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Problem 32 (Frobenius) Let X be a scheme of characteristic p, i.e.,
for every U Ă X open one has p ¨ 1 “ 0 in OXpUq. Show that there
exists a unique morphism pF, F 5q : X Ñ X of schemes such that on
topological spaces, F “ idX , and for an open U Ď X, F 5 is given
by OXpUq Ñ OXpUq, s ÞÑ sp. This morphism is called the absolute
Frobenius morphism of X.
Give an example where F is not an isomorphism.

Problem 33 Let X be a scheme. We say that X is reduced if the ring
OXpUq is reduced for every open U Ă X.

(1) Show that the following are equivalent:

(i) X is reduced.
(ii) For every affine open subscheme U Ď X, the ring OXpUq is

reduced.
(iii) For every x P X, the stalk OX,x is reduced.

(2) Now let k be a field and let X “ V pxy, y2q Ă A2
k. Show that the

topological space of X equals the topological space of V pyq – A1
k.

In particular, X is irreducible. Show that XXDpxq is a dense open
subscheme of X which is reduced. Show that X is not reduced.

Problem 34 Let k be an algebraically closed field. An affine conic is
a closed subscheme of the form

C “ V pgq Ă A2
k

where gpx, yq “ ax2 ` by2 ` cxy ` dx ` ey ` f with a, . . . , f P k, and g
has degree 2.
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(1) Find affine conics C and C 1 such that C – A1
k and C 1 – A1

k r t0u.

(2) Now assume that the characteristic of k is ‰ 2. Let g “ x2 `

y2 ´ 1 and C “ V pgq. We identify the sets of closed points of A1
k

with A1pkq “ k and of C with Cpkq :“ tpx, yq P k2; x2 ` y2 “ 1u,
respectively. Consider the map

A1
pkqr

 

t P k; t2 “ ´1
(

ÝÑ Cpkqrtp0,´1qu , t ÞÑ

ˆ

´
2t

1 ` t2
,
1 ´ t2

1 ` t2

˙

.

Show that this map is bijective.
Remark. Geometrically, the image of t is the second intersection
point of C with the line of slope t through p0, 1q. To find the inverse
map, it may be helpful to compute 1´t2

1`t2
´ 1 and 1´t2

1`t2
` 1.

(3) With notation as in (2), show that there is an isomorphism

f : A1
k r V pt2 ` 1q ÝÑ C r tp0,´1qu

of schemes which induces the above map on closed points.
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