Q}[Gn] ®p(g) T = Q) ®z, Ty for any A(G)-module T'. The elements 1 and
v* = U* generate Detqg(g,](Q) ®z, Mppn) and Detge(g,](Q; ®z, Nppn )™t over Q4[Gy], respectively
(see for instance (B.2)). Similarly, 1 ® u is a Q(G)-generator of Q(G) ®xg) Detpg)(M) (which
coincides with Detg(g)(Q(G) ®a(g) M)), and analogously for (1® v)* =1 @ v*.

Since v generates Detg)(IV), there exists an x € A(G) such that Detyg)(7)(1) = zv. It follows
that Detqg(g,](Q,®z, Tren ) (1) = TV and Detg () (Q(G)®ag)T) (1®n) = 2(18v) = x@v. Therefore,
the image of g = p ® v* in Qg[G,] (that is, under )\; minus the last arrow) is ev(zZV ® 7*) = 7,
whereas A\ (9) = M (p@1v*) =ev(z(1@7)®@ (1@7)") =2 € Q(G).

Finally, we apply (3.21) and (3.22) to P = A(G) and f = = (the endomorphism of A(G) given by
left multiplication by ) to conclude that

Ni(9) = x(@) = det(Homge[g,) (Vy. f)) = evy, (Y1 ([Q(G), Q(G) @a(g) f1)) = ey, (x (nr™ (A (9)))),

as desired. [ |

We are now in a position to prove the main result of this section:
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Theorem 4.1.8. Setting B with G abelian. The modified BKS conjecture BKS’ (Lo /K, L,S, T, 3)
holds if and only if eMC(Loo/K,L,S,T,c, ) does.

Proof. In this proof, we denote Detp(—) for a commutative ring R by Dr(—). In the diagrams
and displayed equations, we will simplify the notation of A(G),A(Gy), Q(G) and Q%(G) to A, Ay, Q
and Q° respectively. In diagrams, we will furthermore remove the subscript R from ®g when the

involved modules are of the form Detr(M) for some R-module M.

As explained after equation (4.2), we may assume C§ 1 has a representative in D(A(G)) of the form
P =[P% — P! (in degrees 0 and 1), with both P? free, by replacing the original set T with a
suitable one, which does not affect the validity of either conjecture. We set Pn = A(G,,) ®H/§(g) Pe.

The first step is to bridge some differences in the formulation of both conjectures. Let x € Irr,(G)
satisfy the kernel condition (KC). Choose an n € N such that x factors over G, = G/T?" and let
x.C,— denote e(x) - C, ®z, —, where e(x) € Q}[Gn] € C,[Gy] is the primitive central idempotent
corresponding to (the projection of) x. Then one has the following commutative diagram:

Da(C3r) Da(C3r)

~

Da, (Pr)

~

Dc,(g.](Cp ®z, P5'™") ® D, (g,1(Cp ®z, Pt~

Ax Dc, ) (x.c, HY(CE, s.7)) @ D6 (o0, HOCL, 57)) 7"

De,(6n) ((x,cpen) ™ H@ld

De, 6.1 (., HO(CE, 5:7)) @ D6 (e, HOCE, 50)) ™

CplGnl
5 X
(Cp Rs(O‘vX) Cp

Here the bottom arrow is to be understood as multiplication by the regulator Rg(a,x) € C,.
Commutativity follows from the fact that the right column is defined by essentially the same maps
as Ay (cf. definition 4.1.2, including the implicit choice of splittings o9 and o7), the difference being
that this time we take y-parts before the last step (which does not affect the resulting composition),

and we choose as the isomorphism

Dc, (6,] (., H(CE, 5.7)) = Deyign) (00, HO(CE, 57))

the map D, g,((x.c,5%) ") rather than DCp[gn](x,(Cp)‘g)- Since the Stark-Tate regulator Rg(a, X)
is precisely the determinant of the C,-action of  c, )\g o (x,cp¥n) on Home (g, (Vy, Hedd (C1, s1))5
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and determinant functors take endomorphisms of free modules to actual matrix determinants (cf.
(B.3)), a simple computation shows the diagram commutes indeed. This relies crucially on the fact
that x(1) = 1 by virtue of the abelianity of G.

Consider now the right column of said diagram. Since it does not feature the Dirichlet regulator
map, all arrows and objects after D A(CQ,T) can be replaced by their analogues with scalars in Qj
instead of C,. To do so, we also replace,  c,— by y— = e(x)- Q) ®z, —. Here we tacitly use the fact
that splittings exist over Qj, [Gr] by semisimplicity (the resulting map is independent of the choice
of splittings, similarly to remark 4.1.3). Let A\ : Dy(g) (CE',T) — Qg denote the composition of the

entire resulting column.

In order to relate the finite and infinite levels, we would like to shift the complex so that ¢% does
not need to be inverted (the trivialisation ¢t is a map from odd to even degree, too). This can
be done as follows: since PV*" and P°d are free A(G)-modules by assumption, D A(g)(PeVe™) and
Da(g) (P°dd) are free of rank 1. Let g®¥*® and ¢°%d be arbitrary respective generators. In particular,
godd,*

Da(g)(P*) = Da(g)(Cg ). This yields an isomorphism

even godd,*

is a generator of Dy (g) (P°4)~1 in the notation of lemma B.0.1, and ¢ generates

Lgcvcn ® Lgodd,* H DA(CL;"T) — DA(PGVBH) ® DA(POdd)il 1> DA(Peven)il ® DA(POdd) - DA(CA;,T[]']))

(4.8)
with geven and ¢goaax given by (B.5). Lemma B.0.2 then shows that the diagram
. Lgcvcn®L odd, * o
Da(C37) - » DA(C3r(1])
D, (Pr[1)
Das6.](Q5 ®z, Pr'") ™" ® Dogjg,1(Q5 ©z, Pat?)
A Das (6. (H " (CL, 57)) " © Dagl,) H(CL, 5:7) (4.9)
1d ®Dgg[g,,) (xn)
Dag 6,] G H ™ (CL, 57) ™) © Daglg,) G H T (CL,, s7)
eV
5 [Gn)
X
Q; )\X(geven®godd,*)72 , Q}c)

commutes, where the bottom arrow again denotes multiplication by the square of the inverse of
A (v @ goddH) ¢ (Qg)*. This relies on the fact that the arrow x: Qj[Gn] — Qj is a ring

homomorphism.
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The last necessary simplification in order to relate the finite- and infinite-level maps is to replace
the above morphisms in cohomology by maps on P°®. A convenient way to do so is to find a map
on integral level A(G) which induces both the finite-level splittings used in the construction of
Ay (definition 4.1.2); and the infinite-level splittings used in the construction of the refined Euler
characteristic (cf. (2.2)). This presents some difficulties, which are however not new: we encountered
essentially the same issue in the proof of proposition 3.2.2 (where « itself might not be invertible),
and we shall use the same workaround to resolve it. Namely, let my be the arrow in P* = [P — P1],
W = im(my) C P! its image, and 7, the surjection 7y : P! — H'(P®) = H! (C§r)- Chose splittings
oo and o for the complex Q(G) ®%(g) P* as in (2.2):

Q@p H(P®) —— Q@p PY » Q@ P! _Loam Q@p HY(P*)
Sy e
o0 QAW

We can scale og and o7 by regular elements elements dp,d; € A(I') € A(G) to obtain A(G)-
homomorphisms dyog: W — PV and dyoy: HY(P®) — P! (recall, for instance, equation (2.1)). By
lemma 2.2.1, there exists an ng € N such that multiplication by dod; (or, equivalently, its projection
dody € A(Gp)) is an automorphism of e(x)Q5[Gm] for all m > ng (simply take M = A(G)/(dod1)
regarded as a A(I')-module) as long as x doesn’t factor over G,,. This is essentially the same
argument as in (3.20).

Fix dg,d; and ng as above, which do not depend on the choice of a character x. Assume x factors
through G,, but not G,,,, and it still satisfies (KC). Let dp and é; be the images of dy and d; under
A(G) — A(Gn) — Q5[Gh] N Qg respectively, both of which are non-zero. Then 5ot - x(dooo) ppm
and 67! -\ (dyop)ppn are splittings for the finite-level sequences

X (7T'1 )Fpn

XHO(P.)FP" ’ xPOFP" ’ xPlrp" ” XHl(p.)FP"
x(”o%pn / ~_ (4.11)
\ 67 M (dior) ppn

661,X(d00'0)rpn XWFPn

Note that Prpr and Plpn coincide with P2 and P} respectively, and HO(P®)ppm = EL,.57 18
precisely \Z, ®z 0} g1 = XHO (Pr) by proposition 2.2.8 and the preceding results. The injectivity

of yWppn < Plppn then follows from a Q}-dimension argument.

We can now define our desired integral map
P Podd _ rpl — Hodd(rpo) oW ;' @ld Heven(/PO) oW — PO _ rpeven,

where t* is the integral trivialisation defined in (2.7), and the first and last arrows are given by
dym @ (d11d —(dyo1)m) and (dpog) @ dpId. These are simply the standard maps arising from a
split short exact sequence, only scaled by dp and d; to make them integral (which is why we write
(dio1) and (dpoyp) in brackets).
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Denote by Xx the composite map given by the second column of (4.9). Since the choice of splittings
implicit in the third vertical arrow is irrelevant, we can assume they coincide with those in (4.11)
on y-parts, after which an easy verification shows the commutativity of the leftmost square in our
last (and key) diagram

Da,, (P*[1])

Dn(QZ ®Zp ngen)fl ® Dn(Qg ®Zp ,Pgdd) DQ(QIPeven)fl ® DQ(QPOdd) — DQ(QzPeven)fl ® DQ(QPOdd)

).‘X Id ®Dn(@p®ZpTFpn) Id ®DQ(Q®AT) Id ®DQ((d0d1)_l~Q®AT)
Dn(@; ®Zp 'Pflven)_l ® Dn(Q; ®Zp szen) DQ(QPeven)—l ® DQ(QPeven) DQ(QPeven)—l ® DQ(QPeven)
ev ev ev
g d d —r
Qg[gn] 0 (doda) , O
X
. (6081)" e - (dod1)~" Y
" > Qp Q Q
nr nr
dod1)™"
KI(Q) ( 0 l) Kl(Q)
€V, Py €U~y Px
. Uv (5051)_T . UV
Qp U {oo} QU {oc}

where 7 = ranky P = ranky P!. In this diagram (and only there), we have made the following
further notational simplification: D, — and Q@— stand for Dqg[g,] and Q®\ —, respectively. Commu-
tativity of the bottom-right square follows from (3.21) and (3.22) (choosing f to be be multiplication
by (dod;1)" on a free rank one A(G)-module), and the rest is clear.

When taken together, the above diagrams draw a clear connection between the map A, of Burns,
Kurihara and Sano and our evaluation maps ev,, . In combination with the two previous lemmas,
this suffices to conclude the proof. We only need to consider characters y satisfying the following
condition:

ppe o n(S:e) ¢ ker(x). (KC)

n(S,a)

This is a slight strengthening of (KC) (i.e. TI?
x € I, (G).

Assume first BKS’(Loo /K, L, S, T, ) and let Lg 1 be the element predicted therein. As a generator
of Da(g)(CS 1) = Da(g)(PY") @a(g) Da(g) (Pedd)=1 it admits an expression Lg 1 = g°'*" ® g°I9* as
above. Set Lg 1 = (tgeven ® tgoaa,«)(LsT) € Dp(g)(CSp[1]) and define ¢ as the image of Lg7 under

¢ ker(x)) which still holds for almost all
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the composition

ev

Da(C7[1]) = Do(Q®@a P™") ' ®Do(Q®x P°M) = Do(Q®a P™") ' @Do(Q®a PT™) <% Q

where the middle arrow is Dg(g)((dod1) ™" - Q(G) ®a(g) 7). This amounts to the top row and first
vertical arrows in the fourth column of the last diagram above. Proposition 4.1.5 i) now shows that
¢ lies in lies in Q(G)*, which we identify with K;(Q(G)) via the reduced norm; and its inverse,
which we denote by ¢ € K1(Q(G)), satisfies

8(C) = _a(C) = —[POdd, (dodl)_l . Q ®A T, PeVen]

(beware the difference in shift between P*[1] here and P*® in the proposition). But (dod1) ™! - Q® 7
is precisely the map constructed from the trivialisation t* = Q(G) ®(g) t{' and the splittings oo
and o1 from (4.10). In other words, 9(¢) = —xa(g),0(6)(CS 1+ %) is the inverse of the refined Euler
characteristic of the trivialised complex (C§7T, t%). On the analytic side, we have

evy, (0 () = vy, (0 ()
= )"X(ZS,T)_l
- 5‘x(ﬁS,T)
B (L s57(8X,0))

Ry, )™t M (Lsr) =
* Ry(, X)

9

where = denotes that the equality holds for almost all x € Irr,(G) satisfying (KC’). The equalities
follow from, in order: multiplicativity of ev,, (this holds whenever the evaluation is neither 0 nor oo,
which is true a fortiori for almost all y by the remaining equalities); the last diagram above together
with lemma 4.1.7; diagram (4.9); diagram (4.1); and the assumption BKS’ (Lo /K, L, S, T, 3).

Since ¢ does not depend on x and the map v, is invariant under p-twists (see the explanation before
(2.29)), the element FSY@X =1y (¢) € QT'y)* satisfies IC(Loo/K, x, L, S, T, ax, 5). It follows that ¢
itself satisfies eMC(Loo /K, L, S, T, o, 3).

The converse is proved very similarly. Namely, suppose the zeta element Cg:ﬁ € K1(Q(G)) satisfies
eMC(L/K,L,S,T,, ). Then proposition 4.1.5 ii) yields a generator ENS;[ € Da(g)(Cg r[1]) which
is mapped to Cgrﬁ under the top row and rightmost column of the last diagram. The preimage Lg 1
of ES,T under the isomorphism tgeven ® Lgoaa» is a generator of Dy (g) (CQ’T) which can be easily
verified to have the interpolation property in BKS' (Lo /K, L, S, T, ) using the same argument as
above. |

Remark 4.1.9. It is a by-product of this theorem that our Main Conjecture is independent from the
choice a, as proved separately in subsection 3.2.2 - indeed, some of the core ideas of both arguments
coincide. Note, however, that the above result concerns the abelian case exclusively. ]

This settles the case “abelian over Q7 as well as, under some conditions, “abelian over imaginary
quadratic”
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Corollary 4.1.10. Setting B with G abelian. Conjecture eMC(L/Q, L, S, T, «, ) holds in the

following cases:

i) K=Q (s0p#2).

ii) K is an imaginary quadratic field where p does not split, and the p-invariant p(Xg) vanishes
(for the extension Lo /L). Condition u(Xg) = 0 is automatically satisfied if [L : K| is a power

of p.

Proof. Conjecture 3.1 from [BKS17| is known in both cases, which implies BKS’ (L~ /Q, L, S, T, )
by the above theorem. For part i), see the proof of [BKS17|, which in turn refers to [BG03|. Remark
6.1 ii) in the latter points to the original work of Mazur and Wiles.

For part ii), see [BH21] theorem 5.5 and proposition 5.6. [

Remark 4.1.11. As an application, we outline the proof of a new case of the Main Conjecture which
relies on the above corollary and the functoriality results from section 3.3. The relevance of this
example is that, to the best of our knowledge, it is not covered by existing formulations of a Main

Conjecture - let alone proved.

Consider setting B with K = Q (so p # 2) and Gal(L/Q) of the form A xZ/2Z, where A is abelian
of odd order and the non-trivial element of Z/27Z acts on A by inversion. Such a group is said to
be generalised dihedral. Assume furthermore that L4 is imaginary (quadratic) and satisfies the

conditions of part ii) of the corollary.

By proposition 3.3.14, the Main Conjecture for L.,/Q can be deduced from that for L., /LY for
each elementary subgroup U of Gal(L/K). It is easy to verify that any such U satisfies at least one
of the following;:

1) U< A.
2) |U| = 2.

The Main Conjecture for L/ LA holds by ii) of the corollary, which settles all subgroups of type
1) by proposition 3.3.8.

For U of type 2), it is convenient to recall the notion of so-called mazimal-order Main Conjectures.
These have the same structure as our equivariant Main Conjecture except for the fact that a preimage
in K1(Q(G)) of the refined Euler characteristic of the trivialised complex is claimed to have reduced
norm congruent to the analytic object modulo not the image of K (A(G)) (recall (3.55)), but rather
all of Z(9MM(G))*, where A(G) C M(G) C Q(G) denotes a maximal A(I')-order in Q(G) (note that
the resulting claim is weaker). These conjectures are known to enjoy similar functoriality properties
to the ones in chapter 3 and, more importantly, to decompose into x-parts (with x an irreducible

character), since so does 9M(G).

If U is of type 2), then one has Gal(Ls/LY) = T' x U and A(I" x U) is a maximal A(I')-order
in Q(I' x U). Therefore, it suffices to prove the maximal-order Main Conjecture for Lo,/Q by

152



Chapter 4. Compatibility with existing conjectures and new cases

functoriality - and for this, in turn, to prove the y-part of said conjecture for each x € Irr,(G).

We distinguish two further cases. If y is linear, it factors as a character of an abelian extension of
Q, in which case the full equivariant Main Conjecture is known by part i) of the corollary - and
therefore so is (the y-part of) the maximal-order conjecture.

If x is not linear, then [JN19| theorem 9.3 shows that y = ind(jal(L/ K>x’ for some non-trivial

irreducible character y’ of A. But then functoriality together with case 1) above yields the desired
conjecture. This covers the remaining cases and therefore concludes the argument. O

4.2 The conjecture of Ritter and Weiss

This last section studies the relation between our Main Conjecture and that formulated by Ritter
and Weiss in [RWO04], the first example of an equivariant Main Conjecture for arbitrary totally real
base field and one of the main motivations for the present work. It was proved in the so-called
“u =0 case” by the same authors in a series of articles leading up to [RW11]. Independently from
this, Kakde formulated and proved a Main Conjecture in [Kak13] which was shown to be equivalent
to that of Ritter and Weiss by, separately, Nickel (cf. [Nic13]) and Venjakob (cf. [Venl13]).

A common feature of the aforementioned conjectures is their limitation to the totally real case.
Through a duality argument, it will be shown that, whenever L is a CM field containing a primitive
p-th root of unity, the minus part of our Main Conjecture for Lo, /K is equivalent to the conjecture
of Ritter and Weiss for the maximal totally real subextension L} /K. The set of places T can be
disregarded altogether, as it is not featured in [RW04]. The setting is as follows:

Setting E. We consider the same objects as in setting A with the exception of T. The following

additional restrictions are imposed:
e K is totally real. In particular, p is odd.

e [ is a CM field containing a primitive p-th root of unity. The former amounts to the existence
of a totally real number field Lt C L such that [L : LT] = 2. This LT is necessarily a Galois
extension of K, as is its own cyclotomic Z,-extension L1 . We set Gt = Gal(LL /K).

The Galois group of L/L™ is generated by complex conjugation, which has order 2 and will be
denoted by 7 here. It identifies naturally with the generator of Gal(Ls/LL), which allows us to
write Gt = G /(7). O

We point out that the o and 8 from setting B are not necessary here for reasons which will become

apparent soon.

Since 7 is central in G and has order 2, every x € Irr,(G) satisfies either x(7) = x(1) or x(7) = —x(1).
We say x is totally even in the former case, and totally odd in the latter. We denote the
set of totally even Artin characters of G by Irr,(G)", which is in bijection with Irr,(G1); and
that of totally odd ones, by Irr,(G)~. The subgroup H = Gal(Lso/Ks) contains 7, and there-
fore the W-equivalence relation ~y introduced in section 2.2 restricts separately to Irr,(G)" and
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Irry(G) ™.

The primitive central idempotents e™ = (1 + 7)/2 and e~ = (1 — 7)/2 yield a ring decomposition
A(G) = eTA(G) x e~ A(G), and hence also for Q(G) and Q°(G). We denote the plus part of a A(G)-
module M by MT = et M, and analogously for its minus part M ~. An immediate computation
shows that M™ and M~ consist precisely of the elements of M upon which 7 acts as the identity
and as —1, respectively. Taking plus parts is an exact functor (whether one chooses the target
category to be that of left modules over A(G) or A(G)1), as is taking minus parts. Note that these
functors identify naturally with A(G)" ®,(g) — and A(G)™ ®(g) —, respectively. The canonical
augmentation map A(G) — A(G™") restricts to a ring isomorphism on A(G)" and to the zero map

on A(G)™.

The reduced norm and structure of Z(Q¢(G)) also decompose into plus and minus parts:

K1(0(0)) K1(0(0)") x K1(0(6)")

K1(0°(0)) K1(Q°(0)) x K1 (Q°(6)")

2(Q°(G))" Z(Q°(9)")" x Z(Q°(G)")
2 lz JZ

I[[ c<cwry = I[I <cwox I <@

x€lrp(G)/~w x€lrry (G)+/~w x€lrrp(9)~ /~w

This corresponds essentially to the discussion in the first part of subsection 3.3.1 for the particular
case H = (7). Recall in particular lemma 3.3.1 and the first few lines following remark 3.3.2.
Similarly, the relative K group decomposes canonically as

Ko(A(G), Q(9)) = Ko(A(9)", Q(9)") x Ko(AG),(9)7).

Although it will be stated in precise terms shortly, the shape of the “Main Conjecture on minus
parts” should be apparent from the above discussion. There is no need, however, for an analogue
of the Interpolation Conjecture: it follows from the well-known existence of p-adic L-functions and
a recent result of Ellerbrock and Nickel (cf. [EN22]). We briefly recall these concepts now.

The p-adic cyclotomic character of G (introduced in more generality in section 0.1) is the

homomorphism
Xeye: G = Gal(Loo/K) — Gal(K (up=)/K) — Z,, = Zzgl) X fp—1,

where ZS) = 1+ pZ, and p,—1 denote the principal units and the (p — 1)-th roots of unity in Z,,

respectively. Since complex conjugation acts on roots of unity as inversion, one has Xcyc(7) = —1.

The projection of Xcyc to ZI(,I) factors as a character of Gal(K«/K) = I'x = (vk) and is often
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denoted by k. The projection of xcyc to pp—1 factors as a character of Gal(K((,)/K) and its usual
notation is w: the Teichmiiller character.

Let x € Irr,(G) 1 be a totally even character of G. Then there exists a unique p-adic meromorphic
function Ly s(x, —): Z, — C, such that, for all integers » > 1, one has

Lyprs(x;1=71)=Lrs(xw™ ", 1—r). (4.12)

The right-hand side should be interpreted as 8~ (Lk s(B(xw™"),1 — 7)) for an arbitrarily chosen
B:C, = C. This notation, which is standard, reflects the classical fact - due to Siegel [Sie70] - that
the outcome is independent of that choice. The function L, x s(x, —) is known as the S-truncated
p-adic L-function attached to x. Its construction in the abelian case (i.e. for linear x) was given,
independently, by Pierrette Cassou-Nogueés in [Cas79|; Deligne and Ribet in [DR80]; and Barsky in
[Bar78|. Interpolation (4.12) at 0 (that is, for » = 1), which is the point of interest to us, was shown
to hold later on.

Greenberg extended the definition of L, k s beyond the abelian case by means of Brauer induction
(cf. |Gre83|). Note that interpolation at 0 does not follow automatically from the linear case due
to the potential vanishing of L-values in the denominator. However, Ellerbrock and Nickel have
shown it to hold through the study of bounds on denominators of Stickelberger elements along
cyclotomic towers. More precisely, (4.12) holds for » = 1 and arbitrary x € Irr,(G)* by [EN22]
theorem 3.

A crucial fact about p-adic L-functions is their relation to series quotients. Namely, in the above
notation, there exists a @), x5 € Qf ®q, Frac(Zy[[T]]) such that, for all s € Z;, one has

LPJ(,S(X’ 1—s)= (I)p,K,S,x(“(’YK)S —1).

These series quotients satisfy the usual functoriality properties and exhibit the following behaviour
under W-twists: for any p € Irr,(G) of type W, there is an equality

q)p,K,S,X®p(T) = (I)p,K,S,x(p('YK)(T +1)—1) (4.13)

(see for instance [RW04] p. 563). It is therefore natural to identify T with Tx = vx — 1 and thus
regard @), k s, as an element of Qf ®q, Frac(Zy[[Tk]]) = Q°(T'k), since then the above equation
becomes

Py K, S x2p = Pﬂ((I)ILKS,x)

in the notation of section 2.4.

In order to relate these power series to the Interpolation Conjecture on minus parts, we introduce the
continuous Zy-algebra automorphism teyc: A(G) — A(G) uniquely determined by teye(9) = Xeye(9)9g

s
cyc

for all g € G. This is a particular case of the ¢Z . from [JN19] section 6.1. It is easy to verify it
induces field automorphisms on Q(G) and Q¢(G), and therefore group automorphisms on K;(Q(G)),
K1(Q°(G)) and Z(Q°(G))* - all of which we denote by tcy. as well. Note that t.y. swaps plus and

minus parts, as feye(e) = e and feye(e”) = e™.
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Recall also the involution ¢ of A(G) given by g + ¢! introduced immediately before proposition

3.3.4, which induces a map ¢: Z(Q%(G))* — Z(Q°(G))*. Since the dual x of a character x € Irr,(G)
is precisely given by ¥(g) = x(¢7 '), a simple argument shows that ¢(y,) = v¢ € Z(Q%(G))*.

The following is a direct application of some results in [JN19]:

Lemma 4.2.1. Setting E. There exists a unique element Fgg € Z(Q(9)M)* € Z(Q(9))* such that,
for any x € Irrp(G)™, one has

jx(F;,g) =0y k.55 € Q°(Tk)",
where jy: Z(Q°(G)) — Q°(T'k)* denotes the map j5 from (2.29).

For each ¢ € Irrp(G)~, let Fgy = L(tCyC(Fg{g))% € QIy)* C Z(QG)™)* C Z(Q%G))*. Then
one has

e, (Fsp) = Lis(4,0) (4.14)

for all such v, where the notation of the right-hand is as in (4.12).

Proof. The first claim takes place entirely on plus parts and a brief proof can be found in [Nic13]
p. 1231. The argument is straightforward: the twisting property (4.13) together with the Map" -
description (3.47) of Z(Q¢(G1))* = Z(Q°(G)")* immediately yield a unique Féfg € Z(Q(g))*
with the asserted property. The fact that F;fg actually lies in Z(Q(G)")*, i.e. it is Gg,-invariant
(cf. (3.12)), is a direct consequence of behaviour of the Gg,-action on @,k s, (see for instance
[RWO04] p. 563 property (5) and p. 558 equation (*)).

Now the second claim follows from

€Uy, (Fsp) = €vyy (jtb(b(tcyC(F;g))))
= €Uy, (Jip(teye(Fgg)))
— v (4 (Fi))
=L, s(dw,1—1)
= Li s(Yww™,0)
= Li,s(4,0).

The map jiw is defined in [JN19] section 6.1. It will not appear again, so we shall dispense with its
definition. The two equalities involving it (third and fourth) are lemma 6.1 and equation (6.4) in
the cited article, whereas the remaining equalities are clear from the preceding discussion. Note at

this point that Yw is even, as the Teichmiiller character w is odd. |

Remark 4.2.2. i) Let p be a type-W character of G. Then Fg, and Fs g, coincide, since so do
ey and eyeg).

ii) For almost all ¢ € Irr,(G)~, the term L K,S(z/}, 0) is precisely the regulated leading coefficient

in the right-hand side of the interpolation property (2.28) (when ¢ = x ® p). The reason for

156



Chapter 4. Compatibility with existing conjectures and new cases

the apparent lack of 3 was explained after (4.12). As Ly s__ (1, s) never vanishes at s = 0 (for
¢ totally odd), the leading coefficient L7 5(1,0) coincides with the value L g(1),0) whenever
the Euler factors introduced by passing from Lg s to Lk s are non-zero, which is indeed the
case for almost all ¥ (this follows from a similar argument to lemma 3.2.7). By virtue of lemma
0.3.1v), Lk s(1,0) # 0 implies that the C,-vector space Homc,(g,1(Vy, Cp®z, XL, 5)) featured
in the definition of the regulator (definition 2.3.4) has dimension 0. In particular, Rg () =1
for any valid choice of a and S.

iii) Although not necessary for our purposes, the Gg,-invariance of H¢€Irrp(g)_ Jow Fsp €2 (0%(G)7)*

follows immediately from that of F' g‘ g- In other words, the former lies in Z(Q(G)™)".

Together with points i) and ii) above, the lemma immediately shows that IC(L~ /K, %, L, S, &, a, )
holds for any ¢ € Irr,(G)~ and any (irrelevant) choice of L, a and 3 (one may also add a set T' by
3.2.13). This covers the analytic side of our current pursuits. Before delving into the algebraic side,
however, we introduce a piece of notation and present the conjecture of Ritter and Weiss.

Let R be an integral domain and S = Frac(fi) its field of fractions. Suppose given an R-order R
inside an §—algebra25 S=8® 7 Bt Assume furthermore that S is semisimple. Then the canonical
embedding R — S satisfies the conditions of the ¢ in section 2.1 - that is, S is flat as an R-module.
A perfect complex C® of R-modules with R-torsion cohomology admits only one trivialisation over
S, namely the zero map. Accordingly, we set

[C°] = xr,5(C*,0) € Ko(R, S), (4.15)

where the right-hand side denotes the refined Euler characteristic defined in (2.3). If M is an R-
torsion R-module of finite projective dimension over R, then M[0] is a perfect complex (isomorphic
in D(R) to any finite projective resolution of M) and one may define

[M] = [M[0]] = xr,s(M[0],0) € Ko(R,S).

It can be shown that, for any short exact sequence of complexes C} — C3 — C3 with each C} as C*®
above, one has [C3] = [C}]+[C3] in Ko(R,S). Note that this is a particular instance of the additivity
of refined Euler characteristics which appeared in subsection 3.2.3. An analogous relation holds for
any short exact sequence of R-modules M7 < My —» Mg with each M; as M above.

Let us specialise to our case of interest R = A(T) in the notation of setting E. The relevant A(T)-
orders are A(G) and its plus and minus parts. In a few lines, the localisations of these objects at
height-one prime ideals of A(I") will be considered as well. Let 7$(G™) denote the global complex
constructed in section 1.1 for the specific extension LI /K, which was shown to be perfect in
proposition 1.4.3. Its cohomology (determined in proposition 1.1.1) is indeed A(I")-torsion: this is
clear for HY(T$(G")) = Zy, and it follows from theorem 1.0.3 (the weak Leopoldt conjecture) and
the fact that L™ is totally real for HO(T$(G1)) = Xs(GT) by [NSW20] 10.3.22. Therefore, 7$(GT)
defines a class [T$(GT)] € Ko(A(GT), Q(GT)) as explained above. This accounts for the lack of a

25There should be no ambiguity between the ring S and the set of places S. In this section, the former (whose
notation is carried over from section 2.1) appears only in the current paragraph, and the latter only outside of it.
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trivialisation, or an analogous map to « (cf. setting B), in [RWO04]. In the context of setting E, the
Main Conjecture of Ritter and Weiss is the following assertion:

Conjecture (RW(LY /K, S)). Setting E.

There exists an element (;r € K1(Q(G™")) such that (9((;) = [T2(GT)] € Ko(A(GT),Q(GT)) and
nr(C;) = Fg‘fg € Z(Q(G)™)*, where F;{g is as in lemma 4.2.1.

Remark 4.2.3. i) The original conjecture in [RW04] p. 564 is formulated in a slightly more general
setting than the above. Namely, it is only required that LI, be the cyclotomic Z,-extension
of a totally real number field K’ containing K - under no assumption that K’ is of the form
L™*. However, the possibility of a direct comparison with our Main Conjecture seems unclear
in that generality, as it will shortly become apparent that the argument relating the two relies
on the notion of plus and minus parts, as well as the cyclotomic character and Tate twists. We

will briefly touch on this topic again after theorem 4.2.5.

ii) The assertion in RW(LZ1 /K, S) is not identical to, but rather an exact reformulation of, that in
[RWO04]. This follows from the argument in [Nic13| p. 1231. Essentially, our Fgfg € Z(Q(G)H)*
corresponds to the Ly ¢ € Hom*(R,(G"), Q°(T'k)*) of Ritter and Weiss by theorem 8 in their
article; and the Og therein coincides with [T$(G1)] by equation (1.17) and [Nic13] theorem 2.4.

iii) The conjecture in [RW04] includes a uniqueness quantifier on ¢ (such that nr(¢d) = Fg, g)- The
relation between the resulting claim and RW(LZ /K, S) mirrors that between the equivariant
Main Conjectures with and without uniqueness from section 2.5. Since this has already been

discussed (see for instance remark 2.5.4 1)), we limit ourselves to the version formulated above.

Our aim is to prove the equivalence of eMC(Lo /K, L, S, T, o, 3) on minus parts and RW(LL /K, S).
Consider first the minus part of the main complex Cg , constructed in section 1.4 for the extension
Lo /K and T'= @. More formally, this refers to the perfect complex of A(G)™-modules

Cg™ =AG)” ®%(g) CSo-

By the exactness of the minus-parts functor, A(G)~ ®%(g) — amounts to degree-wise A(G)™ @ gy —
and there are equalities H(Cy ™) = H "(Ck‘g’g)* at all degrees i. Theorem 1.4.6 therefore implies
HO(CY™) = Eg, = Eg, as well as the existence of a short exact sequence

0— X~ — HY(Cy™) — X5 — 0. (4.16)

The term Eg can be determined using [NSW20] theorem 11.3.11 ii). Set G = Gal(Lso/LT). Since

e~ € A(G), it is enough to consider the module structure of Eg over this Iwasawa algebra (this
is necessary due to the setup of section XI§3 in the reference). One then has an isomorphism
Es = 7Z,1)® (Ind%ﬂZp)‘Sm(Lﬂ'. The summand Z,(1) is the inverse limit of the p-power roots of
unity along Le/L, and lies in Eg because complex conjugation 7 acts on it as —1. The second
summand vanishes on minus parts, as

~

e_Ind<gT>Zp = e_A(QN) ®A((T>) Zp = A(g) ®A((7—)) B_Zp =0.
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Hence, H(C§ ™) = Eg = Zy(1) (also as a A(G)-module) is A(T)-torsion. As for sequence (4.16),
one has
Xy =Yg =Y,

by the same argument as above. Both X¢"~ and Xg = ygf are A(T")-torsion as well: the former
is so even before taking minus parts, as explained shortly after (2.7), whereas the latter has finite
Zy-rank.

The upshot is that the main complex C§ ,; defines a class [CT7] € Ko(A(G)™,Q(G)7) C Ko(A(G), Q(9))
on minus parts without the need for a map «. In light of this, as well as remark 4.2.2, the minus
part of eMC(Lo /K, L, S, @, o, B) is precisely the following assertion, which we unoriginally refer to
as the equivariant Main Conjecture on minus parts:

Conjecture (eMC™ (Lo /K, S)). Setting E.
There exists an element (5 € K1(Q(G)™) such that 9((g) = —[C ] € Ko(A(G)™,Q(G)™) and, for

any x € Irrpy(G)~, one has ¥\ (Cg) = Fs, € Q°(I'y)*, where Fs, is as in lemma 4.2.1 (with x
replaced by 1) ).

The fundamental algebraic result which will allow us to relate RW(LZ /K, S) to eMC™ (Lo /K, S) is
(essentially) [JN20] theorem A.8. Intuitively, it states that a relation of the form d(z) = y, nr(z) = z,
where z € K1(Q(G)), is preserved (meaning it still holds for a possibly different z) if one replaces y
by a similar enough y' € Ko(A(G), Q(G)). The y of interest to us is [7$(GT)], but some brief recalls
are in order before ¢’ can be introduced. Our reference is [NSW20] section V§4.

Given a finitely generated left A(G)-module M and i € N, we set E‘(M) = Extﬁx(g) (M,A(G)),
that is, the i-th right derived functor of Homy g)(—, A(G)) applied to M. The left A(G)-action on
Homy g)(N, A(G)) (for arbitrary N) given by (Af)(n) = f(n):(\), where ¢ is the involution of A(G)
introduced before (3.39), endows E*(M) with a left A(G)-module structure. Some basic properties
of these Ext-groups include the following:

i) There are A(T')-isomorphisms Exta(g)(M,A(g)) = Extix(r)(M,A(I‘)) for each i € N (see
[INSW20| proposition 5.4.17 and recall that A(G) is Noetherian).

ii) E°(M) = Homygy(M,A(G)), which is trivial if M is A(T)-torsion by i).

iii) If M is A(T)-torsion, then so is E*(M). If, in addition, u(M) = 0 (as defined after theorem
0.1.3), then E'(M) = Homg, (M, Zp) (cf. [NSW20] corollary 5.5.7).

iv) EY(M) = 0 for all i > 3, since the global dimension of A(T) is 2.
Returning to our complex of interest, it is possible to show that C§ , has a representative in D(A(G))

0 1
of the form [A— B] with B projective and pdag) A < 1. Passing to minus parts, this implies the

existence of an exact sequence

0—Zy(1) > A~ — B~ — H'(Cy™) — 0,
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where the middle arrow represents Cg~ in D(A(G)™) (and also in D(A(G))). Now a straightforward
homological computation shows that

B HY(CE)), i=0
H'(RHomyg)(C3 ™, A9))) = § EY(Zy(1)) = Zp(—1), i=1
0, otherwise.

The correct complex 3 to compare to T¢(G") is the Tate twist RHomyg)(Cg~,A(G))(1). Here
and below, the notation —(r) on a complex of modules over A(G) (or a related ring) formally refers
to Zy(r) ®HZ‘p —. This amounts to applying Z,(r) ®z, — (i.e. taking the usual r-th Tate twist) on

each degree, and it commutes with cohomology.

The last preparatory step is to show that the two aforementioned complexes are indeed similar
enough - in a sense which is made precise by localisation. Given a height-one prime ideal p of A(T),
let Ay(I") denote the corresponding localisation and set Ap(G) = Ap(T') ® () A(G). Localisation at
p constitutes a exact functor from the category of left A(G)-modules to that of Ap(G)-modules and
induces a functor on the corresponding categories of cochain complexes in the usual way.

Proposition 4.2.4. Setting E. For each height-one prime ideal p of A(T"), one has
[RHomyg)(C5 ™, AG))(1)p] = [TS(GT)s]
in Ko(Ap(9), 2(G)).

Proof. We first point out that the classes of the complexes in the statement are well defined in
the sense of (4.15). Indeed, Ay(G) is a Ap(I')-order in the Frac(Ay(I')) = Q(I')-algebra Q(G), and
both complexes have Ap(I')-torsion cohomology - they do even before localising by the preceding
discussion. Here we are tacitly using the fact that E! preserves torsionness.

Consider the short exact sequence (4.16), whose last non-zero term was shown to coincide with ygf.
In the associated long exact Ext-sequence

o BUXGT) = BN(Vs,) = BUHNCYT)) = BN XST) = B2 (Vg,) = -

the terms E°(X¢"") and EQ(ygf) vanish. The former does by property ii) of E? above, whereas
in the case of the latter, vanishing follows immediately from the length-one projective resolution of
Indgv Z,, constructed in the proof of corollary 3.2.6. Thus, we obtain a short exact sequence on the
El-terms.

cs,—

In order to apply Kummer duality, E*(Xg"") must be replaced by E'(X,,.), which can be achieved
as follows: start at the five-term exact sequence of A(G)-modules

0— Egs,, —>ES—>@ @ Lp-wp — X§ — Xg — 0,
n wnESf(Ln)
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which is constructed in a completely analogous manner to (3.25) (note that Xg’ is precisely X).
As explained in remark 3.2.4, the non-p-adic places are irrelevant in the middle term, which therefore
becomes Vs, . Since Eg = Eg = Z,(1) (apply [NSW20] theorem 11.3.11 as before), the sequence
Vg, = Xpr = X&' is exact. Using the same Ext-sequence argument as above results in a new

short exact sequence on E'-terms which, when spliced with the previous one, yields

0— E'(Ys,) = B (H'(CY)) » B'(X,,) — E'(Vg,) = 0. (4.17)

Less effort is needed on plus parts. Let (S;\ Sp)P* denote the set of v € Sy \ S, such that LT
contains a primitive p-th root of unity locally at any (equivalently, all) prolongations of v. Then
there exists a short exact sequence of A(G)-modules
+
0—» & Indg;r (Zp(1)) = Xs(GT) = X5 us,(G1) =0 (4.18)
ve(Sp\Sp)Pt
by [NSW20| theorem 11.3.5. A simple computation shows that
+ —
@ Indgj(Zp(l)) = y(sf\sp)p+(1)~
vE(Sf\Sp)Pt
Furthermore, Y, vanishes for any v € Sy \ Sp which does not lie in (Sy\ Sp)P*: for any such v
and any arbitrarily chosen prolongation of w of v to L, the extension L/L" is not trivial locally at
w (L does contain (), and therefore 7 € Gal(L/L"),,. As a consequence, one may replace the first

non-zero term of (4.18) by ygf\sp(l).

The relation between (4.17) and (4.18) comes in the form of Kummer duality, which provides a

pseudo-isomorphism
Xs.s,(G7)(=1) = EN(X,)

(see [INSW20| corollary 11.4.4 or, more in line with our notation, [Sha| corollary 3.4.8). In order to
prove the claim in the proposition, we distinguish two cases:

e If p is the singular prime pA(I'): Any A(G)-module which is finitely generated over Z, van-

ishes after localisation at p by the structure theorem 0.1.3. This is the case for the degree-1
cohomology modules of both RHomyg)(Cg ™, A(G))(1) and T¢$(G*). In particular, one has
[RHom, () (C3 ™, A(G))(1)p] = [H’(RHomyg)(C5 ™, A(G))(1)p)]
= [H°(RHomyg)(Cy ™, A(G)))(1),]
= [E'(H'(Cg))(1),]

and [T(G1)p] = [HY(TE(GT)),] = [Xs(GM),] in Ko(Ap(G), Q(G)). Note that the degree-
0 cohomology modules have a fortiori finite projective dimension when localised at p, as

)(
) (

localisation preserves perfectness.

Localise now (4.17) and (4.18) at p, which causes the terms of the form J_ and E'()_) to
vanish by their finite-generatedness over Z,. This results in

[EY(H(Cy))(1)p] = [EN(X5) (1] = [Xsus, (G7)p] = [X5(GT),],

the middle equality being Kummer duality, which concludes the proof of the singular case.
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e If p is a regular (that is, not the singular) prime: The localisation A,(G) is known to have the

following property: any finitely generated A,(G)-module has finite projective dimension (cf.
[Swa68]). In particular, the class in Ko(Ay(G), Q(G)) of a perfect complex with A(T"),-torsion
cohomology can be computed as an alternating sum of the classes of its cohomology modules.
Using this fact, together with (4.17) and (4.18), Kummer duality and the obvious short exact
sequence ygf\ S, — ygf —» ygp , yields the desired result.

[
Now the main result of this section follows easily:
Theorem 4.2.5. Setting E. Conjecture eMC™ (L~ /K, S) holds if and only if RW(LL /K, S) does.

Proof. Suppose first that (¢ € K1(Q(G")) C K1(Q(G)) satisfies RW(L1 /K, S), s0 (¢d) = [TS(GT)]
and nr(C;r) = Fgfg. Apply proposition 4.2.4 above and [JN20] theorem A.8 to conclude that there
exists a Cg such that 9((g) = [RHomgy(Cy ™, A(G))(1)] and nr(Cs) = F;fg. We stress that hy-
pothesis (ii) of the cited theorem may not be satisfied, but its proof shows that hypotheses (i) and
(ii) can be replaced by the property in proposition 4.2.4.

Set (g = U(teye(Cs)?), where t denotes the transpose. For all y € Trr,,(G)~, one has

Uy (Cg) = nr(Cg)ex = tlteye(Fg))ex = Fsuy
(see lemma 4.2.1 for the last equality).

On the homological side, it is well known that O(teyc(x)) = 0(z)(—1) for any = € K(Q(G));
and if, furthermore, d(z) = [C®] for a perfect A(G)-complex with torsion cohomology, then one
has (¢(z')) = —[RHomy(gy(C*, A(G))]. It follows that 9(Cg) = —[Cg ™|, and hence (g satisfies
eMC™ (L /K, 5).

A completely symmetric argument proves the converse. |

As explained in remark 4.2.3 i), setting E does not cover all cases for which the original conjecture
of Ritter and Weiss can be formulated. However, if RW(LZ /K, S) holds in general, then so does
their original conjecture by the functoriality properties of the latter. The above theorem shows that
this is the case if eMC™ (Lo /K, .S) holds in full generality - which would in turn be implied by the

equivariant Main Conjecture from section 2.5.

We conclude with some immediate consequences of the last theorem:

Corollary 4.2.6. Setting E. Conjecture eMC™ (L /K, S) holds in the following cases:

i) The p-invariant of Xg(G1) vanishes. For instance, this is always the case if Lt is an abelian
extension of Q.

ii) G has an abelian Sylow p-subgroup.
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Proof. In the case u(Xs(G")) = 0, RW(L1 /K,S) is known by [RW11] or [Kak13|. The second
statement in part i) is the celebrated Ferrero-Washington theorem from [FW79|. Part ii) follows
from corollary 1.2 in [JN20]. [ ]

Recall at this point that the vanishing of the p-invariant for the cyclotomic Z,-extension of any

number field was conjectured by Iwasawa.
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Appendix A

Functoriality of refined Euler
characteristics

We show that refined Euler characteristics (as defined in section 2.1) behave well with respect to
derived extension and restriction of scalars. This is probably known to experts, as the proof amounts
to a formal verification, but the author is not aware of any reference for the precise formulation
required above. Given a ring homomorphism f: R — S, we denote the corresponding extension-
and restriction-of-scalars functors by S ®p —: zmlR — ,‘Jﬁls and —|g: imls — S)JTZR, respectively,
where E)JTIR denotes the category of left R-modules and analogously for mtg Recall the notation
Ko(p,0): Ko(R,S) = Ko(R',S") and K§*=(p,0): Ko(R',S") — Ko(R, S) from diagrams (0.30) and
(0.31).

Lemma A.0.1. Let
R—*-S
Lol
R g
be a commutative diagram of ring homomorphisms. Suppose that S and S’ are semisimple, S is flat

as a right R-module via @ and S’ is flat as a right R'-module via ©'. Then:

i) Let C*® be a perfect complex of left R-modules and t a trivialisation, that is, an isomorphism
t: S@p HOM(C*) = S @gr HV™(C®). Then t induces a trivialisation

t’: S/ Qg Hodd(R/ ®% Co) N S/ Qp/ Heven(R/ ®H]:2 Co)

such that
Ko(p,0)(xr,s(C*,1) = xr 5 (R @ C*,¥).

ii) Assume that R is a finitely generated projective R-module via p. Let C® be a perfect complex
of left R -modules and t: S’ Qg HOdd(C') g Qg Heven(C') a trivialisation. Then C.|R 5 a
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perfect complex of R-modules, t|S s a trivialisation for it, and one has
K3 (,0) (x5 (C* 1) = Xms(C°) o],
Proof. 1) We assume first that C® is strictly perfect and denote it by P*® to avoid confusion with
the general case. The following facts will be relevant:

1) (R ®% P*)! = R ®g P?, where the left-hand side denotes the i-th cochain module of
R ®% P*. In other words, the complex R’ ®% P* is the result of applying R ®p — to
P* degree-wise (and also to the differentials). This is an immediate consequence of P°
being projective for all i. Since R’ @ g — sends finitely generated projective R-modules to

finitely generated projective R’-modules, R’ ®HI§ P is strictly perfect as well. In particular,
(S/ ®]L/ (R/ ®Hfz 7)0))1 — S/ Qps (R/ ®r rpz)

2) For the same reason as above, (S ®% P®)! = S @ P!. The semisimplicity of S therefore
implies
(8" ®% (S @F P*)) = 5" &% (S &% P =5 @5 (S @r PY).

3) The functors S’ ®g (S ®r —) and S’ @ (R’ ® g —) are canonically naturally isomorphic by
the commutative diagram above, so we may identify them. Using 1) and 2) yields

' @5 (S8R P*) = ' @ (R @ P*).
4) S ®r —, ' ®r — and S’ ®g — are additive and exact and hence commute with taking

cocycles, coboundaries and cohomology when applied to a complex degree-wise.

Note that we do not require R’ to be flat over R, and hence H'(R' ®% P*) might not coincide
with R’ @g H'(P*). Some care is therefore needed in the order the subsequent operations.

We first define the new trivialisation ¢’. By virtue of 1) - 4), there are canonical isomorphisms
S'@sHI(S@RPY) = HI(S'@%(S0)PY) = HI(S' el (R@RP*) = 8o H (RE4P?) (A1)
for each i € Z. We let t' be unique arrow making the diagram

g QR HOdd(P.) t S QR Heven(rpo)

HOdd(S ®Hf% P.) t Heven(S ®HI:2 Po)
lS’@SId lS’@sId (A.2)
s’ Ry HOdd(S ®Hf{ 73.) S'®gt g R Heven(s ®]If2 73')

k L

S @p HOYER @% P*) -t &' @p HY™(R &% P*)

commute, where the vertical isomorphisms come from (A.1). Since ¢ is an isomorphism, so are

S’ ®g t and t' in the obvious categories.
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The refined Euler characteristic xr,5(C®,t) relies on a choice of splittings of certain short exact
sequences (cf. (2.2) and preceding lines). Those choices induce analogous splittings for the
complex S’ @ (R ®H}‘3 P°®) in a natural way: for each i € Z, let §; be a splitting for the
sequence Bi(S ®% P*) — Z{(S @% P*) - H(S ®% P*). Then the S’-homomorphism &
induced by S’ ®g d; and the last two vertical arrows of

Bi(S@LP®) ———— Z{(S QR P*) —— " HY(S %P
\_/
S/®SId Sl®51d 0; Sl®51d

S' @5 BI(S @ P*) s §' @5 Z1(S @ P*) Ty § @g HY(S © P*)

\_/

2 2 S'®s6; 2

BI(S' @y (R @} P*)) —— Z(S' @ (R @} P*)) —» H'(S' &y (R @} P*))

(where the isomorphisms are analogous to (A.1)) is a splitting of the bottom row. Likewise, we
use the splitting 7; of
Z'(S @ P*) —— (S®E P*) — BT(S @k P?)
——
to construct one for
ZH(S' @ (R @F P*)) —— (8’ @ (R &F P*))! —— BTHS & (R &% P*)).

e -

If ¢ : S QR Podd :> S QR peven and Oy : S Qr' (R/ ®]lé rpo)odd l> S/ Qg (R/ ®% Po)even are as
n (2.2), the diagram

S QR zPodd wt S QR peven
J/S’@)sld JS’@SId

S’ @5 (S ®g P°I) s, g g (S @p PeV)

| |
s’ R (R/ ®E]§{ P.)Odd L g’ R (R/ ®% PO)even
can be easily checked to commute, and hence
Ko(p, o) (xr,s(P*,1)) =Ko(p, 0)([P°, o1, P™))
:[R/ QR 'POdd, s’ Qs @t R QR rPeven}
(R & P, oo, (R & PP = s (R & P 1),

We now treat the general case of an arbitrary perfect complex C® trivialised by some ¢ as in the
statement. Let P*® be a strictly perfect representative of C* and ¢: C* = P*® an isomorphism in
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ii)

the derived category D(R). This induces isomorphisms on cohomology gt : H'(C®) = H'(P*®)

for all i € Z, as well as an isomorphism R’ ®% ¢: R’ ®@%C* = R' ®@% P* in D(R') (so R' &% C®
is perfect). In particular, there exist R’-isomorphisms

(R & a)igs H'(R &% C%) = H'(R 0% P7)

in each degree i (as mentioned above, one should not expect (R’ ®%¢q)%; = R ®gq;). Consider
the diagram

S ®r Hodd(co) t S ®r Heven(co)

S®pqytd SQRray™

e ~

S ®R HOdd(P.) ——777715 ,,,,,, 5 S ®R Heven(Po)
s/ QR Hodd(R/ ®Hé 73.) Jfl,ﬁ S’ Qp! Heven(R/ ®Hé 73')

S (R ) 5@ p (R &R

~

~

S' @p HOYR &%) Y5 § @p HYR @%C*)

In the top square, the three solid arrows are isomorphisms and we define the dashed one by
commutativity. The middle square is (A.2) (with its central square omitted). As for the bottom
square, the two vertical arrows are isomorphisms and the bottom one is again determined by

commutativity. This concludes the proof, since it implies
XR,S(C.v t) = XR,S(P.7 i:) = XR',S’ (P.a E/) = XR’,S’ (C.) t/))

the middle equality being case treated above.

The argument for restriction of scalars is simpler than that for extension. The functor —|g

induced by ¢
e is additive and exact.

e sends finitely generated (resp. projective) R’-modules to finitely generated (resp. projec-

tive) R-modules.

e sends quasi-isomorphisms to quasi-isomorphisms?°.

e commutes with cohomology, coboundaries and cocycles.

The analogous statements for —| s (via o) hold too. By the commutativity of the diagram in
_|R) = (9 Qg —)|S: Mmb, — ML (more
precisely, they are canonically naturally isomorphic). This explains why g s is a trivialisation

for C*®

the statement, we can identify the functors S ®@p (

R

26Tt is not necessary to consider a left derived functor as we did with R’ ®% —: one can directly restrict scalars in

the derived category. It is of note, however, that C’|R might have a larger isomorphism class in D(R) than C*® did in

D(R'), since there may exist quasi-isomorphisms which are R-equivariant, but not R’-equivariant.
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Appendix A. Functoriality of refined Euler characteristics

By the same formal argument as in part i), we can assume C*® is strictly perfect, say P°®. The
splittings used to define ¢;: S’ @p P°1 — S @p PV induce splittings for the for their
counterparts associated to 77" R This results in an S-isomorphism

() S ®r (P )4 = S@p (P

even
. Ik )

IR
which coincides with (¢y))| 4 Therefore,
K5™(p, ) (x5 (P*, 1)) = K5 (p, 0) ([P, 1, P))
— [POdd‘R7 ((pt)ls’ zpeven|R}
= [(P']R)Odd,so(qs), (P )" = xr,s(P*| 5 t|)-
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Determinant functors

We recall the notion of determinant functors in our setting of interest and prove two simple facts
about their duals. The original, more general definition of these functors is due to Knudsen and
Mumford (cf. [KM76]), but our needs are limited to the case treated in [Weil3] p. 21 ff. Another
good reference is [CKV93| p. 70 ff.

Let a commutative ring R be given which decomposes as a direct product of rings R = [[\_; R;. If
we denote the unit element of R; by e;, which we identify with its natural preimage in R, one has
1 =>"", e and each e; is an idempotent of R. Every R-module M decomposes as M = P}, e; M,
with e; M inheriting a natural R;-module structure.

A prime ideal p of R is necessarily of the form p = R} x --- X R;—1 X p; X Rijy1--- X R, for some
i and some prime ideal p; of R;, which yields an identification of Spec(R) with the disjoint union
LI~ Spec(R;). For any R-module M, the localisation M, is canonically isomorphic to (e; M), as
an Ry = (R;)p,-module.

Let R be an arbitrary commutative ring and P a finitely generated projective R-module. Then the

rank function

rankp: Spec(R) - N

p — rankp, P,

is locally constant (cf. [Weil3] p. 21) when the domain is endowed with the usual Zariski topology.

By the compactness of Spec(R), there exists a decomposition R = [[;-; R; such that rank P| Spec()

is constant. We define the determinant of P as the R-module

n Tankp;
Detr(P)=E A eP
i=1 Ry

where e; is as before, /\ is the usual exterior power and rankp; denotes the constant value of
rankp at Spec(R;). Recall that, for any R;-module M, the zero-th exterior power /\%i M is R;
by convention. Different valid decompositions of R result in isomorphic determinant modules, and
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hence Detr(P) is well defined. A concise way to rephrase this is: Detr(P) is locally defined as
the highest exterior power. In order to avoid sign issues, one should regard Detr(P) as a graded
invertible module (see the comment at the beginning of [BKS16| section 3.2) with the grading being
given by the rank function. We omit this grading from the notation at no risk of ambiguity, as it is
univocally determined by the module P itself.

Since the r-th power of a rank-r free module is free of rank 1 for any r € N, it is easy to verify
that Detg(P) is projective and locally free of rank 1 - in other words, an invertible R-module. This
implies that, letting Detr(P)~! = Hompg(Detz(P), R), the R-linear evaluation map

ev: Detr(P) ®p Detp(P)™! — R
m® f i f(m)

is an isomorphism.

Suppose now that P and @ are two finitely generated projective R-modules which are locally of the
same rank (an important example is the case P = @), and choose a decomposition R = [[;" | R;
such that rankp and rankg coincide on Spec(R;) for all i. Let P; denote e; P, and analogously for
Q;. Then, given an R-homomorphism f: P — @, which we identify with the sum f = @, f; of
the R-(or R;-)homomorphisms f;: P; — @Q;, we define

rankp ; rankg ;

Det(fi): N\ Pi— \ @
R; Qi

rankp ; rankg ;

AN mi—= N\ filmy)
j=1 J=1
(extended by R-linearity) and

Detr(f) = P Det(fi): Det(Q) — Det(P). (B.1)
=1

This construction satisfies the following:

i) Detg(f) is a homomorphism of R-modules and it is independent of the chosen decomposition
of R.

ii) Tt is functorial: Detg(Id) = Id and Detg(g o f) = Detr(g) o Detg(f). In particular, it sends

isomorphisms to isomorphisms and inverses to inverses.

The motivation behind the name of determinant functors is the following: suppose P is a free R-

module of finite rank r and fix a basis m!

all of Spec(R) and

,--.,m". In particular, the map rankp is identically r on

= /\ m’ (B.2)
j=1
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is a generator of Detp(P) = Az P. It can then be shown that, for any endomorphism f € Endg(P),

the diagram

R det(Mf) R

J/M lu (B.3)

Detr(P) 229 Detp(P)

commutes, where ;1 denotes the isomorphism s — sy and det(My) is multiplication by the determi-
nant of the matrix of f in any basis (cf. [Weil3] p. 21). Note that the vertical arrows can a fortiori

be replaced by any arbitrary R-homomorphism.

Determinant functors behave well with respect to extension of scalars: a ring homomorphism R — S
(with R and S commutative) induces a natural isomorphism S ® g Detr(P) = Dets(S ®g P). They
are furthermore additive in short exact sequences in the sense that P’ 4 P - pr yields an
isomorphism

Detr(P') @ Detg(P") = Detgr(P) (B.4)

which is locally defined by mapping (Ai_; i) @ (A7L; y5) to (Aizy e(xi)) A (AjLy 0(y;)), where o
is an arbitrarily chosen splitting of P — P”.

The above notion can be extended to perfect complexes as follows: given a strictly perfect complex
P* of R-modules, the determinant of P*® is the module

DetR(P') — ®DetR(zpi)(fl)i — DetR(Peven) QR DetR(POdd)il,
1EL
where the tensor product in the middle term is over R. If C* is now a perfect complex of R-modules,
Detr(C®) is defined as Detr(P*®) for a strictly perfect representative P® of C*. This is in fact well
defined (up to canonical isomorphism) regardless of the choice of P*® (cf. [CKV93| p.71).

This behaves well with respect to derived extension of scalars: consider C*®* and P°® as above and
a homomorphism of commutative rings R — S. Then S ®HI§ C*® is represented by S ®H}‘; P*, which
is simply the result of applying S ®z — to P*® degree-wise. Therefore, extension of scalars on
determinant modules induces a natural map Detg(C®) — Detg(S ®% C*).

We conclude this appendix with two small lemmas used in section 4.1:

Lemma B.0.1. Let R be a commutative ring and M = (m) a cyclic invertible R module. Then
there exists a unique m* € M~! = Hompg(M, R) such that m*(m) = 1. Furthermore, any f € M~*

satisfies f = f(m)m*, and therefore m* generates M~' as an R-module.

Proof. By the invertibility of M, the R-module homomorphism ev: M @z M~ — R which sends
z ® f to f(z) is an isomorphism. Let ", z; ® f; be the (unique) preimage of 1 € R via ev.
Since m is a generator of M, for each 7 there exists a scalar r; € R such that r;m = x;. Hence
Yr iz ® fi=m® Y. rfi. In particular,

1:6U<izn;l‘i®fi> :€v<m®izn;’f’ifi> = (iﬁ'fi)(m)'

=1
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This shows existence of m*. As for uniqueness, assume f, g € Hompg (M, R) satisty f(m) = g(m) =1
Given any x € M, there exists a scalar 7 € R with rm = x, and therefore f(z) =rf(m) =r = g(z).
Hence, f = g.

For the last claim, we note that f(m) = (f(m)m*)(m) and, by the same argument as above, this
implies f = f(m)m*. [

In view of this lemma, the choice of a generator m of an invertible module M (if it exists) yields an
R-isomorphism
s M S M1 (B.5)
m— m*.

Note that ¢, does depend on the choice of m: if m’ is a different generator, say m’ = rm for some

r € R*, then an immediate computation shows that i, = 726,

Any invertible R-module M is automatically reflexive. That is, the canonical R-homomorphism

M — (M~YH™! = Homg(Homp (M, R), R)
x> [f = f()]

is an isomorphism. This follows from the fact that it holds for free modules, and hence in particular
for the localisation of M at any prime ideal; and a map which becomes an isomorphism after
localisation at every maximal ideal is an isomorphism globally too (cf. [Eis95| corollary 2.8). We
often identify M and (M ~1)~! in light of which one has (m*)* = m and t,,~ = ¢,,;! for any generator
m of M (if it exists).

The following application of this duality is relevant to our endeavours:

Lemma B.0.2. Let R be a commutative ring and f: M = N an isomorphism of finitely generated
projective R-modules (which are therefore locally of the same rank). Suppose Detr(M) and Detr(IN)
are generated over R by m and n, respectively. Consider the homomorphisms o and B defined by

the rows of

a: Det(M) ©p Detg(N) "t 22D, bot o (N) 9 Detr(N) ™ —2 R

lim®in* (B.6)

-1
B: Detp(M)~" @p Det (V) 222U

Detp(M) ™! @ Detg(M) —= R
Then B((im ® in<)(m@n*)) = a(m@n*)~! € R*.

Proof. This is a straightforward computation. Since « is an R-isomorphism, it maps the generator
m ®@n* of Detr(M) ®g Detgr(N)~! to a unit a(m ® n*) € R*. By definition, one has

(i @ inx)(m @n*) =m* @n € Detr(M) ™! @ Detg(N)
(note that we are implicitly using the duality ¢+ = ¢, explained above).
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Appendix B. Determinant functors

The element n generates Detg(N), and hence there exists an 7 € R such that Detr(f)(m) = rn In
particular, Detg(f~1)(n) = Detg(f)~!(n) = r~'m. Thus, on one hand,

a(m @n*) = ev(Detr(f)(m) @ n*) = r- ev(n @ n*) = r;
and on the other,
B((im @ ine) (m @ ")) = B(m* @ n) = ev(m” @ Detr(f~1)(n)) = 1=t ev(m* @m) =1,
as desired. |

All arrows in (B.6) are isomorphisms, and therefore the diagram can be completed uniquely into a
commutative square through a vertical arrow R — R. The lemma shows this arrow is multiplication
by =2, where r = a(m ® n*) € R*.
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