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Eade muphims

Se sitions& finst opecties
-

Fix =Rat aly .

closed field and let :-V be a muphiom of

nousingular algebraic varieties /R .

D : (i) y is etale al RCW if the map d4a : Igp(W) -Tesa /
IV)

is an ismuphirm (of R rect- spaces (

(ii) y is etale if it is stale at every point of N

Assume that locally y coresponds to a map of reduced b . uly- of

Ex .

finite type F : A - B = Ax] g(X) : ASXS monic polycomial
g(x))

with A = RSMy Ym5 I = (I = (f1
,

- - ,
fr)

I
If <Spm(B) is of the form

=> B = R(T ,
X)

Q : ( ..
.-

- ymix)
them

(94x)) + I f(R) = (3 .. - -

ym) - Spm(A)

An explicit description of dec is as follows :

I Of;

Tyq(N) = (a ...., amib)ek
**

i =

I ·:
(4()) · ai

= 0i= 1-

E I M

-(a) · a i + &(4) -
b = 0 3d

projection onto the first
de ↓ M cordinates

-

T8xs/V = da ..,
amlek filerals . an = 0 -G

Hence 4 stale at Q <9

,
(a) O



Now we tuy to generable the noturen of itale maphum to schemes

Recall : a maphrom of schemes +
: Y -X is flat if 4

*:
0x

, 4141
- Oxy

-

is flat VysY

Ruplissance a my
ham B s flat if Afisms -Bun flat VaneSpec(B)

maximal Ideal
, flatness of I can be checked at closed poun's

(ii) mually ,
to give

a flat maphom & : 4 -> X of vavelies over R

comesonds to
giory

a "continuous family" of vareties [ Yx = 4 (x) 1 x x x

I and hemes ore (locally) noetheranFrom now on al ings an man -

Def (i)A local homomaplur of local my
f : A - B is unamified if

(as flmp) - B = MB Ibs Almp4 Bla faits esparcable field ext
.

is B is eventially of finit type ven A (ie.

B localisation of a finite type Analy .

atI
a pime

(ii) A maphrom y : Y -sX of schemes which is (locally) of fuike type is unmamifica

if PysY Ox
, y(3)

> Ox
,
x

is unamifred

Be A muptom of scheme 4
: Y -X <locally) of finite type is

etale if

it is flat & unamipred .

opsityous : # y :W-V is a maphiom of nousingula
raveties over R=R

,

then the two notions of stalence In + agree .

=prof (idea) dia : (Mymüs" - (mesas/mics)" somaphium v , elas -
& (*)S W

W
, Q

Then one is left to prove
that :

-

a : Ov
,
pas
Es Owa

=> Ya : Oviesas-Qw,
a is flat and unamified

Once proven
that yo flat and venamifred > Yo injective , varamified and dic finite

un vieca)- algo ,
the conclusion follows from Nakayama's lamma

I

wh (* ) defines stalenes at a Jo any muphrm y : W - V of (possibly singulau)
varieties



Proposiyu 2 : (is open immensions one etale

(ii) being stale in
etable veder composition and base change

livi) If Y Y I, X is stale and y is étale -> 4 is stale

Proposiyon3 : Dety
: Y - X be an

stule muptan(of finite tire) .

-

(i) VysY Oyy and Ox
, ess

have the same kall dim
.

(ii) y is quasi-finite (ie .
#4(x) finike

Xx
+ X)

biii) y is open

livs X induced /unmal/regular -> Y is rduad /anmal/regular

Ropyon4 :

4 : Y-X muphiu of finit type ,
then

SysY I y is exale /re flat and varau
. ) atyy sY is open

proposityns Consider a diagram y By, S with pétale and spanaked

exte Y connected

I

If Syx4 sty(y) = yly) = x and the maps R(x) = R(3) induced

by y and y'coincide -> Y
= Y'

(1 , e)
Purg (idea) Y -Yx

,
XBy · By stale & separated

(1
, e' ·

(1 , 4) ,
(

, e') sections of By
-

Y connected => (1
, e) = (1 ,4)

= 4
= y

I

Rumb : Locally any elule muphis of schemes is always "standard stale"
,

i
. e . of the form

A -3 1x3 g(x)eA[X) moniz

g(x)
[b]

be A st . g(x) -(3)
*

(9(x))

This can be used to give one line proofs of many of the above stakements



2
. Thealyle fundamental grup,

Recall : if X is a decent connected topological space and x x X
,

one can
-

construct the fundamental grup -
/ /X

, x)
as the grays of hoenstopy

classes of loop in X based at X
.

- &s-i -

There is a natural isomophian Autx(X) = x
,
/X

, x) where (Xix) - /X ,x) is
the so-called

uniousal cover of (X ,
x) and away of ephasmy

this is as follows
~ ony faikely

the function
↓ CoVLX)

->
Awx(X) - fsets many abits

category of cover. us

of X with finitel 1 -
Homx(X , Y)

many connected (*f:= + . d + ANxX) fix - Y

components -x

is an equivaleme of categories

Gadick'siden : find an analge fa ay .

Varies/schames !!

Mh : #f y: -Xwithunnecked aleand nike eohen
and a e

One can
mimic the topological situation

.

Sei Fet/X category
· obbjects : funite iPale maps

y - X

hitms
· muphoms

: X-map
.

Fix a geometic print
: Speelars -> X ,

then we get a function

F (48x) = disp :"Fit/X I, sels 3



Unlike in the topological case
,

this fracter is only procepresentable i
.

e
.

I Mejective system (X : X(is direcked set such that

* YX F(y -X) = 1im
, 1vm Xi , 4)

is I

WLUG X: X Galois Vis (ie . deg 9 :
= #Anx (Xi) /

↳ :

4
,
3X

, x) = = 1im ,
Anx /Xi) Itale fondamental grup of X (it is a mefinite grups

in cas : MIX) mF7Y3x) defines an equivalence of cakegies

Fét/y s finite discke , X
,

* ( - Lets

amples : (i) X= Speelk) K freld - A
.CK , x) = Gal(k

* /K)

where Kckal fixed aly .

Codice of 17

and KGP soparable cloceme of K inside /M

En the next examples we will need Riemann-Huewitt famula
: given

a finike sepanable muphism

& : Y-sX between smooth Maj cuves over an all .

clated freld R which is tamely lamifed
,

I
it holds 29(4) - 2 = (degY) :(2g(X) - 2) + -1) 9(-) genus

,
ep ram

.

index at

(ii) X= P R = Gue then every finile
itale covering

YYs X of degree a

is given by a smooth myj cuve YIR .

Ricmann-Admwits formula gives

2 g(T) - 2 = - 2 . n => g(4)
= 0 and n = -

y isomophicm

=> i
,
(X

,
x) Givial

↑

(iii) X= A R = kal
,

chack = 0 then every finike itale covering
- ->

4 y is a smooth
y - X extende to a map 4 sPis where

Mo; nume and I can be branched ven I
,

Rieman-Hrmt => 2y(4) - 2 = - 2 . degle) + ex - er-ramification index

at is

=> 29(4) - 23 - degl - 1
ex deg(4)

=> g(4) = 0
, dy/4) = & er = 1 +

y ir
all'n

,
x) Invial



(iv) X= An-h04 R = ba Char R = D

As before my finike stale caverg - IsX extende to Y Es Pr

I smooth purs ce
,
I cam be branched mer 0 and 0 .

Riemann-Hrwit gios
: 2g(4) -2 = -2 degle) + ester

- 2

=> 2g(4) - 2 < - 2 = g(4) = 0 and edeglY) = Co + 20

=> Y
=

X = Anchry and degy
=

to : ex

so 4
: Anirs -A-hob of degy =a conespons to the st

**

cok"

Aux) x I, X)= Malks - i
,
X

,
x) = S

B : Civis & Sirs change in chanc 0
:

KEY WORD
: Autre-Schneien

Thagem If X is a smooth all - varety cel I then I natural iss

6

!"(X
,
x) = x4) , x)

~ Mofinite completion

complex topology

S 3
. Ambnings

De : A local Ling (A
, Mp) i

heuseliam if , In every
f(t)+AStS monic polignoenial ,

If the image
FIte Alms[t] admits a factursation

:

Go ho

with go ,

ho monic and s .

t
. (90,

40)=1
,
then Ig ,

46 Alt]

moni s
.
S

. 8 = goh and g =

go ,
:ho

-

Rugh :

9
,

4 i the above definition are unique
and comme in ASI)

x.
11

,
mp) complete local reg -> (1 ,

Mas Gensebam (Hensel's lamal

posilyn + :

Let (A ,
Ms) be a local ling

with residue fuld Ri : HaA : THE

(i) (A ,
Mb) heuseham

(ii) if any fH)<AC6) not mee-monic is euch that agrho with go moure

and 190 ,
401 = 1 = 4 = gh wih g monic

, gigo ,
: ho



(iii) given fo ,
---

,
In /24-Tn] , every common zero *

.
(RA)

of the Fi's such that Jas(* ..,
fa) (40) GLm(RA) lifts

to a common sen of the fis in Al

(ivs It Bis an itale Avatyebra and Bla B = Rix Bl facome

RAalgebra B' then a decomposition B = AxB' B' Aaly

liptiry the decompositen BlaB RoxB'

Prof : Smiled (See Milne , prop . 4
. 11)

De : Let (A , MAS be a local sing .
I maptim of Localige A - Ah

with ih heuselum is called heuselization if it satisfies the viv.

mopety : 15 s B Bhenzeban

x S !

A

Propo in 8 (i) = li B where the limit is col pains (B
,4)

S

(B
,4)

where B is an stale algebra and 4eSpec(B) St qnA = Mi

and Almp -> By is o

h
(ii) A S MB

ASS A B lucal heuseba

My = MBS MA

Betis Local Ling (A ,Mp) is strictly heuseliam if it's hensebo and its residue

feld is sepanably closed
.

iis A strict heuselization of (A
,MA) is a maphia of local linge

A-At

st. mych) is nictly heuseban euch that cey
local muphium A-sB

with

·

sh with facturization veriquely
heuseban Iwith (B

,MB] strictly i factus Through A

determined by the extensio of residue fields Ampt- Bla

xx : A =

p
-s can chrose AM : Wipl (Witt rectus)

Ru valike heuselization
,

strict heuselization is I verque up
to vergue

issm .

1



Su
.bloc ling fubealetopology

X scheme
,

X
:

Special) -> X gromedie point ( separably closed Sfield

TrAnetaleneighborhood of anchexin
vare U +X da e

I ↓-*
X

his the localing at / fe the itale topology is

OulUS where in the limit we only consider

Ox
,
x

=

= li
U connected and affineI

(U ,
i)

Proposition 9 IfxxX is the image of X
,

then Ox
,
x

= Ox
-

-

Prof : Omiked


