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Problem 37 Let k be a field, d ě 1. Show that dimkpH1pP1
k,OP1

k
p´dqqq “ d ´ 1.

Hint: Use Theorem 6.41.

Problem 38 Let X “ SpecpAq be an affine scheme. Consider an exact sequence

0 ÝÑ F1 ÝÑ F2 ÝÑ F3 ÝÑ 0

of sheaves of OX-modules. Assume that F1,F3 are quasi-coherent. The goal of this
exercise is to show that F2 is quasi-coherent.

i) Show that the sequence

0 ÝÑ ΓpX,F1q ÝÑ ΓpX,F2q ÝÑ ΓpX,F3q ÝÑ 0

is exact.

ii) Show that there is a commutative diagram of sheaves of OX-modules with exact
rows:

0 ČΓpX,F1q ČΓpX,F2q
ČΓpX,F3q 0

0 F1 F2 F3 0

iii) Deduce that ČΓpX,F2q Ñ F2 is an isomorphism.

Problem 39

Let R Ñ R1 be a faithfully flat ring homomorphism, i.e., for every complex

¨ ¨ ¨ Ñ Ai
Ñ Ai`1

Ñ Ai`2
Ñ ¨ ¨ ¨ ,

the complex pAiqi is exact if and only if the complex pAi bR R1qi is exact. Let M be
an R-module.

For n ě 0 let Rpnq denote the n-fold tensor product R1 bR ¨ ¨ ¨ bR R1 (where Rp0q :“
R,Rp1q :“ R1). For i “ 0, . . . , n, define maps fi : M bR Rpnq Ñ M bR Rpn`1q by
fipm b r1 b ¨ ¨ ¨ b rnq “ m b r1 b ¨ ¨ ¨ b ri b 1 b ri`1 b ¨ ¨ ¨ b rn



and

dn : M bR Rpnq
Ñ M bR Rpn`1q, x ÞÑ

n
ÿ

i“0

p´1q
ifipxq.

Prove that we obtain a complex

0 Ñ M Ñ M b R1
Ñ M b Rp2q

Ñ ¨ ¨ ¨ .

Prove further that this complex is exact.
Hint : Since R Ñ R1 is faithfully flat, it is enough to show the exactness after
tensoring the above sequence with R1. Show that for the resulting complex

0 Ñ M b R1
Ñ M b Rp2q

Ñ M b Rp3q
Ñ ¨ ¨ ¨

the maps

M b Rpn`1q
Ñ M b Rpnq,

m b x0 b ¨ ¨ ¨ b xn ÞÑ

n´1
ÿ

i“0

p´1q
im b x0 b ¨ ¨ ¨ b xixi`1 b ¨ ¨ ¨ b xn,

are a homotopy of id and 0.


